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PREFACE 


The growing importance of the statistical method in physics is 
amply attested by the recent publication of several elaborate treatises 
emphasizing in their titles the words statistical mechanics. There 
have also lately appeared a number of other books containing detailed 
application of statistics to the properties of matter in the solid, liquid, 
and gaseous states. Most of these, though very useful to the special- 
ist, are likely to appear rather formidable to the student who is just 
embarking on graduate study and who wishes a thorough but not too 
lengthy introduction to the method of statistical physics. The author 
has tried to provide this in the present work, which is intended for 
readers equipped with an introductory background in theoretical 
physics. 

In this book the attempt has been made to survey as thoroughly 
as possible the various ways in which statistical reasoning has been 
used in physics from the classical applications to fluctuation phe- 
nomena, kinetic theory, and statistical mechanics to the contemporary 
quantum mechanical statistics. Emphasis has been laid on meth- 
odology. The author has taken the point of view that the greater 
the number of vantage points from which the subject is examined the 
deeper will be the students understanding. For this reason no 
attempt has been made to provide a strictly unified treatment which 
would appear to be more logical to many. At the same time, how- 
ever, particular effort has been exercised to relate the various statisti- 
cal methods in order that the reader will sec their similarities as well 
as their differences. A glance at the table of contents will show that 
specific applications have not bc‘en neglected, and there are numerous 
problems to test the reader’s grasp of the subject. 

It is appropriate for the author to acknowledge in the preface his 
indebtedness to those who have given help or encouragement. Such 
acknowledgment is usually confined to professional colleagues or the 
writings of the masters. Too seldom is attention paid to the con- 
tribution of the author’s students, whose thorough and patient study 
of the various stages of organization of the book leads to gradual 
improvement in the correctness and clarity of presentation. The 
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author feels that he owes a definite debt of gratitude to the graduate 
students at Brown University who during the past few years have 
taken the course on which the book has been based. Particular 
acknowledgment is due to Mr. J. A. Rich for help with the diagrams 
and the proof. 

R. B. L. 

June^ 1941, 
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CHAPTER I 


DYNAMICAL AND STATISTICAL THEORIES 

1. THE METHOD OF PHYSICS 

Physics is an attempt to describe a certain portion of human 
experience. From the totality of sense perceptions, the physicist 
abstracts certain ones for special study and by observation and ex- 
periment develops a body of propositions called physical facts. He 
then proceeds to construct on the basis of these facts certain concepts 
which are defined in terms of the more primitive ideas. Such, for 
example, are the kinematical concepts of mechanics: displacement, 
velocity, acceleration. These concepts are expressed in symbolic 
form so that they are amenable to the usual processes of mathematical 
manipulation. Next, with experience as a guide and usually also 
with liberal use of the imagination, certain relations, appropriate to 
a given set of phenomena, are postulated among the concept symbols. 
These with the concepts themselves form the hypotheses of the phys- 
ical theory which is supposed to be the ultimate physical description 
of the phenomena. From these postulated relations, usually in the 
form of differential equations, can be derived by mathematical anal- 
ysis the laboratory equations which are called physical laws. 

Physical laws are equations containing quantities which have a 
direct operational significance in the laboratory and to which numbers 
can be assigned by experiment. Hence these laws are susceptible of 
experimental test. If they meet this test successfully the theory 
from which they have been deduced is to that extent successful and 
a valuable element of physical description. This does not mean, 
however, that the theory is thereby proved to be true. In the first 
place there may be quite another theory operating with different 
concepts and different hypotheses which yields the same laws; in 
the second place the attempt to extend the theory to include just 
one additional bit of experience may fail of verification. It is much 
safer therefore to say of a physical theory that it is successful or un- 
successful: the successful theory is one which not only implies laws 
agreeing with already known experience but also predicts laws for 
experiments that have not yet been tried and which leads to complete 
verification on experiment. Such a theory adds materially to human 
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knowledge, since it suggests experience which presumably no one 
had previously taken the trouble to acquire.^ 

It is clear that different kinds of physical theories can be con- 
structed. The above remarks suggest that in any comparison of 
these we should then consider the following elements: (1) the fun- 
damental concepts, (2) the postulated relations or basic hypotheses, 
and (3) the types of physical laws resulting from (2). On this basis 
we shall now try to compare two different theoretical structures of 
importance, viz., the dynamical and the statistical. 

2. THE NATURE OF A DYNAMICAL THEORY 

The theory of dynamics or mechanics, as it is often called, has 
had remarkable success in describing a wide variety of natural phe- 
nomena. It is the oldest of physical theories and its concepts, hy- 
potheses, and laws have been so thoroughly studied that they have 
acquired an air of familiarity not shared by those of any other theory. 
This does not mean that the structure of dynamical theory is less 
abstract than that of electromagnetic theory, for example, but merely 
that we have got so used to thinking in terms of mechanics that we 
no longer feel the abstractness. Its essential aim is to describe first, 
all the observed motions of bodies and second, the physical phe- 
nomena in which motion is not actually observed, in terms of the 
moiions of invisible bodies. The fundamental dynamical concept 
is the material particle^ which is assumed to have position without 
extension, the property of inertia whose measure is mass, and certain 
relations with respect to other particles, e.g., gravitation. The con- 
cepts of displacement, velocity, and acceleration of a material particle 
are constructed using the primitive notions of si)ace and time. Cer- 
tain hypotheses are then introduced, forming the content of what 
are commonly known as the ‘Maws’' of motion, e.g., F = wa. These 
might better be called the “principles” of mechanical theory, since 
from them by suitable manipulation the laws, i.e., the laboratory 
equations containing time and distance, etc., which describe the 
actual motions of particles, can be derived. 

Now classical mechanics, constructed in this way, has been very 

^This statement of the method of physics is a hi^^lily compressed treatment 
which naturally does not pretend to do justice to the profundity of the theme. For 
a more elaborate statement the reader is nderred to Liiulsay and Margcmau, “Foun- 
dations of Physics,” Chapter I, John Wiley & Sons, New York, P)36. 

2 Cf., op. cit., Chapter III for an extensive (‘xposition of the fundamentals of 
mechanics which are here given only in abbreviated form. 
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successful in dealing with the motion of a single particle in a fixed 
reference system, of two particles moving subject to their mutual 
interaction (a much more practical situation, of course, than the 
highly idealized isolated particle), and of a large number of particles 
which are rigidly connected so that they exhibit no relative motion 
(rigid dynamics). Classical mechanics has also proved itself adequate 
to describe the motion of ideally continuous aggregates of particles 
such as fluids (hydrodynamics). But it is important to recognize 
that the general problem of the motion of a large number of discrete 
particles subject to the action of arbitrary forces cannot be com- 
pletely solved by classical dynamics. It is true that much can be 
learned about the motion from the well-known deductions from 
dynamical principles: the laws of the conservation of mechanical 
energy and momentum. The complete solution would imply that, 
given the initial conditions (the initial position and initial velocity 
of every particle) the position and velocity of every particle are de- 
terminable for all time. Even if the solution of the problem could 
be given it would be useless for a very large number of particles, be- 
cause of our inability to assign the initial conditions. Suppose, for 
example, that we are trying to describe the behavior of a gas on the 
assumption that it consists of a very large number of tiny particles 
which move under the action of their mutual forces in accordance 
with the principles of mechanics. It turns out that the number of 
particles (molecules) per cubic centimeter of the gas has to be so large 
that it is completely hopeless to try to specify position and velocity 
for all of them at any one instant. It then appears that the dynamical 
method suffers here a serious check. 

In a situation of this kind the physicist does not give up in despair. 
He looks around for possible ways out. Two at least would appear 
to be available. In the first place one could decide to replace the large 
number of discrete particles by an ideal continuum and apply me- 
chanical principles to this. Unfortunately it appears that while, in 
following this course, we are able to dcvscribe certain properties of 
the gas, there are other very important ones which elude this mode 
of attack. Therefore we fix our attention on the alternative pro- 
cedure, which is simply to forego exact information about individual 
particles and to allow our questions to concern mendy the average 
number of particles whi('h have a certain range of properties at a 
given instant. When we do this we are d(‘parling from strict dynami- 
cal theory and are introducing a method which Iuls received the name 
statistical. 
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3. THE NATURE OF A STATISTICAL THEORY 

We have now to try to make clear how a statistical theory differs 
basically from a dynamical theory in physics. To some persons this 
may well appear a futile task, for it will be asked, how can one under- 
stand a new theoretical point of view until he has studied all its de- 
tails? The answer is that unless he is given some idea about it and 
its relations to things otherwise familiar he may not wish to study 
it at all; at any rate he will not study it with the same appreciation. 
People have a certain curiosity to know something about what they 
are getting into when they begin to learn a new discipline. Without 
laying claim to any particular profundity, in this section we shall 
go a little way toward satisfying this curiosity. 

At first thought it might seem that the difference between a statis- 
tical theory and a dynamical theory is not so very great, at any 
rate in the case we have above described, viz., the motion of a very 
large number of particles. The fundamental concepts used are those 
of classical mechanics, i.e., velocity, acceleration, force, mass, energy, 
etc. Moreover, the principles of mechanics are employed as funda- 
mental assumptions, but the kinds of laws derived are not those of 
classical dynamical systems, and we have to look closely to find 
just where the difference lies. In the first place the statistical laws tell 
us nothing about any particular individual particle; they are entirely 
concerned with numbers of particles which have certain properties, 
e.g., position in space, velocity, momentum, energy, at a given in- 
stant. Moreover they do not even pretend to tell us the precise 
number of particles .in any case, but only an average number, from 
which there will in general be fluctuations. The idea of an average 
quantity is not foreign to classical dynamics, where we often find it 
useful to speak about the average velocity of a particle, or the average 
kinetic energy of a simple harmonic oscillator, for example. In clas- 
sical dynamics, however, we never speak of the average number of 
particles in a given state; this is a definite criterion distinguishing 
between the two modes of description, even though the same funda- 
mental concepts occur in both. 

Moreover, even though both classical dynamics and statistical 
physics employ averages their significance is quite different; when 
in dynamics we employ averages over time it is merely a matter of 
convenience and not because we cannot compute the precise values 
of the quantities in question at any instant. One of the fundamental 
characteristics of mechanical laws is that once the boundary and 
initial conditions have been inserted, they i)redict precisely the values 
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of all the variables involved at any instant. Dynamics implies ahso-^ 
lute determinism for any physical system. This is well illustrated 
in celestial mechanics, wherein from a few observations the path of 
a planet or even a comet can be computed with great accuracy. Now 
things are quite otherwise in a statistical theory. Here the average 
is employed because there is no possibility within reason of predicting 
an exact value. Hence by the very use of such averages, we forego 
precise determinism. It must be clearly understood that in this re- 
nunciation we do not deny that there may be determinism in the 
system which we are studying, e.g., in a gas, the number of molecules 
in a given element of volume may actually be uniquely determined 
as a function of the time. However, the effort to follow through the 
precise variation with time may be so great as to become unreason- 
able; it may defeat its own ends by rendering physical description 
too complicated to be worth while. Rather than be balked by this 
unhappy situation we decide to get along with average numbers over 
appropriate periods of time. We do not worry if the actual number 
at any instant within such a volume interval differs from the average, 
as long as experimental observations indicate that this difference 
does not become too large or persist for too long a time. 

The reader who has followed the above paragraph closely will 
undoubtedly be inclined to ask why the statistical theory is effectively 
any less deterministic than the dynamical theory if we can calculate 
average numbers precisely and get agreement with experiment. Is 
not that all that can be expected of a theory? The answer to this 
question evidently involves the way in which the averages are calcu- 
lated. As we have emphasized, when we compute the average of a 
quantity in classical mechanics, we know the value at every instant 
of time or every point in space as the case may be; the calculation 
of the average is a mere matter of convenience. In the problems 
treated by the statistical method we do not know the instantaneous 
values of the important quantities, and so the question at once arises: 
how do we propose to calculate their averages? To answer this 
query fully is indeed the function of a book on physical statistics. 
However, we can at least say here that the calculation of statistical 
averages is buvsed fundamentally on the concept of probability, a 
concept which seems to have by no means so clear a meaning as the 
concepts of mechanics, for example, but of which nevertheless we 
all feel we have an intuitive grasp. This notion is foreign to dynamical 
theory, though it enters into every element of experience including 
the most precise of physical experiments, where it is reflected in our 
treatment of the variations in the successive measured values of the 
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same quantity, i.e., the theory of errors. To this extent dynamical 
theory is a highly idealized model since it neglects a very significant 
feature of experience. On the other hand the human urge to believe 
in causality has hitherto placed a high premium on the value of a 
deterministic theory. This is a good illustration of the competition 
in the construction of concepts which is constantly at work in the 
human mind in its attempts to describe experience. There are ele- 
ments in experience which make us feel that determinism is the correct 
point of view in physics and incline us toward dynamics ; there is 
also much experience which emphasizes the importance of chance. 
This inclines us toward the type of theory which openly employs 
chance; statistics is a theory of this kind. 

There is still another difference between dynamical and statistical 
theories. This is the distinction between reversible and irreversible 
processes. Let us consider a very simple example, namely a particle 
which moves with constant acceleration a along the x axis. We 
assume the initial conditions x = 0, ic = 0at/ — 0 (Note: the dot 
notation is used to indicate differentiation with respect to the time). 
Suppose the particle reaches the position x = at time / = /i, where 
xi = at\/2, in the usual way. Now suppose that at t = ti the 
existent velocity x\ = ah is reversed. What happens? We now 
have the new initial conditions x == Xi^ x — — ati, whence at the 
end of a second time interval of magnitude ^i, the distance of the 
particle from the origin becomes x = xi -- alf + a/j/2. But from 
it follows that x = 0. Also the final velocity at the end 
of the second time interval is x — — ah -h ah = 0. This means 
that the motion of the particle has completely reversed itself. By 
the mere reversal of the velocity we have brought the particle from 
the state it had reached at time h back to the original state from which 
it started. We could have achieved the same result by changing the 
sign of the time t — h ^.nd allowing the t parameter to go from — 
to zero. It is seen that this is mathematically equivalent to reversing 
the velocity. In any case we have here an example of a reversible 
motion or process, i.e., one which by suitable manipulation of the 
parameters can be made to reverse itself and proceed back through 
all its successive previous states to the initial state, without at the 
same time changing the state of any other physical system. It is 
a comparatively simple matter to prove-^ that conservative dynamical 
systems undergo reversible processes only. 

Now let us consider a somewhat different illustration. We sup- 
pose that the particle just discussed moves along the x axis under 

® For a short demonstration see op. cit., p. 195. 
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the action of a constant force, but that in addition its motion is re- 
sisted by a force varying directly as its velocity, or in general of such 
a character that it always opposes motion ; in short, we suppose that 
a frictional force acts on the particle. If now we carry out the same 
sort of process indicated above, it will be found that the motion does 
not reverse itself as before ; the particle does not return to its original 
position and velocity after time ti if the velocity is reversed at / = /i 
when X = Xi, In fact a simple calculation (left for the reader to per- 
form) shows that the particle always falls short of reaching its initial 
position under these conditions. This is an illustration of an irrever- 
sible process, or one which can not be annulled simply by reversing 
some of the parameters of the system in question without disturbing 
or changing in any way the environment. Thus, in the example just 
described the only way to get the particle back to its initial state in 
the time interval ti after the reversal of the velocity at a; = at time 
i = /i, will be for some outside influence to compensate for the dis- 
sipative effect of the friction. 

The distinction between reversible and irreversible processes is 
of fundamental theoretical significance. Owing to the prevalence 
of frictional forces, it is clear that irreversible processes are actually 
the rule in nature. The question then arises: Why do we use the 
concept of reversible process at all? The answer is that this type of 
process is associated with the dynamical method of description as 
the above illustration (first case) has just showed. However, the 
further question will immediately be asked: Did we not effectively 
give a dynamical description of the irreversible process also and does 
this not mean that both reversible and irreversible processes can be 
described by dynamics? It will be noticed, however, that the solu- 
tion of the second problem was rather artificial since we assumed a 
frictional force proportional to the velocity without in any way seek- 
ing to understand the nature of the frictional force more closely. 
Hence although it is true that classical dynamics can handle some 
kinds of irreversible processes, it is only in a rather formal way and 
difficulties are encountered as soon as a more thoroughgoing treatment 
is contemplated. We can put the matter thus: if we leave out of 
dynamics forces varying as some odd power of the velocity, classical 
dynamics describes only reversible processes. By formal generali- 
zation one can make dynamics describe certain irreversible processes, 
namely, those in which small frictional dissipation enters. The essen- 
tial reason for this is that, although friction is always present in 
natural motions, by suitable manipulation we can make it so small 
as to have a negligible effect over a period of time which is of interest 
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to us. Thus consider as an example a simple pendulum swinging in 
air. The simple dynamical theory of the motion describes it as 
periodic, so that once started the pendulum swings indefinitely with 
a characteristic frequency and the same amplitude with which it 
started. Actually it is not observed to do this; each swing is a bit 
smaller than the previous one and the motion gradually comes to 
rest. If, however, the motion takes place in a region from which 
some of the air has been removed, the dissipative effect is observed 
to be much less and the pendulum takes a much longer time to come 
to rest. We therefore feel that in the limit of no frictional resistance 
the motion would be completely periodic and hence reversible. Actu- 
ally even in motion in air if we are content to restrict ourselves to a 
time interval which does not exceed too many periods of the motion, 
the dissipation can be neglected and the dynamical treatment is for 
many purposes satisfactory. It comes down to this: for the sake of 
what we call simplicity we use the dynamical theory with its con- 
comitant reversibility when it leads to approximately correct agreement 
with experiment, i.e., in which the irreversibility can be neglected 
in the ideal limit. 

Now there are phenomena in nature which appear to be so funda- 
mentally irreversible that in no ideal limit can we consider them as 
reversible. Such is the flow of heat. It is an experimental fact that 
heat IS always observed to flow from a body of higher temperature 
to one of lower temperature as long as no outside influence is imposed. 

this process were reversible it should be possible, without in any 
way disturbing the state of other bodies but merely by reversing the 
sign of some parameter connected with the flow, to make the flow 
proceed in the other direction. Actually there appears no way of 
doing this: to make heat flow from a low temperature to a higher 
temperature requires external work (as in a refrigerator). Hence the 
process is not reversible. 

Is there anything inherent in the statistical point of view which 
renders it particularly fitted for the description of systems under- 
going irreversible processes? The answer is yes, for we have seen 
that the method of statistics uses average distributions of particles 
with respect to certain properties. It calculates these averages by 
the use of probabilities and the natural assumption is that those dis- 
tributions will actually be realized which have the highest proba- 
bility. Hence there will be a tendency for distributions to change 
m the direction of increasing probability. This change is evidently 
a one-way process and by nature irreversible. To be sure, there is 
involved the curious circumstance that, since we have only proba- 
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bility considerations to guide us, there will always be a finite proba- 
bility of any process going either way, e.g., in the conduction of heat, 
we cannot rule out as impossible the uncompensated flow of heat from 
the cooler to the warmer body. All we are allowed to say is that the 
flow in the other direction is overwhelmingly more probable.^ 

4. NON-MECHANICAL STATISTICS 

In the previous section we were led to the concept of a statistical 
theory through a type of problem which actually employs the funda- 
mental concepts of mechanics but in which the method of dynamics 
is unable to give a complete solution. The type of statistical theory 
which uses mechanical concepts is very important for physics but it 
must be pointed out that it is by no means the only useful kind of 
application of statistics in physics. There are some physical phe- 
nomena in which the concepts of mechanics seem to play no role at 
all. An example is the phenomenon of radioactive decay which appears 
to be best described by saying that in a special, simple case of disinte- 
gration the number of radioactive atoms disintegrating per unit time 
is directly proportional to the number present. No mechanism is 
provided to govern the disintegration and the treatment is purely 
statistical, leading to the well-known equation 

N = Noe-^^ (1) 

giving the number of atoms undisintegrated after time t if No is the 
original number present. It is to be observed that nothing remotely 
connects this formula with dynamics. It merely associates a number 
with the time and does so on a probability basis, i.e., the number is 
an average. We may well expect fluctuations from it when the experi- 
ment which it describes is repeated again and again. We must make 
one more important observation: the number N must be a large 
number if the formula is to have much meaning. This, of courses is 
universally true of statistical formukis: they lose their significance 
if the numbers entering into them are too small. 

It is then clear that whether we begin with the assumption (a) t hat 
all physical phenomena are ultimately dcscribable in tc‘rms of ni(‘- 
chanical concepts or (/?) that some physical pluMionuMia are not 
explicable in this way, we are led to the desirabilil y of using statist i( al 
reasoning in physics. It is the plan of this book to in<li('at(‘ liow t his 
can be done and to give many illustrations of tlu‘ ai tinl pror<‘ss.. 

^For further general discussion, op. cit., pi). It,, iii.iv l><‘ ton Milnd. 
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PROBLEMS AND QUESTIONS 

1. Prove that when a force varying directly with the velocity acts on a particle 
subject otherwise to a constant force, irreversible motion results. 

2. Make a list of irreversible processes in physics and indicate which of them 
can be replaced effectively by ideal reversible processes. Discuss some of these 
processes m detail. 

3. Prove by the use of Hamilton’s principle (cf. eq. 8 of Chapter VI) that all 
conservative dynamical systems undergo reversible processes only. 

4. A particle falls under the influence of gravity through a medium which resists 
Its motion by a force varying directly as the velocity. Show that the velocity of 
the particle approaches a limiting value and comment on the connection between 
this and the irreversibility of the motion. 

5. Set up the differential equation whose solution is eq. (1) of this chapter. 
Give two physical interpretations of the constant X. From the fact that N and Nn 
meq. (1) must be integers, what mathematical difficulty do you find associated with 
the formula? Should a physicist be greatly disturbed over this difficulty? Why? 



CHAPTER II 


ELEMENTARY PROBABILITY AND STATISTICS 

1. A SIMPLE PROBLEM IN PHYSICAL STATISTICS 

We begin our study with a definite physical problem which has 
some interest in itself and yet is simple enough to illustrate clearly 
the fundamental statistical methods we intend to develop. 

Consider a single material particle which is restricted to move along 
a straight line, say the x axis. Suppose that in time T it makes n dis- 
placements each of length Z, where w ^ 1. These displacements can 
be either in the positive or negative x direction. In fact we shall 
assume that a positive displacement is just as likely or probable as a 
negative displacement. Let us further suppose that the number of 
positive displacements in time T is »i and the number of negative 
displacements so that ni -f- «2 = The distance of the particle 
from its starting point at time T is then 

L = l(ni — n 2 ). (1) 

Now if we knew all the forces acting on the particle we should, of 
course, be able to calculate by the principles of mechanics the exact 
value of L. However, we are here assuming that we do not know the 
forces and therefore cannot use mechanics. The best we can do is to 
try to calculate an average value of L. To see the meaning of this, 
imagine that it is possible to carry out an experiment and observe 
L directly. Further suppose that the experiment can be repeated 
many times, very likely with differences in the values of L obtained. 
We could then find an average L by direct arithmetical means. 
However, life is too short to spend our time on such experiments. 
What we should like to do is to calculate an average L with the hope 
that it will agree well enough with that experimentally observed to 
serve as the basis for further theoretical predictions about the behavior 
of the particle. 

As stated in Chapter I, in order to calculate an average when we 
do not know the detailed time-course of the phenomenon, we must 
have and use some probability values. This means that we must be 
able to compute the probability associated with each value of L. 

11 



12 


ELEMENTARY PROBABILITY AND STATISTICS [Ch. II 


2. ELEMENTARY PROBABILITY 

It is not practicable in this book to explore all the problems and 
controversies associated with the definition of probability. It is 
obviously a concept difficult to define logically so as to be proof against 
all objections that can be brought against it. Fortunately for the 
present purpose we can be content with the simple “frequency’’ view- 
point, which is essentially that of v. Mises.^ If we consider once 
more the n displacements of the particle (Sec. 1 ) in time 7", an impor- 
tant concept is the total number of ways in which the n displacements 
can be divided into two groups, i.e., positive and negative, without 
any restriction on the number in each group. If there were only one 
displacement it could take place in either of two ways, viz., either 
positive or negative. If there were two displacements there would be 
jour ways of performing them, as indicated in the following table 

First displacement q. — 

Second displacement -f — -j- — 

For n displacements the number of ways in question is 2” This is a 
mere matter of counting: there are two ways of performing the first 
displacement, two ways for the second, • • two ways for the ^zth. 
They are all assumed to be independent of each other, i.e., the fact 
that the first happens to be positive or negative entails no restriction 
on any of the subsequent ones. Hence the total number of ways of 
grouping the displacements is 2*2-2 ••• to n factors or 2^ Now of 
all these ways there will be a certain number corresponding to ni 
positive displacements and n 2 negative displacements (where n = 
nx+ nj). This number is very readily obtained. We can choose the 
first positive displacement in n ways, the second in (^ — 1) ways, 
the third in (n — 2) ways, • • • and finally the with in (w — Wi+ 1) 
ways. Since these are all independent the total number of ways 
desired would appear to be n{n — 1) ••• (n — Wi+ 1). But many of 
these correspond to mere rearrangement of the Wi positive displace- 
ments. We are not interested in the order in which the displacements 
occur but merely in their number and must therefore divide the 
above by the number of ways in which Wi displacements can be re- 
arranged among themselves, namely, wi !. Therefore the total number 

^R. V. Mises, ‘'Wahrscheinlichkeitsrechnung," Leipzig, 1931. For a brief re- 
view of this point of view, consult “Foundations of Physics,” pp. 159 ff. 
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of ways of dividing the n displacements into ni positive and «2 nega- 
tive without regard to order is 


/« \ _ w 

\wi/ 


(n — 1) • • • (« — + 1) 


! 


( 2 ) 


By multiplying numerator and denominator by « 2 ! we can bring this 
into the more symmetrical form 


/« \ _ n\ 
V^i/ wi!»2! 


( 2 ') 

The situation then is this: Out of 2^ ways of grouping n displace- 
ments into the two clctsses, positive and negative, there are ways 

for which are positive and n — ni - n 2 are negative without regard 
for order. The relative frequency of occurrence of the wi, n 2 combina- 
tion is therefore given by the ratio ^/2”, and we shall call this the 
probability of the occurrence of such a combination. Thus 


P =1 \ L, - 

2 ^ \ni/ 2 ” nil 712 1 


(3) 


In our problem this is the probability connected with the value 
L = /(wi— n 2 ) for the final displacement of the particle from its 
initial position after time T, 

The reader familiar with v. Mises* notation will see that we are 
assuming that the total number of ways of grouping the n displace- 
ments into the two groups forms a so-called probability aggregate. It 
is unnecessary, however, to discuss the fundamental nature of such 
an aggregate. We note only that the quantity Pn, in (3) is always a 
proper fraction and that 

= 1- (4) 

ni“ 0 


3. CALCULATION OF AVERAGES 

We are now ready to use the results of Sec. 2 in the calculation 
of the average value of L, To obtain this we have merely to multiply 
the value of L corresponding to a particular ni,n 2 combination by 
the probability associated with this combination and to sum the 
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products so obtained over all values of wi, namely from 0 to n. If 
we denote the average of L by L, we have then 


ni = 0 


(5) 


The problem now is to evaluate (5). Expanding the sum gives 

2:(«i - n2) J = 2 Swi - w*2^. (6) 

The computation of Xni ^ is based on the fact that the quantities 

^ are actually the coefficients in the binomial expansion. From 
elementary algebra 

(1 + sc)™ = 1 + ( X + ( 2 ) 

-sc.)- 




(:.) 


x"* H + X™ 


(7) 


ni = 0 


If we differentiate both sides of this identity with respect to x we get 


n 

nil + x)"-i =2] 


fll 


ni= 0 


Wi/ 


Since x is arbitrary we can set it equal to unity and have 


S- (:.) 

ni==0 ^ 


n’2^ 


which in connection with (5) and (6) at once leads to 

Z = 0 . 


(70 


( 8 ) 


(9) 


This is a not unexpected result. It means simply that on the average 
the number of positive displacements rii equals the number of negative 
displacements 712 which is, of course, inherent in the initial assumption 
that a positive displacement is just as likely as a negative one, so 
that indeed we must expect ni = njl. Mathematically speaking, 
this result is trivial. We have presented the analysis mainly because 
of its future utility. 

There will still be some interest in an average which gives some 
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information about the absolute value of L. Let us average instead 
of L. Thus from (1) 



Differentiation of (7') with respect to x yields 
«(« - i)(i + xY-^ = 
whence, with ac = 1 as before, 

«(» - 1)2“-2 = s«! - n-V'-K 

Then 

The other terms in (10) are already known. Hence substitution yields 

l} = nlK ( 11 ) 

The square root of which we may call the root-mean-square value 
of L, will serve as a kind of average of L without regard to its sign. 
Thus 

Vl* = ^/nl. (12) 

There is another interpretation of this result. Let us compute the 
mean square deviation of L from its average value. This is called in 
statistical parlance the dispersion and usually denoted by cr^. We 
then get the important general relation 

<r2 = (L - If = - 2Z" + (13) 

In the special case under consideration 1, = 0, and therefore <Y — L? . 
Here the mean-square value of L is simply equal to the mean-square 
deviation of h from its average. The square root of or root-mean- 
square deviation from the average, is usually known as the standard 
deviation. In our problem the standard deviation is the root-mean- 
square of L itself. 

The concepts of mean or average value, dispersion and standard 
deviation, are so important for statistical reasoning that we may well 
pause a little to discuss them further. The idea of average, indeed, 
has probably been discussed enough to be reasonably clear. If we 
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were to make several repetitions of the experiment of observing the 
particle after an interval T, we should expect that some of the dis- 
placements from the origin would be positive, others negative, but the 
average close to zero. We have no reason to expect the average to 
be exactly zero, but if we found on repeated trials that the average 
failed to stay close to zero, we should suspect that we were over- 
looking some important feature of the problem and that our statistical 
reasoning was not applicable or at any rate not applicable in the 
simple form here assumed. In the standard deviation we have an 
additional test. The successive tries will yield values of L different 
from L, i.e., we must expect deviations or fluctuations from the mean. 
However, we have just shown we can calculate an average value for 
these fluctuations, viz., 's/ nl in our problem. We should expect that 
the observed value of this deviation for a great many trials would 
not differ markedly from 's/ nk If it did we might suspect that 
something was being neglected. 

Now in most applications of statistics in physics we do not and 
indeed cannot actually proceed to verify our fundamental assumptions 
quite as directly as all this. Rather we assume at the outset that 
the statistical method is the one appropriate for the problem and 
assign probabilities in what appears to be the most plausible manner. 
From these we calculate averages and what is more important, 
relations among these averages and parameters which by the nature 
of the case have fixed values. These relations are the laws (in the 
sense of Chapter I) which should describe the phenomena in question. 
We then proceed to identify the average values with the actual results 
of experiment and hope to find that the statistical laws we have 
derived really do provide an accurate description. 

The fluctuations mentioned above are not to be dismissed as 
unimportant, for at times the theory may predict rather large ones 
and then experiment should certainly reveal them if the theory is 
applicable. 

4. LAPLACE’S FORMULA 

The formula (3) for the probability of the occurrence of ni positive 
displacements with ^2 negative ones in a total oi n = ni + n2 (usually 
called Newton's formula) is not convenient for mathematical manipu- 
lation since it contains the important number ni and consequently L 
in the form of the factorial. There is advantage in expressing the 
probability explicitly as an analytic function of L. This has been 
done in an approximation formula associated with the name of 
Laplace. 



Sec. 4] 


LAPLACE^S FORMULA 


17 


Let us express j in terms of L. From L = («i — n 2 )l and 

ni + 712 = nwe have at once wi = (w + L/l) jl and W 2 — (» — Lfl)!!, 
For simplicity let L/21 = x. Then we can write 


wj nl [(y^/2)!]^ 

nij (jil2 + x ) ! {n/2 — x ) ! {n/2 + x ) ! (n/2 — x) 1 [(w/2) 1]^ 


n\n/2’(n/2 - l)--{n/2 - x + 1) 

[(n/2) !]^- {n/2 + x) • {n/2 + x - 1) • • • {n/2 + 1) 


(14) 


The form (14) assumes tacitly that x is positive. The form will change 
if X is negative but the reader can show that the same ultimate result 
is obtained. It is assumed, of course, that n is a. very large number 
compared with x. Multiply both numerator and denominator by 
{2/n)'^ and get 


w \ n\ (1 — 2/n) • (1 — 4/w) • • • (1 — (2x — 2)/n) 

[{n/2)\]^ (1 +2/n)-(l +4/w)**-(l + 2x/n) 


Under the assumption just made (15) can be written to a very close 
approximation 


n \ ^ n\ 
.nj ~ [{71/2 ) !]" 


/n • (2-f-4 +6 + • • • H-2a;-2) 
gl/n*(2+4+6+-- •+2x) ' 


(16) 


Making use of the arithmetical progression formula 2 + 4 + 6 + • • • + 

2x = + X, etc., we can finally write ( ^ Jin the form 

\^i/ 



n ! 

[( n / 2)!]2 


^-2xyn 


n ! 

[{n/2) 0* 


~L^/2nl^ 
^ » 


(17) 


in which L is now released from the bondage of the factorial and 
appears in explicit form in the exponential. Equation (17) is commonly 
termed Laplace’s formula. The function has long Ixeen known as 
the Gauss probability or error function. It has the well-known form 

indicated in the accompanying I"ig. 2 • 1 , where we have plotted 

as a function of x. Strictly speaking Laplace’s formula represents 

) accurately only for x <5C n/2 and its value for larger values of x 
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might appear highly questionable. Fortunately we are usually inter- 
ested in such large values of n, that for large x the value of the ordinate 
is very small indeed compared with its value at == 0, and the frac- 
tional error involved in the use of the analytical formula in place of 

Newton's factorial formula 
becomes very small. This 
enables us to use Laplace’s 
formula in the evaluation 
of averages, for which its 
form renders it particularly 
suitable. The error function 
is an even function, i.e., the 
value for given x is the 
same as for — x, expressing 
Fig. 2-1. the fact that a given positive 

value of L is equally prob- 
able with •— L. Moreover the maximum value occurs for ^ = 0 or 
L = 0, indicating maximum probability for the average value. 



5. EVALUATION OF THE COEFFICIENT IN LAPLACE’S FORMULA. 
STIRLING’S FORMULA 


Practical use of Laplace’s formula (17) can be made only if the 
factorial coefficient n\/[(n/2)\\^ is evaluated in terms of a simple 
function of n. This involves essentially the development of a formula 
for n\. Such a one is Stirling’s formula. There are several ways of 
deriving this presented in books on advanced calculus. We shall give 
a brief derivation here as an excuse for introducing the gamma function, 
which will be of considerable use to us later. Thus by definition for 
any real positive n and z (we are here contented with real variables) 


r(n) = f z^-^e-^dz, (18) 

whence a partial integration gives V{n) = (1/w) / z^e ^dz^ so that 

‘/o 

nV{n) = V{n + 1). But since r(l) = 1 by direct integration, we have 
for integral values of n 

r(n + l) = n!, (19) 

so that 


n\= f z" 


e ^dz. 


(19') 
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If we make the substitution z n ^ nu, taking advantage of the 
fact that for s = w or w = 0 the integrand in (19') attains its maximum 
value, ^00 

nl == V^e-^ I ( 20 ) 

We can now write log {n + \/ nu) = log w + log (1 + 's/linu) and 
expand the second term in a Maclaurin series, getting log (1 + \/ 1/nu) 
= \/l jnu — u^l2n to terms of the second order which are sufficient 
for our purpose since n is assumed to be large. Substitution into (20) 
then yields ^oo 

n \ = I du. ( 21 ) 

^-Vn 

Now the integral /•«> 

( 22 ) 

is known as the error function and plays an important role in the 
applications to follow. The particular case when x = 0 is important. 

We have ^ /'« 

$(0) = V^jf = 1. (23) 

Consequently (21) becomes 


n\ = s/ ne " w "[\/ 2 t — -s/r/l $(\/»)]- 


(24) 


But as X increases indefinitely 4>(w) — > 0. Hence, since n is assumed to 
be large we are justified in neglecting -s/ 7r/2 4 >(\/m) compared with 
■\/2r. This yields the approximation 

n ! = •%/ 2xn (-) • (25) 

The demonstration is not intended to be taken as mathematically 
rigorous. Stirling’s formula is, however, a very useful and surprisingly 
accurate one, with a very small percentage error even for n as small 
as 10. The absolute error grows with n, but this is of little conse- 
quence in most physical applications. 

We are now reatly to apply the expression (25) to Laplace’s 
formula (17). The result is the approximate formula 

/n \ (26) 

“Cf., for example, K. S. Woods, “Advanced Calculus,” p. 153 (hnn and Com- 
pany, 193*4. For an expansion for n\ in scries form, see E. T. Whittaker and 
G. N. Watson, “Modern Analysis,” p, 253 (4lh Edition), Cambridge University 
Press, 1940. 
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6. USE OF THE NORMAL DISTRIBUTION LAW IN THE CALCULATION 

OF AVERAGES 


The advantage of the normal distribution (27) is that it corre- 
sponds to a continuous variation in L and therefore reduces the 
averaging process to a mere matter of integration. An objection may- 
be made that the actual distribution is not continuous, for L makes 
only discrete steps. Nevertheless, if n is very large the difference 
from step to step becomes a very small fraction of the maximum X, 
and the variable X/2Z = x can be considered continuous to a sufficiently 
good approximation. Indeed it is not to be expected that the normal 
distribution will apply to all statistical problems in physics. We shall 
later meet with some in which it is an extremely poor approximation. 
Nevertheless here, where the probabilities of positive and negative 
displacements are equal, if x<K the value of the distribution 
cannot be doubted. We shall see indeed that it gives the same values 
of X and <t^ as were obtained above with the algebraic formula. 

Thus for the average ( = X/2/), the usual way of defining an 
average for a continuous distribution gives 


= r"xPL(x)dx = -|= rxe'-^^^^^dx = 0 , 


(30) 


where the result of the integration follows at once from the fact that 
jg function of The limits of the integration are 

from “00 to +00, whereas strictly speaking x is limited to the range 
— nfl to +w/2. But if n is very large the introduction of the infinite 
limits involves no greater error than is already present in the choice 
of Pl(-^)- Wc shall hereafter consistently use the infinite limits for the 

sake of mathematical simplicity. 

The average value of the magnitude of i.e., | .x; | , is 


he = 


\/27r 


= f xe-‘^=‘'^’'dx = = 0.399 \/n. 

■n Jq V 27r 


This gives 


IXI = 0.798 VnZ. 


In similar fashion 


'\/ lirn 


I x‘ 
Jo 


= 7 - 

4 


(31) 


(310 


(32) 


This result is in agreement with the one obtained by purely algebraic 
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means in eq. (10). For = 4/V = nl^, leading to = 


= 0.500 Vn, (33) 

which is also a measure of the standard deviation of the distribution as 
a fu nction of x. It is of interest to note that whereas the values of 
I X I and a/x actually differ in value by about 20 per cent, neverthe- 
less they are of the same order of magnitude. If they had proved to be 
of quite different orders of magnitude, we might well have had our 
doubts about the value of the distribution law. It is natural to inquire 
about the averages of higher order, e.g., We see at once that the 

odd power averages all vanish for the same reason that x = 0. The 
reader may show that for k even 

= [1-3-5 ••• (yfe - (34) 

The s^nificance of this result is that all the averages are multiples 
of with coefficients slowly increasing with k. The root-mean- 
square average is, of course, the most useful one in statistical problems. 

There is, to be sure, another type of average somewhat different 
from those just considered. This is the arbitrarily termed “probable ” 
average. It is the value of oc, usually denoted by xp, such that there 
are just as many cases in which x exceeds this in absolute value as 
there are cases in which x is less than this in absolute value. This is 
equivalent to saying that the ordinate for | xp | divides the area under 
the probability curve (Fig. 2-1) to the right of the origin into two 
equal parts. This area has however the numerical value 3^2- Conse- 
q^ently ^ 

V27r/z Jq 4 

By consulting the table of values of the probability function C’Ct), we 
find that this requirement can be uniquely satisfied by 

Xp = 0.338 y/n, (35) 

approxima^. We note the agreement in order_of magnitude with 
I X 1 and V ^ . Placed in order, xp < | jc | < y/ p 

An important measure of the significance of these average values is 
found in the probability that the value of the deviation shall not 
exceed them. The probability that x shall not exceed the value Xq 
in absolute magnitude will be written 

P(xo) = 


(36) 
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For xo = xp, P(xp) = K by definition. More generally, from the 
definition of the error function ^{x) in eq. (22), 

(37) 

ThusPCiTf) = 1 - ^>(0.798) = 0.576, while P(V^) = 1 - #(1) = 
0.683. We can express this as follows : On the average there are 576 
chances in 1,000 that a deviation or fluctuation will turn up which is 
equal to or less than, i.e., not exceeding | x ] , while there are 683 chances 
in 1,000 that the deviation x shall not exceed V^. There are 500 
chances in 1,000 that x shall not be greater than xp. The probability 
rises with the magnitude of the average. 

7. UNEQUAL A PRIORI PROBABILITIES 

The physical problem so far treated in this chapter is a rather 
idealized one, though a somewhat more general case of it occurs 
in the so-called Brownian movement of small colloidal particles 
suspended in a liquid or a gas. This we shall discuss later in some 
detail. One of the fundamental idealizations in the problem is the 
assumption that a positive displacement of length I is just as likely as 
a negative displacement. There are few problems in physical statistics 
in which a simple assumption of this kind can be made with any success. 
Therefore, although the mathematical developments we have carried 
out are fundamental, they are not all immediately applicable to actual 
physical situations. It should indeed be mentioned that interesting 
illustrations of the formulas of the preceding sections may be found 
in the simple physical experiment of coin tossing. This can be made 
formally analogous to the physical problem of Sec. 1 merely by 
associating heads with a positive displacement of the particle and 
tails with a negative displacement. The problems at the end of this 
chapter show how well our theoretical expressions agree with experience 
of this kind. 

Now, however, a generalization is in order. We shall assume that 
the two types of displacement are not equally likely but that the 
a priori probability of a positive displacement is p/q times that of a 
negative displacement, where p and q are positive proper fractions 
with the property that p q = 1. The term a priori demands 
careful consideration. Two possibilities are at hand : (a) we may have 
observed by direct experiment that the fraction p/q represents the 
relative frequency. In most physical problems this course is not open 
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and hence we must use the other possibility: (b) assume the ratio 
from the best information we have about the system in question. 

The problem of the preceding sections corresponds to p q — 

We now desire to derive the more general formulas. Again consider n 
displacements divided into two groups, i.e., ni positive and W 2 nega- 
tive, with ni 712 = n. If the probability of a positive displacement 
is py the probability of n\ positive displacements independent of any 
negative displacements will be The negative displacements be- 
have similarly. Hence the probability of a combination of ni posi- 
tive displacements with 712 negative displacements, if there were only 
one way of realizing it, would clearly be p^^Y"- However, we have 


already seen that there are 



ways of realizing 


this distribution. 


Consequently the actual probability corresponding to this combination 
is 





( 38 ) 


The calculation of the average displacement L in this case proceeds 
thus: 

L 

ni= 0 

= ( 39 ) 

Since = 1 the second term in ( 39 ) reduces to nl. Now write 


(g + px)^ 



P’'YV\ 


( 40 ) 


By differentiating both sides with respect to x, we get (after letting the 
parameter a: = 1) 

^P = ^n,r)p-Y\ ( 41 ) 

711=0 

Therefore substitution into (39) gives 

L n{p - q)l. ( 42 ) 

We could indeed hav^ computed and directly and have found 
by the above method Wj = np and W 2 = nq, so that L = {W{ — M^)f = 
n{p — q)l. We see that the general result (42) agrees with the special 
formula ( 9 ) when p = q = giving L — 0. However, for p 1, 
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L 9 ^ 0, In particular, for p » g, we get approximately L == npl or 

practically nl. 

The calculation of the mean-square displacement I? follows in 
similar fashion with the result 

= nl\ipg_ + n{p- g)^]. (43) 

In the special case where 2 = this reduces to the previously 
obtained value (11). More interesting perhaps is the dispersion 
= I? ^ This becomes 

(T^ = AnpqP, ( 44 ) 

The corresponding dispersion in jc = L/21 is clearly 

d = npq, (45) 

with the standard deviation 

cx = \^npq, (46) 


8. GENERALIZED LAPLACE’S FORMULA 


We now wish to find the more general Gaussian distribution 
formula for the case where p q. For this we shall express F in 
terms of the deviation of ni from its average np. This deviation will 
be denoted by ti, so that nx = np + w, and ^ nq — u. The 
problem is then to obtain an expression for (38), viz.. 


P = 


n ! 


{np + u) I {nq — v) I 


. pnv-^u^q—u^ 


(47) 


in which the quantity u is freed from the bondage of the factorial. 
For the sake of variety we proceed somewhat differently than in Sec. 4. 
Taking the logarithm of P, we obtain 


log P = log w! — \og{np + u) \ — log(wg — u) ! 

+ {np + u) log p + {nq — u) log g. (48) 

Next we suppose that the factorials are all large enough so that we 
can apply Stirling’s formula in the form (cf. eq. 25). 

log n\ = n log n — n + \ log 27rw. (49) 

We also take advantage of the expansion for the log (1 -|- x) where 
a;« 1 (satisfied, e.g., by u/nq and ti/np), viz., 

log (1 + nc) = :x: — -!-•••. (50) 

The expansion of (48) using (49) and (50) though a little lengthy is 
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perfectly straightforward and need not be set down here in full, 
collection of terms we get 


logP 


2npq 


+ log 




_|_ 


<P - g) 
2npq 


4 n^p^ 4 


After 


n^q^ 


neglecting powers of u higher than the second. Examination discloses 
that the first term on the right is of greater order of magnitude than 
the third, fourth, and fifth. Consequently if we wish to keep only 
the highest order term in u, the result will be 


V lirnpq 

This is the generalized form of Laplace’s formula. It represents the 
normal or Gaussian distribution for the deviation of and from 
their average values, np and nq, respectively. For == g (51) 

naturally reduces to (27). It must be emphasized that (51) holds 
only for u small compared with np and nq. 


9. VOLUME DISTRIBUTION OF GAS MOLECULES. FLUCTUATIONS 

It will now be of interest to apply the analysis developed in the 
preceding sections to a somewhat more practical problem than that 
discussed in Sec. 1. We shall consider an ideal gas, which we shall 
assume to be composed of molecules in accordance with the elementary 
kinetic theory. In a volume V of gas, in a closed space containing N 
identical and indistinguishable molecules, the molecules will be moving 
about with varying velocities colliding frequently with each other 
and the walls of the containing vessel. If some one were to ask how 
many molecules there will be in a subvolume of F, say Fi, we should 
have to admit that in all probability the precise number will change 
from instant to instant and all we can hope to do is to assign an 
average value to the number Ni. How can this average be calculated ? 
Let us proceed in the simplest possible fashion by assigning the 
value Fi/F to the probability that a given molecule shall be in the 
subvolume Fi. This leads to certainty that the molecule shall lie in 
F, i.e., unit probability, while the probability decreases as the size of 
Fi decreases relatively to F. Obviously there is no proof of this 
choice; it is only an assumption, but certainly a reasonable one. 
Similarly the probability that the molecule shall not be in Fi but in 
F 2 = F — Fi, is F 2 /F. If we denote the probability Fi/F by p 
and the probability F 2 /F by q (with ^ + g = 1) we should be able to 
apply the considerations of Secs. 7 and 8. In particular the proba- 
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bility that Ni molecules shall be in Vi and N 2 molecules in V 2 (with 
•^1 + -^2 = will be simply 

Applying Sec. 7, the average values of Ni and N 2 become 

Ni = Np, N 2 = Nq. (S3) 

Clearly there will be fluctuations from these average values. If 
neither Np or Nq is too small, i.e., if the subvolumes are not too 
small nor the gas too rare, we can immediately compute from Laplace’s 
formula the probability of a fluctuation u == Ni — Np. It is indeed 
given by (51) with N in place of n. This enables us to compute, for 
example, the probability that the fluctuation will equal or exceed a 
certain amount. Let us take an actual case, namely, F = 1 cm^, 
Vi = 10“^ cm^, with iV = 2.7 X 10^®, the number of molecules per 
cm^ in an enclosed gas under standard conditions. Then ^ = 10""^ and 
Nx = 2.7 X 10^®. Let us compute the probability that u/Ni shall 
equal or exceed 10“^ in absolute value, or 0.1 per cent. This will be 
given to close approximation by 

■p = r 

V lirNpq Jio-iWi 

with iV = 2,7 X 10^^ p = 10“^, \ - 10-^ Nx = 2.7 X 10^®. 

To eval uate we change variables so that u^/2Npq = v^/2 or u = 
v\/ Npq, whence 

p = f e-'^'^-dv = $'(V2.7 X 10‘°). 

^ mJ XQ-^Ni/VNpq 

For 3c»l, we have ^{x) = (1 ‘’O* Conse- 

quently P here becomes approximately 

V - ^-1.35X1010 

T ' X 10®’ 

This indicates that a fluctuation equal to or greater than the one 
indicated is very rare indeed. 

Another way of viewing the same problem is to calculate the stand- 
ard deviation of Nx. From eq. (46) this is given by 


a = ^ Npq. 


(54) 
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In the present example, a- = 1.64 X 10®, approximately. This is large 
in actual value but not in comparison with Ni. Of greater ^gnificance 
than c is the fractional or relative standard deviation, a/Ni. In the 
present case this is only 1,64 X 10®/2.7 X 10^® ^ 10“*® or 10“*® 
per cent. The chance of finding such a small relative standard devia- 
tion by detecting density fluctuations experimentally would appear to 
be negligible. It might be supposed that if we could take a small 
enough subvolume the chance of detection would be greater. T^s if 
Vi = 10“"® cm®, p = 10“®, Ni — 2.7 X ^ 5 X lO^andtr/ATi 

2 X 10 ~®, which is some two hundred times larger than the former 
value though still small. As one looks around for possible means 
of detecting such a density fluctuation in such a small volume, one 
inevitably thinks of the effect of density change on the index of refrac- 
tion of light. 

The dependence of the index of refraction of a gas on the density? 
may be written rather accurately in the form 

M = 1 + ap, (55) 

in which p is the density and a is s. constant over a considerable range 
of variation. From this we immediately conclude that 


Ap 


aAp 


1 + ap 


aAp, 


(56) 


since ap <3C 1 for gases. Thus for air the average p = 1.00029 approxi- 
mately for standard conditions, i.e., apo = 0.00029. Hence 


— = 0.00029 — • 
Po 


(57) 


Suppose now we consider as our fundamental volume a cubic wave- 
length of the yellow light from sodium vapor, viz., that with an 
^proximate wavelength of 6 X 10""® cm. Then 7i ^ 2 X 10"“^® cm®, 
Ni^ S y. 10® and cr ^ 2 X 10® with a/A'i 5 X lO""'^ = Ap/po, from 
the definition of density. Consequently in this case 


Ap 


1.5 X 10“"C 


In other words there should be a fluctuation of about one unit in the 
seventh decimal place of the average index of refraction of air for 
visible light. This is scarcely large enough for experimental detection. 
For light of shorter wavelength the fluctuation is somewhat increased 
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but is still very small. It has been shown by Smoluchowsld ® and 
others that for real gases near the critical temperature the above 
simple fluctuation theory (based on an ideal gas) is inadequate. 
Smoluchowsld showed that for real gases the expression for (t/Ni 
given above is not correct. Actually analysis shows that the more 
nearly correct result is 




2 _ 


RT 


dp 


NiV^\dp/dV\ 


For an ideal gas = RT/V^ and {a/N-if 
dV 


reduces to \/Ni or < 7 ^ 


becomes iVi, which is the approximate result given in our work by (54). 


On the other hand for a real gas near the critical point where 


dV 


is 


very small the value of (o-/iVi)^ can become very much larger than (54) 
would predict. Actually such gases at the critical point when illu- 
minated show an opalescence which has been attributed to the density 
fluctuation. 

The blue color of the sky has also been explained by density 
fluctuations like those considered here. We shall return to the prob- 
lem in a somewhat different form when we encounter the Brownian 
motion. 


10. THE SHOT EFFECT AS A FLUCTUATION PHENOMENON 

Another interesting illustration of fluctuation phenomena in physics 
is provided by the so-called shot effect. This explains the continual 
background of noise in a loud speaker actuated by the thermionic 
current in a vacuum tube in terms of the random emission of electrons 
from the cathode of the tube. This chance emission produces current 
fluctuations in the tube circuit. If we assume that the electron 
emission is completely unordered in the sense that the motion of each 
electron from the cathode is independent of that of any other, our 
statistical formulas should apply. 

Let us assume that over a very long time T the number of elec- 
trons emitted by the cathode is N, whence the expected average 
number per second is N/T. Actually the number Nt in time intervals 
of the magnitude / (<3C T) will fluctuate from the expected average 
Nt/T. The fluctuation is given by 

= N,-~- (58) 

^ M. V. Smoluchowski, Ann. dcr phys. 25, 205 (1908). 
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The foregoing theory then indicates that the standard deviation of 
the distribution is 




(59) 


and the average relative fluctuation is 

<r 1 

NilT Vmjf 


( 60 ) 


B. Rajewsky^ has been able to check this result by measuring the 
mean-square fluctuation in the tube-circuit current. Thus the average 
current over time T is 


h 




while the actual current during any interval t is 


It = 


eNt 

t 


Hence the current fluctuation is 


AI == It - Io = 

The mean-square current fluctuation is 


eut 

T* 



Ut^'J 


m 

T 


Ipe 

t 


( 61 ) 


In Rajewsky’s experiment he studied the emission of electrons 
from a special form of photocell constructed after the fashion of a 
Geiger-Miiller counter. This allowed the counting of single electrons. 
In one particular case, for example, he counted 1,272 electrons in a 
period of 30 minutes. In our notation then T = 30 minutes and 
A7 = 1,272. This corresponds to an expected average of 42.4 elec- 
trons per minute. He observed the fluctuations from this figure over 
2-, 6-, 10-, and 20-minute intervals with results as follows 


t IN Minutes I/Vm/T, obs. 
2 0.179 

6 0.061 

10 0.042 

20 0.019 


l/Vm/f, CALC. 

0.109 

0.063 

0.048 

0.034 


The agreement in order of magnitude may be considered good enough 
^Physik. Z. 32, 121 (1931). 
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to support the thesis that the shot effect comes within the realm of 
our simple statistical theory. 

Allied to the fluctuation problem just considered is the fluctuation 
in electric charge which must continually take place in all bodies 
which according to the atomic theory of the structure of matter are 
assumed to consist of positively and negatively charged particles. 
Let us suppose that a given volume of matter consists of Ni particles 
with charge +e and N 2 particles with charge ~e. If the material is 
electrically neutral we expect on the average that Ni = N 2 - How- 
ever, with large Ni and N 2 fluctuations are to be expected. Assume 
for simplicity that the charged particles are free and do not exert any 
influence on each other. The excess of positive over negative charge is 

5 - e(Ni - N 2 ). 


The analogy between this and eq. (1) of this chapter should be suffi- 
ciently clear. If Ni + N 2 — N, the root-mean-square value of 8 will 


be (cf. eq. 12) 


= ey/N, 


which is a measure of the average fluctuation from complete electrical 
neutrality. The neglect of the electrical interaction between the 
charged particles makes this result too large and of questionable 
utility. Nevertheless it is conceivable that such fluctuations may 
some day be observed with sufficiently sensitive apparatus. 


11. RADIOACTIVE EMISSION AS A FLUCTUATION PHENOMENON 
In Sec. 4, Chapter I, we commented on the phenomenon of radio- 
active decay as describable in statistical terms. If this is so, we ought 
to be able to apply the reasoning of Sec. 7 to the emission of a 
particles from radioactive substances. The following description of 
an early experiment by Rutherford will bring out the essential features. 

Using the scintillation method in which the flash produced by the 
impact of an a particle on a fluorescent screen is used to count the 
number of such particles emitted by a radioactive substance in a 
given interval of time, Rutherford in a certain experiment counted 
10,097 particles emitted over a period of 326 minutes. For conveni- 
ence he divided this period into 2,608 subintervals of minute each 
and noted the number of particles emitted in each subinterval. The 
results of the count are given in the following table. 


Number of subintcrvals 57 203 383 525 532 408 273 139 

Number of scintillations 0 1 234567 

Number of subintervals 45 27 10 4 0 1 1 

N umber of scintillations 8 9 10 11 12 13 14 
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This means that, e.g., there were 525 subintervals in which 3 scintil- 
lations were observed, while there were only 4 subintervals in which 
11 scintillations appeared. Now if this is really a statistical distribu- 
tion, the calculated standard deviation should agree with the observed 
standard deviation. The former is simply (cf. 54) 

a = ^/Npg, 

where here N = 10,097 and Ni = Np= 10,097/2,608 = 3.87 = aver- 
age number of scintillations per minute subinterval. Hence p — 
1/2,608, 2 1 and 

cr = \/l87. 


If now we compute the actually observed standard deviation, we have 
2 57(3.87 - 0)2 + 203(3.87 ~ 1)^ + • • • + 1(3.87 ~ 14)^ 

~ 2608 

and get 

^obs ~ ■V^3.70. 


The agreement between cTobs and <r (about 5 per cent discrepancy) may 
be considered close enough to justify the use of statistical analysis in 
treating the problem.® Of course this does not mean that we have 
a right automatically to use the Laplace formula or normal distribution 
law to describe the distribution in detail ; if the Laplace formula were 
to be found not to apply, there would not necessarily be a contradic- 
tion. As a matter of fact, if we examine the assumptions on which the 
Laplace formula is based we see that it can be expected to hold only if 
neither Np nor Nq is too close to unity. Here, however, Np clearly 
violates this condition. Another type of approximation for Newton’s 
formula (38) is then clearly called for. 


12. POISSON’S FORMULA 

If in the expression (38) we substitute rTi — np — c, where c is 
a number of order unity we get 


Pni = 



(62) 


This can be written in the form 


^ For more recent precision observations on radioactive decay, reference should 
be made to L. F. Curtiss, Bureau of Standards Journal of Research, 8, 339 (1932). 
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Now let it be assumed that ni <3C n. Hence each of the parenthetical 
expressions like 0 unity and the same is 

true of (1 — As we recall further that lim (1 — c/n)^ = 

n 00 

and note that ni is, of course, finite, we have in the limit as » oo 




Wi! 


Til ! 


( 64 ) 


This is called Poisson’s formula. It is applicable as long as ni is 
small compared with When plotted the Poisson formula gives rise 
to a skew curve as distinct from the symmetrical normal curve of the 
Laplace distribution formula.® However as np gets larger the skew 
curve approaches the symmetrical one. The reader may show that 
the distribution expressed by (64) represents rather closely that 
observed in the radioactive emission experiment discussed in Sec. 11. 
For comparison the corresponding normal distribution should also be 
computed. 


13. THE THEORY OF ERRORS 

A review of the elementary applications of probability and statis- 
tics to physics would scarcely be complete without a reference to the 
theory of errors which is fundamental for the estimation of the validity 
of all physical measurements. 

In the performance of any quantitative experiment the aim is to 
secure maximum significance of the result by reducing to a minimum 
all extraneous disturbing influences. Thus in the experimental study 
of the relation between the pressure and volume of a gas at constant 
temperature it is essential that the temperature remain really con- 
stant throughout a whole series of observations of pressure and 
volume. This is a problem demanding precise experimental tech- 
nique. The great progress in accurate measurement has come from 
the development of such technique. When all precautions have been 
taken, however, it still remains true in every measurement that the 
apparently precise repetition of a particular operation under appar- 
ently identical conditions will rarely yield the same numerical result. 
What numerical value is then to be chosen to represent the quantity 
being measured? It is the task of the theory of errors to answer 
this question. 

® For a figure showing the relation between the Poisson formula and that of 
Gauss (Fig. 2*1), cf. T. C. Fry, “Probability and Its Engineering Uses,” p. 239, 
D. Van Nostrand, 1928. 
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Let the quantity being measured be denoted by s and let a set of 
measurements of z under presumably carefully controlled experimental 
conditions be 2i, 22 , • • • Zn^ It is customary to ascribe the differences 
among the z’s to accidental errors as distinct from systematic errors 
which can be guarded against or accounted for by proper manipula- 
tion of the measuring apparatus. From the set of n values it is neces- 
sary somehow to produce a value which shall stand as the final ‘‘cor- 
rect*’ or acceptable one. It is most natural to assume that this will be 
some kind of average of the 2 ’s. The simplest type of average is the 
arithmetical mean, i.e., 

z (65) 

n 

Let us for the moment adopt this as the acceptable value of the 
measured quantity. The quantities 

At = — i (66) 

then represent the fluctuations or deviations from the mean of the 
various measured values. It is an observed fact that if in any care- 
fully performed experiment we plot as ordinate the number of values 
as a function of the deviation from the mean, a frequency curve is 
obtained which, although it differs in detail for different experiments, 
nevertheless always possesses certain definite general characteristics. 
Strictly speaking, of course, the deviation from the mean is not a 
continuous set of values. What we do is to divide the total range of 
deviation into a set of equal intervals, i.e., from 0 to -f-a, from +a to 
+2a, etc. In the middle of each interval is plotted the number of 
measurements for which the deviation falls in this interval. If a 
smooth curve is passed through the resulting points as n is made 
sufficiently large, the result generally resembles the Gauss probability 
curve in Fig. 2 - 1 in the following respects: (a) there are many more 
values for which the magnitude of the deviation A is small than there 
are for which the magnitude of the deviation is large ; {h) the number 
of values for any particular positive deviation interval tends to approxi- 
mate the number of values for the corresponding negative deviation 
interval. Thus there always tends to be a maximum in the curve 
near A — 0 though, of course, there may also be subsidiary but lower 
maxima. 

If there were no accidental errors involved in the measurement we 
should expect the same value z to result from every observation. 
The differences among the s’s may therefore be called errors and the 
frequency curve above described may be called an error curve in 
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which the ordinate gives the number of cases in which the error lies 
within a particular interval, say from A to A + A. By division 
with n, the ordinate may further represent the probability of an error 
lying within the given interval. The "normal” or Gaussian error 
curve is then represented by the equation 

P(A)(iA = -4= (67) 

V TT 

where P(A)dA is the probability that the error of an observation shall 
lie in the interval A, A + dA. The quantity h is called the "measure 
of precision.” Its value depends on the spread of the measurements. 

An important task of the theory of errors is to show under what 
conditions the expression (67) is justified. Many derivations of the 
normal law have been given based on a variety of fundamental 
hypotheses on the nature of accidental errors.^ We shall not repeat 
any of these here but shall only show the intimate connection between 
the normal law and the arithmetical mean. This will indeed involve 
the demonstration that the assumption that the most probable value 
of a measured quantity is the arithmetical mean, leads directly to the 
normal law. 

Let us suppose that the probability that the error in a measured 
quantity shall lie in the interval A, A + A is f(A)dA, where /(A) is 
the error function whose form we are seeking. If the n observed 
values of the quantity in question are Si, Z 2 , • • -s,*, resp)ectively, and z 
is assumed to be the actual “correct” value, the errors in the various 
measurements are 

Ai = zi - z, A 2 = Z2 - ■ Am = "n — 2 . (68) 

The probability that an error shall lie in an arbitrarily small but 
definitely assigned region in the neighborhood of A^ is 

where iT is a constant representing the size of the region. It is strictly 
the value of dAi, but we are practically agreeing to take all dAi ot the 
same size and call their magnitude K. Tlie probability that in the set 
of n measurements we shall make the n errors Aj will then be 

P = A'” II J{Ai). (69) 

I 

For one such derivation, cf. Lindsay and Margeiiau, ‘M'oundations of Physics/’ 

pp. 181 ff. 
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Since z has been assumed to be the “correct'’ value, the only meaning 
we can give to this statement is that P shall be a maximum for z. The 
condition for this is, however, 


^ _J__ df{Ai) dAj ^ 
^ f(Ai) dAi dz 

From (68) we have 

dAi 

for alls. 
dz 

Hence the maximizing condition is 

V — ^ 0 

^ f{Ai) dAi 


(70) 

(71) 


(72) 


Let us now assume that s is the arithmetical mean. The condition 
(72) is then subject to the auxiliary condition 

n 

X) = 0. (73) 

1 


By the method of Lagrange’s multipliers (described and used in Sec. 2 
of Chapter IV) we can now express the conditions (72) and (73) in 
the form 


^ / 1 df(Ai) 

i^ \Aif{Ai) dAi 


+ Ai = 0, 


(74) 


where X is an undetermined multiplier. In order to satisfy this condi- 
tion we have to set, for all i 


dJiAi) 

dAi 


= - XAJ(A,-). 


(75) 


The solution of this set of differential equations is 


f{Ai) = 


(76) 


By employing the condition that P shall be a maximum and not a 
minimum it can be established that X is positive. Equation (76) is 
equivalent to the normal error law. It only remains to evaluate C, 
Since all errors must lie between “oo and +oo , we must have 


/ I +00 

/(A)JA 

00 



g-XAV2^4 = 1. 


(77) 



I 
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This fixes 



If we let X/2 = }?, we have 

/(A) = (79) 

V TT 

which is equivalent to (67). 

The arithmetical mean has another important property. Let us 
form the so-called “residuals’* by subtracting z from each measured 
value. Thus we have the set of quantities 

Yi = Zi - z. 

Now note that if we formed similar quantities for any other value, say 
z, we should have 

n n 

- g)^ =^fi + «(g - g)^. (80) 

1=1 

When z = z, the sum of the squares of the residuals is least. This is 
the basis of the so-called method of least squares. 

The significance of the parameter h^ in the normal error law 
becomes greater when we inquire as to the average error in a set of 
measurements of a single quantity. There are various ways of defin- 
ing such an average, just as we found many ways of defining average 
deviation in the earlier sections of this chapter. Perhaps the most 
valuable average is the mean square average error. This is defined as 



The evaluation of the integral (cf. eq. 32) gives 


A 


J_ 

2h^' 


The root-mean-square average error is then 



(81) 


(82) 


This serves to reinforce the meaning of h as a measure of precision, 
since the larger h is, the smaller is the root-mean -square error in a series 
of measurements of a quantity. 

The question now arises: Can we give an estimate of the error 
involved in the arithmetical mean itself? We can interpret (69) as the 
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probability that any particular value z shall be the ^‘correct” value 
from the set of measurements Zi • • • Zn- This probability can be 
written 

jrn-Ln 


P{z) = 




But from (80), this can be put into the form 


P{z) = 


-A2[2ri«+n(»-r)2] 


We can include e with the multiplicative constant and write 
P(z) = (85) 

C is evaluated in the usual fashion, i.e.. 


-n^2(2_2)2 


‘dz = 1, 


whence 


C = h^l- 


The probability associated with the arithmetical mean is therefore 
from (85) 


This means that the probability that the arithmetical mean shall 
represent the “correct" value for a quantity grows with the square 
root of the number of observations of the quantity. We can go 
further and express the mean-square error associated with the arith- 
metical mean z in the form 

f (2 - i)2p(3)^2 = 1 . (89) 


The root-mean-square error associated with the arithmetical mean is 
thus 

w>. ■ 

Since we have already seen that the root-mean-square error associated 

with any one of the measured values is (eq. 82 ) it follows that the 

V 2^ 
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arithmetical mean is \/w times as accurate as any one of the meeisured 
values. 

The statistical theory of errors is now a very large subject to 
which we cannot begin to do justice in the above brief survey which 
has confined itself exclusively to the normal law and has disregarded 
other types of error distributions found in practice. A good review 
of the whole field will be found in the article by W. E. Deming and 
R. T. Birge, ‘'On the Statistical Theory of Errors,” in Reviews of 
Modern Physics, 6, 119 (1934). 

PROBLEMS 

1 . Compare Stirling’s formula for the integers 1 to 10 inclusive with the exact 
values of n\. Compute the absolute and percentage errors involved in the use of the 
formula. Do the same for log n\ and in addition find the percentage error (for the 
range of n a bove specified) involved in using simply log «! = n\ogn-n, i.e., neg- 
lecting log \/27r«. 

2. In connection with the higher order average deviations from the mean in a 
distribution of n objects, prove that when k is even 

= [1.3.5 ■■■ (k- 

3. Use Stirling’s formula directly to transform Newton’s formula to Laplace’s 
formula, i.e., eq. (26). 

4. In a coin-tossing experiment 10 coins (U. S. one cent pieces) were tossed 
1,100 times and the distribution of heads and tails noted after each toss. The results 
of this and another similar series of tosses are presented in the following table. For 
the interpretation of the table it may be remarked, for example, that there were in 
the first series 198 tosses giving 6 heads and 4 tails and 207 such tosses in the second 
series. Compute the expected distribution from the algebraic formula (2'). Then 


I leads 

Tails 

Series 1 

Series 2 

10 

0 

0 

0 

9 

1 

8 

11 

8 

2 

53 

45 

7 

3 

125 

134 

6 

4 

198 

207 

5 

5 

291 

274 

4 

6 

237 

233 

3 

7 

123 

136 

2 

8 

53 

51 

1 i 

9 

11 

7 

0 

10 

1 

2 


Total 

1,100 

1,100 
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calculate the average deviation from the expected mean (without regard to sign) as 
well as the standard and probable deviations. Compare these with the actually 
observed deviations in the two series of experiments. Comment on the results. 

Noting that in the first series the total number of heads was 5,448 and the total 
tails 5,552, whereas the expected mean would be 5,500 of each, calculate the prob- 
ability (eq. 36) of a deviation as large as that observed. Do the same for the second 
series and then for the results of both series taken together. Draw from this what- 
ever conclusions you deem reasonable and plausible. 

5. In Problem 4, plot (1) the expected distribution from the algebraic formula 


for 



(2) the expected distribution from Laplace’s approximation (26), and 


(3) the actual distribution. Do this for both series. 

6. Carry out the analysis leading to the generalized Laplace’s formula (eq. 51). 

7. Apply Smoluchowski’s expression for o-V ^ Ni to the case of carbon dioxide 
at 31.89° C (cf. Int. Crit. Tables for data). Do the same for 100° C. Compare the 
result in each case with that obtained from the simple formula (54). 

8. Use Rajewsky’s observed results on the shot effect to obtain the root-mean- 
square current fluctuation in his experiment. Could this scheme be used as a method 
of determining the charge on the electron? 

9. Plot the radioactive emission data of Sec. 11 as well as the corresponding 
Laplacian and Poisson distribution formulas and compare the experimental and 
theoretical distribution in each case. 

10. The median of a set of measured values is that value such that there are as 
many greater than it as there are less than it. Find the law of errors corresponding 
to the assumption that the median is the most probable value of the measured 
quantity. 



CHAPTER III 


REVIEW OF THERMODYNAMICS 

1. FUNDAMENTAL CONCEPTS 

In Chapter I we stressed the difficulties associated with the classical 
dynamical method of describing physical systems containing a large 
number of constituent particles. The alternative, the statistical point 
of view, is the one which will be followed out in detail in this book. It is 
well to recall, however, that there is a well-known dynamical method 
of describing the behavior of physical systems, particularly with rela- 
tion to heat. This is thermodynamics. It has been remarkably suc- 
cessful in correlating a vast amount of empirical data concerning the 
thermal changes of bodies. Its program has been accomplished without 
postulating a molecular constitution for physical objects; hence it 
has avoided the above-mentioned obstacles in the path of the precise 
application of dynamics to systems of many degrees of freedom. Since 
the object of much statistical reasoning in physics is to provide a basic 
theory in terms of which the facts of thermodynamics find a rational 
explanation, it is desirable at this place to review the fundamental 
concepts of this subject. 

Thermodynamics is a discipline which endeavors to describe the 
behavior of large scale bodies, particularly with reference to their ther- 
mal changes, by the use of dynamical concepts. As has already been 
emphasized, however, the method of attack is quite different from that 
of classical mechanics. Instead of visualizing a body as a system 
composed of a large number of material particles, whose motion is 
sufficient to account for its behavior, we consider the body as a whole, 
i.e., macroscopically. In particular its state is no longer defined in 
terms of component particles but rather in terms of large scale quan- 
tities, operationally defined. These are volume, pressure, and temper- 
ature, which are termed the fundamental state variables. Only two of 
these are independent, since for every body there exists a so-called 
“equation of state*' (cf. Sec. 3) connecting them. Thermodynamics 
does not pretend to relate pressure, volume, and temperature for all 
conditions of bodies, but only those in which the system if left to itself 
will remain unchanged, i.e., what we shall call states of equilibrium. 
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Whenever the same state of equilibrium is reproduced the state vari- 
ables return to their previous values. In other words, they depend on 
the state alone and not on how the system got into the state. 

All thermodynamic changes of state are called processes. They may 
be reversible or irreversible. A process is reversible when by an 
infinitesimally small change in the parameters controlling the state, 
the system may be made to pass in either direction through a sequence 
of states, without any net change in the surrounding environment. All 
other processes are irreversible (cf. Sec. 3, Chapter I). A process that 
carries a system through a sequence of states back to the initial state is 
called a cyclic process. The Carnot cycle is a familiar illustration. 

Thermodynamics employs other concepts besides state variables. 
Thus in a cyclic process, a certain quantity of heat may be absorbed 
and a certain quantity of work done by the system. After the system 
has come back to its original state these quantities do not return to 
their original value; in fact there is no meaning to this statement. 
Quantity of heat absorbed or given up by a system is not a state vari- 
able; neither is quantity of work done by or on the system. Both 
these quantities depend vitally on how the system goes from its 
initial to its final state. It is clear that for a thermodynamical variable 
to be a state variable it must be expressible in terms of the funda- 
mental variables of state in such a way that any small change in it is a 
perfect differential of the corresponding changes in the state variables. 


2. THE TWO LAWS OF THERMODYNAMICS 

With these preliminaries out of the way we shall now recall that the 
theoretical basis of thermodynamics consists of two principles, called 
the first and second laws. The first law of thermodynamics comprises 
the assumptions that heat is a form of energy and that in any thermo* 
dynamic process there is conservation of energy. This can be written 
in symbolic form by the introduction of a new thermodynamic state 
variable, the total internal energy of the system, which we shall denote 
by E. The principle says that if a quantity of heat d.Q is added to a 
system and a quantity of work ATT is done by it, the associated change 
in the internal energy AE is given by 

AS - AQ - ATT. (1) 

We have already emphasized that Q and IT are not variables of state 
or state functions. However, it is part of the content of the first law 
that JS is a state variable. In other words, if a system is allowed to 
undergo a series of thermodynamic cyclic processes from a definite 
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initial state back to this same state, although AQ and APT may be 
quite different for the different processes, experiment indicates that 
AQ — AW is zero for all the processes, thus suggesting that AE is 
always zero for a cyclic process and therefore that E is a state variable. 
This experimental suggestion is erected into a definite postulate. We 
therefore use dE to denote a change in E, implying that it is a perfect 
differential of the fundamental state variables, while we shall continue 
to use AQ and APT to bring out that these are not perfect differentials. 
It is scarcely necessary to emphasize that in (1) all quantities are 
expressed in energy units by the use of the mechanical equivalent of 
heat, approximately 4.2 joules per calorie. 

The first law is too general to serve by itself as the single basis of 
thermodynamics. It is necessary to supplement it by another principle 
whose purpose is to express the direction in which thermodynamic 
processes take place. We have already commented in Chapter I on the 
irreversible nature of many natural processes, particularly those in 
which heat transformations are concerned. The principle (1), how- 
ever, will apply just as well to reversible as irreversible processes. We 
need therefore a state variable which changes only in one direction, i.e., 
either never increases or never decreases. Such a quantity is found in 
the entropy which is defined by its differential, i.e., 

dS = AQ/T, (2) 


In this definition it is understood that AQ is the change in heat energy 
in a reversible process. The function 6* defined in this way is a state 
variable, though Q is not. This can be shown by the generalization ^ 
to the case of any reversible cycle of the fact that if in any Carnot 
cycle heat AQx is taken in at temperature T i and heat AQ2 is given out 
at temperature we have 


Ti T2 


( 3 ) 


In order to state the second law of thermodynamics we need one 
more concept, that of a closed system. This means a system which has 
no interaction with its environment, i.e., it cannot gain energy from 
nor lose energy to its surroundings. With this and the foregoing in 
mind we can state the second law in the form : the entropy of a closed 
system never decreases. It may not change (as in a reversible cycle) 
but if it does change, it must increase, and this is always true for 

^ Sec, for example, Leigh Page, ''Introduction to Theoretical Physics,” (second 
edition), p. 289. D. Van Nostrand Co., New York, 1935. 



44 


REVIEW OF THERMODYNAMICS 


[Ch. Ill 


irreversible processes. In the latter case it is not possible to calculate 
the change in entropy from (2) : it is necessary to replace the irreversible 
process by a reversible one which has the same initial and final states. 
Then (2) can be applied. The reader will recall several conventional 
ways of stating the second law, e.g., that it is impossible for a self- 
acting engine continuously to convey heat from a body of lower temper- 
ature to one of higher temperature. All such statements may be 
shown to be logically equivalent to the one we have given above. 

The entropy may be used to give an alternative formulation of the 
first law (1). Thus 

dE = TdS - AW. (4) 

As we have already emphasized, the work AW depends on the nature 
of the process. However, it may be thought of as owing to the change 
in certain parameters f n which express the dependence of the 

system on its external surroundings. If the change in Jy is associated 
with a generalized force Fj, the work done in the change d^j is and 

we can write (4) in the form 

n 

dE = TdS (5) 

It must be pointed out that eq. (5) does not refer to a closed system 
since it contemplates interaction of the system and its environment. 
Hence in (5) dS need not be zero or positive as is required by the 
second law for a closed system. 

It cannot be too strongly emphasized that the changes symbolized 
in (5) are those that take place between equilibrium states. Neverthe- 
less since E and 6' are state variables, eq. (5) will apply even when the 
change from one equilibrium state to another takes place irreversibly, 
i.e., through a series of non -equilibrium states. Can we talk about the 
entropy of a system when it is not in an equilibrium state? Certainly 
we cannot compute it by eq. (2), since that applies only to a reversible 
process and a closed system cannot reach a non-equilibrium state by a 
reversible process. It can, however, reach an equilibrium state from a 
non-equilibrium state by means of an irreversible process in which the 
entropy will increase. Hence we can say that the entropy of a closed 
system in a non-equilibrium state is less than its value in the equi- 
librium state toward which it proceeds. This is the basis of the state- 
ment of the second law in the form; the entropy of a closed system 
tends to a maximum value or the entropy in an equilibrium state is a 
maximum with respect to its value for all non-equilibrium states from 
which the given equilibrium state can be reached by irreversible 
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processes. Naturally the closed system, if in an equilibrium state, 
will not proceed by an irreversible process to a non-equilibrium state; 
this is inherent in the definitions of equilibrium state and irreversible 
process. 

3. FREE ENERGY AND OTHER THERMODYNAMIC FUNCTIONS 

From the entropy, internal energy, volume, pressure, and tempera- 
ture other state variables can be formed. The most important of 
these are the following : 

(o) Helmholtz free energy (or Gibbs’ ^ function) 

^ - r5. (6) 

In future applications, when we speak of '‘free energy” it will be this 
function which is meant. 

{b) Enthalpy (or Gibbs’ X function) 

X = £ + (7) 

(c) Gibbs free energy (or Gibbs’ Z function) 

Z = E + pV - TS = X - TS ^ ^ + pV. (8) 

For the statistical interpretation of thermodynamics the Helmholtz 
free energy is the most important, though for most applications of 
thermodynamics, the Z function is more significant. As eq. (8) 
indicates, Z and ^ are closely related. 

From (6) we have 

= dE - TdS - SdT. (9) 

But (5) can be used to transform this to 

=- SdT - ^F,- dij. (10) 

i 

For an isothermal process {dT = 0) eq. (10) sai^ that there is a 
decrease in free energy equal to the external work done by the system. 
If the only way in which the system can do work on its surroundings 
is to change its volume against external pressure p and if this process 
is isothermal, we have ’SFjdij = pdV and hence (10) becomes 

d^=-pdV, (11) 

or 



( 12 ) 
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This important relation is called the equation of state of the system. 
If T" can be found as a function of V and T, it enables us to connect 
pj V, and T for the system. As an illustration, we shall later see that 
a statistical analysis yields for the free energy of an ideal gas of N 
particles occupying volume V at temperature T 

Mr log F+ K, (13) 

where k is the so-called Boltzmann gas constant {k = 1.37 X 10“^® 
erg/degree C) and K is an arbitrary additive constant independent of 
volume but not necessarily independent of temperature. The com- 
bination of (12) and (13) gives 

pV NkT (14) 

as the equation of state for an ideal gas. 

4. SOME THERMODYNAMIC RELATIONS 

Important thermodynamic relations can be deduced from the fact 
that dE, dyi and dZ are perfect differentials of the state variables. 
Thus from (10) it follows that 



From the first of the expressions in (15), the free energy itself can be 
written in the form 

This is sometimes called the Gibbs-Helmholtz equation. By differen- 
tiating 5 in (15) partially with respect to and Fy with respect to T 
we obtain 



When the reduce to a single parameter, namely F, and the corre- 
sponding Fj becomes py this is known as one of Maxwell’s thermo- 
dynamic relations ^ Three other relations can be derived by express- 
ing in similar fashion the fact that d£, dX and dZ are perfect differ- 
entials. They are set down here for convenient reference. The first 
is (written in general form) 



2Cf. op. cit., p. 296, 
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The other two are usually written only for the case in which Fj- reduces 
to p and becomes V. Then they are 

(-) =(-) 

\dp/s \dS/p’ 

(19) 

(-) =-(-)• 

\dpJT \bt/p 

(20) 


The heat capacity is an important concept which we shall meet 
later. By definition the heat capacity of a substance at constant 
volume is the heat absorbed per degree change in temperature at con- 
stant volume, or 

- KiX = (i).- 

The last step came from the first law (5) with = pdV. We can 

also define a heat capacity at constant pressure, thus: 

^ - (frX - (i). + 

If the parameters reduce to the volume alone and Fj becomes the 
pressure p, (22) may be written 

^ fdE\ (dV\ 

“ KdT/j, ^ 

The general formula 

(-> 

becomes the well-known formula 

Cp — Cv = Nk (25) 

for the special case of an ideal gas. When applied to one gram of sub- 
stance, the heat capacity becomes the usual specific heat, denoted by 
cv and Cp. 

5. R^;SUMfi 

With the basic principles discussc*d in the preceding sections of this 
chapter it has proved possible to give a coherent description of a large 
number of physical and chemical phenomena. This is not a textbook 
of thermodynamics and hence we shall not pursue the purely thermo- 
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dynamic method of description in a detailed fashion.® Rather we are 
now interested in seeing how the statistical point of view provides an 
interpretation of thermodynamics in terms of the atomic constitution 
of matter. Several different ways of doing this have been devised. 
Those which we shall consider in this book are : (a) the classical sta- 
tistics of Maxwell and Boltzmann; {h) the classical kinetic theory; 
{c) the statistical mechanics of Gibbs ; (d) the statistical mechanics of 
Darwin and Fowler; (e) the quantum statistics. In each case the 
statistical theory strives to set up a number of statistical quantities 
analogous to the state variables of thermodynamics and beginning 
with very general postulates to derive a set of relations among them 
which can be interpreted as physically equivalent to the thermo- 
dynamic relations we have just discussed. The hope exists, further- 
more, that the statistical point of view will provide an even deeper 
understanding of physical phenomena than thermodynamics by sug- 
gesting laws which are not susceptible of thermodynamic derivation. 

Our method of procedure will be, to a certain extent, an historical 
one ; we shall examine the older physical statistical methods first. This 
is the natural order, for the more recent quantum statistics employs 
the same fundamental ideas as the earlier statistics and it will be desir- 
able to have the latter firmly in mind before proceeding to the former. 
It is hoped that in this way the reader will get a clearer view of the 
whole subject than if we tried to adopt a unified point of view and 
abandoned the historical approach entirely. We shall indeed find that 
the different methods of presenting classical statistics lead essen- 
tially to the same result when applied to the same problem. Some 
may therefore take the stand that a discussion of all methods is super- 
fluous. On the other hand the greater the number of ways in which we 
can look at a problem the more profound and thorough should be our 
understanding of it. 

PROBLEMS 

the schematic diagram A and B represent equal volumes. A is occupied 
by a mass m of an ideal gas at pressure p and temperature T, while B 
is a perfect vacuum. Calculate the change in entropy which results 
when a hole is opened in the partition between A and 5, allowing the 
gas to move freely from A to B, 

3 At this point the reader may wish to consult any one of a number of standard, 
more or less elaborate, treatments of thermodynamics, e.g., “Textbook of Thermo- 
dynamics,'’ by P. Epstein, John Wiley and Sons, New York, 1937; “Thermody- 
namics,” by E. Fermi, Prentice-Hall, New York, 1937 ; “ Heat and Thermodynamics,” 
by M. W. Zemansky, McGraw-Hill, New York, 1937. Of particular interest to 
physicists in view of the discussion in the later chapters of the present volume is 
P. W. Bridgman’s “Thermodynamics of Electrical Phenomena in Metals,” Mac- 
millan, New York, 1935. 


1. In 


A B 
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2. Compute the change in entropy involved in mixing 1,000 grams of water at 
80° C with 500 grams of water at 15° C. Assume that the specific heat of water is 
constant and equal to 1 cal/gram degree C. 

3. Two grams of hydrogen have an initial volume corresponding to a pressure of 
76 cm of Hg and temperature 20° C. The volume being kept constant, the gas is 
heated to temperature 80° C. It is then allowed to expand at constant tempera- 
ture to double its original volume. How much heat has been absorbed by the gas 
and how much work has been done on it? Determine the same quantities when the 
gas is first allowed to expand to double its volume, the temperature being kept con- 
stant at 20° C, and is then heated at constant volume from 20° to 80° C. In each 
case also calculate the total change in the internal energy of the gas. 

4. From eq. (17) of this chapter derive the Clausius-Clapeyron equation, viz., 

where L = latent heat of vaporization and (AFa)^ is the change in specific volume 
between liquid and vapor phases at constant temperature T. 

If the specific volume of water at 100° C is 1 cm^/gram, while that of steam is 
1,686 cm®/gram find the change in the boiling point of water produced by lowering 
the pressure by 10 cm of Hgin the neighborhood of 76 cm of Hg. 

If the difference in specific volume between the liquid and solid phases of water 
at 0° C is 0.1 cm® /gram, find the depression of the freezing point of water associated 
with an increase in pressure of one atmosphere. 

5. It is shown in Chapter IV (cq. 84) that the free energy of an ideal gas with 
iV particles in volume V at temperature T is 

Use eq. (16) of this Chapter to find the expression for the total energy of the gas. 

Given one mole of an ideal gas under standard conditions of temperature and 
pressure. Find the change in free energy if the volume is doubled at constant tem- 
perature. Find the change in free energy if the temperature is raised by 1° C while 
the volume is kept constant. 

6. Derive the expression for the entropy of an ideal gas from the application of 
Problem 5 to eq. (15) of this chapter. 

7. By applying eq. (25) of this chapter to the special case of hydrogen, show how 
the mechanical equivalent of heat may be calculated. 
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1. STATISTICAL DISTRIBUTION OF N OBJECTS IN ju GROUPS 

The fundamental problem of what has come to be called the 
Maxwell-Boltzmann statistics is the following : Given a large number 
of objects, iV, e.g., molecules of a gas, it is desired to distribute 
these with respect to some property they all possess, e.g., position in 
space, velocity or kinetic energy. It will be convenient to think of 
this property as associated with a set of ju boxes, with a definite value 
of the property attached to each box. We shall first assume that the 
objects are indistinguishable, that they move freely and exert no 
forces on each other, and that it is just as likely that a particular 
object shall lie in one box as in any other. We can then readily com- 
pute the probability of an arrangement in which there are Ni objects 
in the first box, N2 in the second, iV'3 in the third, • • • , and iV^ in the 
jitth, by finding the number of independent ways in which this distri- 
bution can be achieved. From eq. (2') of Chapter II the number of 
ways of choosing Ni of the N objects to place in the first box is simply 


( N\ NI 

\^i) “ Nil{N - 


Ni)l 


(1) 


Similarly the number of ways of choosing N2 objects out of the remain- 
ing (iV — Ni) to place in the second box is 

[N - Ni\ __ (iV - iVi) ! 

\ N2 


N 2 KN - Ni ~ N2)1 


(10 


Clearly then the total number of ways required is the product 


N\(N - N' 

Ni)\ N2 


which can be reduced to the following form 

N\ 


■) 

to 

H 

LmJ All 


N - Ni - N2 - 

N^ 


- N^ 


-> 


lAol ••• NJ 


( 2 ) 


( 3 ) 


For simplicity we shall use the square bracket to denote this expression. 
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The probability associated with the above distribution will be ^ J 

divided by the total number of ways of distributing the N objects 
among the jit boxes without regard for the number of objects in each 
box. By a simple generalization of the argument in Sec. 2 of 
Chapter II, the latter number is Hence the probability desired 
is simply 


'N~ 

N _\jL . 


PZ = 


Equation (4) can be immediately generalized to the case where the 
a priori probabilities of each box are not equal. Suppose that they 
are actually given by g 2 . * • * respectively, where, since we here 
assume that these are actual mathematical probabilities, we have 


Then the probability that Ni objects are in the first box, N 2 in the 
second, etc., if there were only one way in which to realize this distri- 
bution, would be 

Since however the number of ways of making this distribution is 

r 

, the total probability becomes 




This reduces to (4) when gi = g 2 = * * * = gjx ~ ^/m- 

We now ask the following question: Given an aggregate of N 
objects whose number remains constant, for what type of distribution 
among m boxes will have the maximum value? Intuition answers 
the question by saying that the required distribution is that for which 
the number in the Jth box is 

Nj = Ngj. (7) 

Let us see whether we can confirm this conjecture. The problem is 
to make P^ a maximum subject to the condition 


= N = 


constant. 


Choose any set of Nj satisfying the condition (8). If we can find the 
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conditions which ••• ^ , 

a maximum subject to n u order to make P, 

write (6) in the form ’ ^ problem. We 




IogP,^ = log[^j + 2^.,^g^. 


4 . - - 

and find it simpler to make Ino- pw „ 

dition (5). But log pw "maximum subject to the con- 

variation in the gi leads** to 2 er arbitrary 

of log Pf assures kiln 2e u" “g 

a maximum. Hence the mathemak *^Tf stationary value will be 

mathematical formulation of the problem is 

S log pw = 


subject to 


t 


ki = 0 , 


where we use the symbol 2 m d-s * 

then have enote an arbitrary variation. 


( 10 ) 


( 11 ) 


We 


t 

> = 1 


Njki_ 

ij 


= 0 


( 12 ) 


subject to ( 11 ). Let us solve ( 11 ) for • * 

i ij lor 5^1 in terms of the rest 

=-^%. 

Substitute this into (12) and obtain ' ' 

Tr, +!,■ Si' 

m this expression Se, ■ ■ . Xa 

them any consistent values kroj^r^fmrK^^ by giving 

choose 5gi to satisfy the conditional^ u°"^’ ‘course) we can still 
(14) is to have identically ^ If’® only way to satisfy 


(13) 


(14) 


gi 


S2 




^ N. 


Th f ~~ 

»uvh. .a tte «t of AI, foe “1 t ?8)“ 
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Suppose, however, that we have the correct set of Nj. If we substi- 
tute them into (9), to secure the required maximum we must still 
have (15) satisfied. As a matter of fact we could start with (9) and 
vary the Nj subject to (8) keeping the gj fixed. This involves using 


Stirling’s formula for the factorials in 



It will yield the result 


(15), as the reader can show, but the method we have used is simpler. 

The reader should see the connection between the distribution 
given by eq. (15) and the special one treated in Sec. 9 of Chapter II 
and expressed in eq. (53) of that chapter. 


2. THE CANONICAL DISTRIBUTION 

We now wish to generalize the distribution problem of Sec. 1 by 
assigning to each box a certain property which will be possessed by any 
object in that box. To fix the ideas clearly, let us imagine that the 
objects arc material particles and the property is kinetic energy. We 
again assume that the particles are free. The energy Ej will be 
assigned to the jth box: whenever a particle is in that box it possesses 
precisely this energy value. The total energy of the aggregate of 
particles is thus E = 'l^NjEj. The problem is now to distribute the 
particles among the boxes in such a way that the distribution proba- 
bility will be a maximum subject not only to the condition of 
Sec. 1, viz., that the total number of particles remains constant, but 
also to the additional condition that the total (mergy of the aggregate 
remains unchanged. It will he assumed that thc^ bo.xes have the 
a priori probabilities • gix as in Sec. 1 . 

As before we shall work with log , From (9) using (3), we have 

log = log iV ! - 2 log Nj ! 4- 27V,- log g,-. (16) 

The analytical formulation of the* problem is 

(17) 

subject to 

= 0; = 0. (18) 

In all sums, unless otherwise spt'cifK'd, it will be assumed that j runs 
from 1 to /X. 

From Stirling’s formula (eq. 25 of Cliaptcn' II) 

log A ! - A log N - N + I log 27r + I log N. (19) 

If N is sufficiently large the terms 3"2 27r and log N are negli- 

gible compared with the first two terms on the right. We shall con- 
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sistently neglect them for the sake of simplicity. This might seem to 
be an invalid procedure in logA/y! when Nj is small, as it can quit^ 
possibly be. However the error involved will still be small even here? 
because the terms log Nj 1 for small Nj make only a very small con- 
tribution to the whole sum. Condition ( 17 ) now becomes 

s(iog^)aiv,- = o, (20) 

and conditions ( 18 ) 

Z6Nj - 0 ; ZEjSNj = 0 . ( 21 ) 

Note that the Ej are definitely fixed and the only possible variation 
in energy comes from the SNj. The maximization problem is now car- 
ried out by the use of Lagrange’s undetermined multipliers.^ We 
choose the initially arbitrary constant multipliers 71 and 72 and, 
remembering (20) and (21), write 

2 (log + 71+ Y2-E;) SNj = 0 . ( 22 ) 

We now pick 71 and 72 to satisfy the equations 


~ + 7 i + T2-S1 = 0 , 

iVi 

log ^ + 7 l + 72-^2 = 0 . 
2 


( 23 ) 


This we have a right to do, since 71 and 72 are arbitrary. Equation 
(22) now becomes 


z 


gj 


log ^ + 7l +■ 72^3 J = 0 , 


( 24 ) 


and the variations 5W3, • • •, 5 A 7 ^ occurring here are now completely 
arbitrary. For all j, therefore, we have 


or 


log 


II 

N, 


~ 7i — 72^y, 


Nj = gje 




( 25 ) 


^ Cf., Leigh Page, “Introduction to Theoretical Physics,’' second edition, p. 311. 
D. Van Nostrand Co., New York, 1935. 
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t is now convenient to replace 71 and 72 by two new parameters ^ 
ind © defined by the equations 


][/ 

7 i = Q + log N/I, 


72 = — 


£ 

e’ 


The distribution formula (25) then takes the form 
Nj = 


(26) 


(27) 


The parameters 4^ and © can at once be determined, at least in prin- 
;iple, as follows. We have from ( 8 ) 

SiV,- = = N, 

vhence 

= — 0 log (28) 

vhich gives xp in terms of ©. To get the latter consider the total energy 


= N ■ 




(29) 


In this way we see that i/' and 0 are expressible in terms of E, Ny gj 
ind Ej. The actual evaluation of \p and © from these transcendental 
equations cannot, of course, be carried through in closed form. We 
shall hope, however, in the subsc^quent divseussion to give them a 
physical interpretation. Incidcni tally (29) also i)rovides an expression 
For the average energy per particle in the distribution, viz., 


j._E_ 

N~ • 


(30) 


The distribution defined by (27) is usually termt‘d a canojiical 
distribution. Since 








(dl) 


an alternative way of exprcvssing this type of distribution is (learly 


= 


Em: 




{>7') 


This eliminates the parameter xp from tin* disi r il )iit ion loininla. 'TIk' 
parameter 0 is termed the distribution )iioilitlus. li i:-. < Ic.ii that it 
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-t hav.Tr “C. ,0, 

f f Jy large values of JV- for • negative © would lead to 

is shows that ^arp £^.. As a matter 

IS to correspond to a xnaxiTum ^ (1?) 

ith bovT'”'^'"^ Q makes 

Of rr. ®‘^''®nse exponentially with ih ^ of particles in the 

t course the distribution is iectedT assigned to that box. 

ur understanding of thf^^ ^>o 

“ hy the consideration ofT?' ''“•ribntion law (27') will be 

apKsethatj,. . V, tor all7.„d ItVlS'”' ■““«««'“■ first 

01* this case shows that for all / 


fy,= 


iy 


. -^J = 

a°s LTi:J:trT‘ 

lare-e th^i- ^ values 1,2,3, P ^ 0 - 1)S where j, 

infini7 ““ 'ffMtively consider 'rl, “““”’' '''at a is SO 

Tona 7,"'" -™p'4rwf S a,!?"™ as 

^ • Therefore since < 1 suppose that the are all 

^j/e _ O’- 1)8/0 

Moreover by a simple extension of this 
2(i - l)s .g-O'-Dc/e ^ 

In ftsra '-t - 

in tile sums ? r 

average energy ^ • Consequently (30) yields for the 



Se-®/e 

(ICTT^iTep' 


£ = 


We shall later have • " ' 

(32) (cf. See. 10, Chapter VIIIX St fTT ®’gn>ficance of 

lor the present Jet 


us use it as a 
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means of getting a somewhat clearer light on 0. Solving (32) for 0 
yields 



Suppose that 8 < < £, which is not too far-fetched an assumption. 
Then we have the interesting approximation 

(33') 

or the modulus 0 is approximately equal to the average energy per 
particle. We shall investigate later a generalization of (33'). From 
(28) we now have for the parameter ^ 

, _ S _ , 1 

log (1 + 8,/E) ^ 1 - e- (i+c/fi) » 

which yields approximately 

— E 

jElog — • (34) 

8 


If we choose to set ^'= Nypj we can further write this 




-Elog 


N& 


in terms of the total energy. The distribution formula for this special 
case is 

Nj = (35) 

or approximately 

Nj ^ ^ (36) 


An illustration of more practical importance than the above is pro- 
vided by a collection of linear simple harmonic oscillators, all with 
frequency v. It is shown by quantum mechanical reasoning (also 
cf. Chapter VIII) that the possible energy values of a linear harmonic 
oscillator are given by 

■Ey = (i - j = 1,2,3, • • . (37) 


where h is Planck's constant of action (6.55 X 10 erg sec). The 
a priori probabilities are all equal. Assuming again that the number 
of states is very large, we have 


-hum 


( 38 ) 


* Cf. Lindsay and Margcnau, “Foundations of Physics,” p. 430, 
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Consequently the distribution function takes the form 


Nj = - 6"'“'/®) (39) 


which is identical with (35) with S = hv. However, a somewhat dif- 
ferent and very interesting situation presents itself with regard to the 
average energy per oscillator. If we differentiate (38) with respect to 
@ the result is 


hu 


-By/e ^ ^ 


-Ai//2e 


(1 + 
(1 _ 


(40) 


and from (30) this gives 


- hv {1+ e-*-/®) hv hv 

“ 2 ' (1 - “ 2 - l' 


(41) 


The significant feature of this result is that, unlike (32), the average 
energy no longer vanishes when © becomes zero. In fact 


(E)e=.o = 


hv 

7 




(42) 


We shall later learn to call this a zero-point '' energy. It is clear 
that this situation will always arise when the lowest possible energy 
value is different from zero as it is in the present case. 

In the collection of simple harmonic oscillators considered above 
the a priori probabilities are all equal. It turns out that if the collec- 
tion contains two dimensional harmonic oscillators, this situation no 
longer prevails. Rather the gy increase linearly withj, so that we can 
write 

& (i = 1,2,3,- ••) 


where C is a constant depending on the number of energy boxes. 
Division by this constant is necessary to make gj a probability in the 
sense in which we are using the term. Actually this constant plays no 
role so far as the average energy is concerned. Irrespective of the 
value of C, eq. (30) gives for the average energy 




(43) 


Quantum mechanics yields for the two-dimensional oscillator 


Consequently 


Ej = jhv. 


E = 


hvXj^e 


(44J 
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Now by diiferentiating Se 
we secure 

A second differentiation yields 


= — 1) with respect to 0, 

^A./e 

= _ 1 ) 2 ' 


Consequently 




_ 1)3 


(46) 


E 


hv 4- 


2hv 


MG 


(47) 


This should be compared with (41) and the change in the “ zero- 
point ” energy noted. 


3. PROPERTIES OF THE CANONICAL DISTRIBUTION. INTERPRETA- 
TION OF THERMODYNAMIC RELATIONS 

It is now in order to study some properties of the canonical distri- 
bution and to indicate analogies with the important thermodynamic 
relations. 

Let us evaluate the expression for log (eq. 16) in the case of a 
canonical distribution. We have 

log = A log iV - iV - 2 (Nj log - N^j ■ ^ (48) 

Substitution of iVy from (27) yields ultimately on reduction, if we 
denote the canonical value of by Pc, 

log n^Po = ^ = log w, (49) 

where we have again replaced by 4^', and where in what follows 
we shall always consider m^Pc replaced by w. We shall refer to the 
latter as the statistical probability for a canonical distribution. 

We shall now imagine that the system of particles undergoes a 
change in its total energy, taking place in two ways, viz., (a) by a 
change dEj in the amount of energy associated with each box, and 
{b) by a change in the distribution over the bo.xes, the change in the 
number of particles in the jth box being denoted by dNj, The total 
change in energy then appears as 

dE = c/XTV.P, = ^EjdNj + SiVyr/Ey. (50) 

There is another way of looking at this which is rather expeditious 
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and moreover will prove very useful when we come to alternative 
presentations. 

Let us introduce the transformation 



(51) 

We can then write from (29) 


(52) 


We shall moreover find it convenient to denote by a special 

symbol and use Z for this purpose. Thus 


2 

Now 

and therefore 

z <3r 


(53) 

(54) 

(55) 


This proves to be a very useful mode of expression for the energy of 
the system. We may call Z the distribution function. Later we shall 
find something very like this called the partition function in the method 
of Darwin and Fowler (Chapter VII). We shall now consider the 
total change in R associated with a change in the modulus f (or ©) 
and the changes in Ej, the latter being lumped in the change in Z. 
Now we shall assume that the function Z depends on f as well as on 
certain external coordinates, namely the already mentioned in 

connection with the thermodynamical treatment in Sec. 2, Chapter III. 
When we carry out the differentiation with this in mind we get for 
the total change in E 


dE 


=( 




logZ 


dr 




Next we proceed to consider the work done in the change in the 
external coordinates. For a particle in the jth state in which the 


energy is Ej our alteration in brings into play a force 


dEj 


and 


the work done by this particle when all the parameters change by 


dJi, d^2 ' ’ • d^n is 



( 57 ) 
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Now the average number of particles in the jth state is Nj, given by 
(27) or (27'), which by employing (53) can be written in the form 


N< = 




(58) 


Consequently the contribution to the work by all particles in the jth. 
state is Nj ^ ^ d^\ and that by all systems in all states is clearly 


dW 










(59) 


From the fact that 

X 




a^x 

we can write 


dW = -~ 


N 


logf ■ 


d log Z 

afx 


dh- 


(60) 

(61) 


Therefore the change in the total energy of the system plus the external 
work done by the system is 


dE^-iW 


= N 


a log z ^ a^ log z] 


af 


ar 




+ N 


[ 2 ^ 

\ 


d (d log: -2^^ 1 ^og Z 


(62) 


, \ / log f ' X 

Let us now go back to the expression (49) for log w. From (28), 
(51) and (53) this may be written 

log = — jE log f + log Z. (63) 


The change in log w wluni B and the fx alter therefore is 
Edl: . ,,^logZ ^^ , a logZ 


, log Z 

d\ogw — — dE log f — ' ^ ’ -\r N — — 


df + 


afx 


d?x. (64) 


From (55) it is clear that the two middle terms in (64) cancel each 
other, so that finally 

E d log Z 

~~~~ dh- 

X 
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If we divide through by —logf we get 

dlogw N v^AdlogZ 

logf logf^ 

But from (51) and (61) this at once becomes 

Qdlogw = dE + dW, (65) 

This very interesting relation evidently bears a close analogy to the 
first law of thermodynamics (eqs. 1 and 4, Chapter III). We can 
indeed look upon it as the statistical equivalent of the first law if we 
are willing to identify the increment of quantity of heat transferred 
to the system of particles as @d log w. Let us then write 

^ = d log w, (66) 

Now the statistical quantity \ogw has the property that its value 
depends solely on the state of the system in its canonical distribution 
and does not depend on how the system got into that state. It is 
therefore competent to serve as a statistical analogue of a thermo- 
dynamical state variable. In fact we see from (66) that if we interpret 
the statistical canonical distribution modulus © as a universal con- 
stant k times the absolute temperature T, we can write ® 

d[k\o%w\=~- (67) 

Comparison with eq. (2) in our discussion of thermodynamics in Chap- 
ter II suggests that we interpret the left side of (67) as the change in 
entropy of the system and write 

d\k\ogw] — dS. (68) 

The integration of (68) then yields for the statistical interpretation of 
entropy 

*5 = ^ log w + C, (69) 

where C is an arbitrary additive constant of integration. We are 
entitled to choose for C the constant quantity which will make (69) 
agree best with the known thermodynamical properties of the entropy. 

turns out to be the Boltzmann gas constant with the value 1 -37 X 10“^® 
ergs/°C (Cf. Secs. 1 and 2, Chapter V). 
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With this in mind we find it advantageous to choose C = — ^logiV! 
and write our statistical definition of entropy in the form 

5 = *log(^,)- (69') 

We may indeed proceed to define w/N\ as the effective ” statistical 
probability for the canonical distribution. Examination of the pre- 
ceding sections of this chapter discloses that if we had used it in place 
of w no change would have resulted in the canonical distribution. In 
Chapter VIII we shall see a close connection between the definition 
(69') in classical statistics and the quantum mechanical definition of 
entropy. It is well to emphasize that the relations (68) and (69') are 
dependent on the fact that the system of particles is canonically dis- 
tributed. Since the equations of thermodynamics refer to systems in 
equilibrium it is therefore appropriate to assume that the canonical 
distribution is the statistical analogue of equilibrium. This corre- 
sponds well with the fact that log Pc (and likewise log w) is a maximum 
for a canonical distribution as compared with any other distribution 
of the same system of particles with the same energy. The same is of 
coui'vse true for log {w/NV}. If there were a configuration of greater 
probability than the canonical distribution we should exp(‘ct that the 
system would not rest in equilibrium until it liad attaiiu^d tliis more 
probable state. On this view a system with a fix(‘d number of par- 
ticles and given energy not in an eciuilibrium state will correspond to 
a smallcT value of log {w/N^). But su(.h a systenn will Icnul to api>roaeh 
a state of great<‘r probability and this is th(^ statistical interpretation 
of the irrev(*rsible tendinic.y of the entropy of a closed system to 
increase'; the latter has alrea<ly been einphasizc'd in the thermo- 
dynamic (h'tinition of entropy in Sic. 2, C'bapter 111. ^Flii'n* is, to l)e 
sure, a fundamental difference Ix'tween the s(‘(*ond law of tlu'rmo- 
dyiiainics and the law based on the assunii>lion (O<0 (6^^0- AcTord- 

ing to the second law, the entro[)y of a closed systi'iu always increases 
in a non-cyclic, irri'versibh' proci'ss. Acc'ording to the statist i('al inter- 
pretation it is only probable that the entro[)y will iiu'rease. From the 
vi'ry nature of the statistical definition of I'litropy there is no necessity 
that the entropy must always increase under the conditions stati'd. 
There will always be indei'd a finite probability that it will di'creasi'. 
This maybe looked upon as the priev we have to pay for the statistical 
interpri'tation. 

We <!an illustrate the above situation by atti'inpting to treat tiu' 
change in entropy during a giv(‘n j)ro('{‘ss, as statistically defined in 
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(68), as a measure of the irreversibility of the process. Suppose the 
system changes from state 1, where the statistical probability is % 
to state 2 with probability w + Aw. It seems appropriate to take 
the measure of the irreversibility in going from 1 to 2 as the ratio 
{w + Aw)/w* We shall call this z. Then 


w + Aw 

log z = log = A log w, 

w 

whence 

2 ^ 


As an example, consider the process involved in the passage of 1 erg 
of heat energy from a body at 21°C to another body at 20 °C brought 
in contact with the first. If we replace the process by an equivalent 
reversible one, i.e., one carried out ideally with infinite slowness, we 
can calculate the entropy change AS by (67) and get on substitution 
of the data AS/k = 8.5 X 10^®. Hence in this case z > indi- 

cating a high degree of irreversibility. It is rather interesting to con- 
sider what happens when the quantity of heat energy transferred is 
only erg. Then z = which is less than 3. Indeed as the 
amount of energy transferred becomes smaller and smaller, z unity 
and w for the two states approaches the same value. For very small 
energy transfers the process becomes less and less irreversible from the 
statistical standpoint. This casts a further interesting light on the 
significance of the statistical interpretation of entropy. 

It is now not a difficult matter to find the statistical analogues of 
the other important thermodynamic variables. Consider again the 
Helmholtz free energy (eq. 6 of Chapter III) 

= E ~ TS. 

With the statistical interpretation of S this becomes 

= E - kTlogw + kTlogNl (70) 

But now compare this with eq. (49). Let us set as usual 

e = kT. (71) 

Then from (28) and (49) and the use of Stirling’s formula 

$= -iV^r (log I +l) (72) 


is the statistical expression for the free energy in terms of the parti- 
tion function as we have introduced it in eq. (53). This of course 
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assumes that the constant k, whose value is not specified by the 
statistical theory, is chosen correctly (cf. Secs. 1 and 2, Chapter V). 

We should be able to use the expression (72) to derive the equation 
of state of the system from eq. (12) of Chapter III. Thus the pressure 
should be given by the equation 


= NkT 


d log Z 
~ dV 


( 73 ) 


If therefore we were to derive the expression for the partition function 
Z for a system of free particles and in particular its dependence on 
the physical volume occupied by the system, eq. (73) should reduce 
to the well-known equation of state of a perfect gas, viz., 

pV = RT, (74) 

where R is the so-called gas constant. Now it is clear from the form 
of (73) that in order for it to yield (74) it is essential that 

Z = KV, (75) 

where K is independent of F, though it may contain the mass of the 
particles, the parameter 0, etc., and must have the dimensions of 
reciprocal volume. In the next section we attempt the calculation of Z. 


4. DISTRIBUTION OR PARTITION FUNCTION FOR A SYSTEM OF FREE 
PARTICLES. FREE ENERGY OF AN IDEAL GAS 

The problem is to obtain for an ideal gas the volume dependence 


of the function 




2 = Sjugye-®'-/**, 

(76) 

where 




^ + P% + P%) • 

(77) 


All particles have the same mass, w, and the Pjxj Pjy and Pjz are the 
component momenta along the jc, y, z axes respectively of a particle 
in the jth box. Since the gas is assumed to be ideal, the energy is 
kinetic only. Before we can use (77) to evaluate (76), we must intro- 
duce the appropriate a priori probabilities gj. From our previous 
discussion (cf. Chapter II, Sec. 9) it is reasonable to assume that gj is 
proportional to the size of the jth box. Clearly, however, size here 
does not refer merely to physical volume but also to momentum 
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interval as well. Let us suppose that a particle in the jth box has 
configuration coordinates in the volume element Axj Ayj A% about th' 
rectangular coordinates Xj^ yj, Zj, and its momentum components 
the momentum interval Apj^APjyApjz in the neighborhood of th' 
momentum components pjx, pjy, pj^. It is then natural to suppose 
that gj will be equal to AxjAyjAzjApjxApjyApjg divided by the^ total 
** volume of the six-dimensional space defined by the coordinates 
Pixi Piyy Piz and whose total extent is given by the range oi 
variation allowed to these coordinates. We have now to decide whether 
the coordinates shall be allowed to vary continuously or in discrete 
amounts. We shall make the assumption, which will prove of value 
in the later discussion of quantum statistics, that the six-dimensional 
space under consideration has a cellular structure in which the cell 
has volume where /t is a fundamental constant having the dimen- 
sions of momentum times displacement. This assumption means that 
no matter how much Xj, yj, Zj, pj^^ pjy, pjz vary among themselves 

AxjAjjAZjApjsiApjyApje > 0^) 


We shall now assume further that there are /x cells available, i.e., that the 
number of cells equals the number of boxes. Hence finally 




AxjAyjAzjApj:,ApjyApje 


(79) 


Consequently the partition function becomes 


h ^ 

Now since the coordinates are all independent of each other and since 
the exponential term does not involve any configuration coordinates 
we can carry out the summation over the Axj^ etc., independently of 
the momenta and have 

'^AxjAyjAsj = V, (81) 


where V is the physical volume occupied by the particles. Since the 
^Pjxt etc., can be made as small as we please subject only to condition 
(78), we shall assume that to a very high degree of approximation 
{h being assumed to be a very small constant) we can replace the 
summation over the pjxt etc., by a triple integration. It should be 
emphasized that this replacement of a finite sum by a definite integral 
is here purely a matter of mathematical convenience and has nothing 
fundamentally to do with the essential nature of the Maxwell-BoltZ' 
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mann statistics. In the evaluation of the integral we shall further 
suppose that the limits for each variable are — oo and + oo respec- 
tively. Actually there will be finite maximum and minimum values of 
the momentum components for any actual aggregate of particles. 
However the exponential integrand renders the choice of infinite limits 
a very acceptable approximation (cf. the remarks after eq. 30 in 
Chapter II). Now by a simple transformation and extension of eq. 
(23) of Chapter II, we have 


__^O0 “{"^O /* 4~oo 

*/ — 00 •^ — 00 •/ — 00 


(82) 


Hence y. 


(83) 


This is indeed of the form of eq. (75) in the last section and thus leads 
to the correct equation of state for an ideal gas by substitution into 
eq. (73). From the form of the partition function for an ideal gas as 
obtained in (83) it results that the free energy (72) is an extensive 
quantity, i.e., at given temperature it is directly proportional to the 
number of particles and does not depend directly on the volume of the 
system. In fact if we substitute from (83) into (72), the result for 
the free energy of an ideal gas is 

+ (84, 

If two systems are combined so that the density and temperature 
remain the same the free energy of the combination is the sum of the 
free energies of the individual systems. It is again assumed that the 
constant k is chosen correctly. 


5. EQUIPARTITION OF ENERGY IN A SYSTEM OF FREE PARTICLES. 
ENTROPY OF AN IDEAL GAS 

We can at once extend the results of the preceding section in an 
interesting fawshion to obtain an expression for the average energy per 
particle of the system. If we dilTerentiate 

Z = • (27rr«0)'’''* 

fl 

with respect to © we obtain 


( 85 ) 
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Hence (eq. 30) 





(86 


This significant result gives the average energy directly in terms of th< 
distribution modulus. It is possible to interpret the equation as express 
ing the equipartition of the kinetic energy among the various degrees 
of freedom of the individual particles. Each of the latter has three 
degrees of freedom. If we assign each degree of freedom on the aveP 
age the amount of energy 0/2, the total per particle is 30/2, which 
is the equivalent of (86). As a matter of fact this interpretation is 
confirmed by computing the average energy per particle for the com- 
ponent motion along the x axis only, which at once yields 0/2. From 
the symmetry of the integrand in (82) the same result will follow for 
the y and z degrees of freedom. We reach therefore the general con- 
clusion that on the average the kinetic energy of an aggregate of free 
particles in a canonical distribution is distributed equally among their 
degrees of freedom. It is important to emphasize that the result (86) 
depends for its validity on the approximation of sums by integrals. 
We shall see that this is true for any statistics in which discrete cells 
or boxes are employed. The situation is rather different in the method 
of Gibbs, which will be treated in Chapter VI. We should further 
emphasize that the system to which the equipartition principle applies 
is an aggregate of independent particles, possessing kinetic energy 
only. In any case we shall find the equipartition principle of con- 
siderable value in our future discussion of aggregates of particles. 
In particular we shall use it in connection with the kinetic theory of 
gases which will be reviewed in the next chapter. 

It will be of interest to apply eq. (86) to the derivation of the 
entropy of an ideal gas. From the definition (69') we have 


But from (65) 


S = klogw — kN log N + kN. 
klogw == E/T + Nk log Z, 


(87) 


where E is the total energy of the gas, which from (86) becomes 
E — 3NkT/2 (with 0 replaced by kT, as before). The use of (83) 
coupled with substitution into (87) yields finally for the entropy of 
the ideal gas 


5 = 


5 

2 


^iV + i^iVlog 


V 

_iV 




( 88 ) 


It follows that the entropy is an extensive quantity in the same sense 


i 
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as the free energy, as discussed in Sec. 4. The reader should note 
that this result would not have been obtained if we had defined the 
entropy simply as 5 = ^ log w. It is the choice of the additive con- 
stant “ k log N ! which assures that 6* shall have the extensive prop- 
erty.** 


PROBLEMS 

1 . Derive the distribution law Nj = Ngj (eq. 7 of this chapter) by varying the 
Nj subject to = 1, while keeping the g/ fixed. 

2. Find the expression for the free energy of the set of independent linear simple 
harmonic oscillators whose possible energy values are given by Ej — {j — '^A)hv, 
(j — 1.2,3 •• •) (cf. eq. 37). Do the same for a set of two-dimensional oscillators 
for which the average energy is given by (47). 

3. From the partition function Z for a set of independent linear simple harmonic 
oscillators derive the expression for the entropy. 

4. Show that if the entropy is defined a.s S — k log w, it is not an extensive quan- 
tity for any ideal gas and that the same is true of the corresponding free energy. 

5. Derive the expression for the Gibbs free energy, 'ir + pV, for an ideal gas. 
Do the same for the enthalpy (cf. Sec. 3, Chapter III). 

6. In a canonical distribution of N free particles find the expression for the 
number of particles having kinetic energy included between E and E + dE. Find 
the ratio between the number of particles with energy in the range dE about the 
average energy £ = 30/2 and the number of particles with energy in the same range 
dE about an energy differing by 1 per cent from K. 

7. Compute the “ effective statistical probability for the canonical distribution 
of one mole of an ideal gas under standard conditions. 

8. The methods of this chapter may be applied to an aggregate of independent 
particles which move in an external conservative force field characterized by the 
potential function 0(x, y, z). Find the general form of the partition function of such 
an aggregate. Specialize to the case in which the force field is the constant gravi- 
tational field near the surface of the earth. 

^This point is well brought out in Mayer and Mayer, "Statistical Mechanics," 
pp. 114 ff. John Wiley & Sons, 1940. 



CHAPTER V 


THE KINETIC THEORY OF GASES 

1. THE miAL AND THE EQUATION OF STATE OF AN IDEAL OA$ 

It is assumed that the reader is acquainted with the fundament^ 
assumptions of the kinetic theory of gases from at least an elementary 
point of view. It is the intention of this chapter to review briefly 
its chief results, emphasizing in particular the points of contact witn 
the statistical theory of the preceding chapter. 

The kinetic theory envisages a gas as composed of a very larg^ 
number of material particles called molecules moving with widely 
varying velocities in all directions and colliding with each other and 
with the walls of the confining vessel. The collisions with the walls 
are assumed to be responsible for the pressure of the gas while the 
average kinetic energy of the molecules is connected with the observed 
temperature of the gas. The first fundamental task of the kinetic 
theory is to provide a theoretical deduction of the equation of state 
of the gas, i.e., the relation connecting pressure, volume and tempera- 
ture (cf. Sec. 3, Chapter 3). There are several ways of attacking 
this problem.^ The one presented here is somewhat different from 
that used in elementary books, being based on the so-called virial of 
Clausius. 

We shall confine our attention first to an ideal gas, in which the 
molecules are mass particles in the form of elastic spheres with radii 
very small compared with their average distance apart, so that indeed 
their dimensions can be neglected. They are assumed to be free 
particles exerting no mutual forces and all having the same mass m. 
We shall suppose their number is N and number their coordinates 
Xi, yit Zi in some inertial system with the subscript i which runs from 
1 to N, Consider the following function of the coordinates 

N 

M = \ + :yf + 4)- 0) 

i w 1 

^ Cf. Sir James Jeans, “Dynamical Theory of Gases,” Chapter VI. Cambridge, 
1930. The reader may also consult with profit other recent books on kinetic 
theory, e.g., L. B. Loeb, “Kinetic Theory of Gases,” Chapters II and V, McGraAv-Hill, 
New York, 1927; and E. H. Kennard, “Kinetic Theory of Gases,” Chapters I and V, 
McGraV-Hill, New York, 1938. 
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This does not appear to have immediate physical significance. But 
let us differentiate with respect to the time. Using the dot notation 
for time differentiation, we obtain 

iv 

M = + yiiii + Zi&i). (2) 

i = 1 

A second time differentiation gives 

N N 

M = + yf + zf J + ydi + 2 »z»)- (3) 

t = 1 i = 1 

We shall now proceed to form an average of a somewhat different 
nature from any hitherto considered in this b^ok, namely an average 
over the time. The coordinates, component velocities and component 
accelerations of the particles are of course functions of the time. 
Hence the quantity M will depend on the time. Its time average is 



where Mq is the value of M at the initial time ^ = 0 and Mr its value 
at time r. Since the system of particles is confined to a finite space, 
the Xi,yi,Zi coorclinatts an* l)ounded at all times. The component 
velocities Xi, yi, Zi will also be bounded. Consequently the difference 
Mr — Mo in (4) is l)C)uiuled and therefore as r increases ilf,. —>0. From 
this we coil cl Lick* that 

_ „ 

T-”- (x; + fi + s';) = - J '^ni{xiXi + y,yi + z^i), (5) 

iTi ^ ,-i 

where the avc'rages arc* taken over a siifficienlly long time. The 
quantity on tlu* left-hand sick* is the* time* avc'ragt* of the t(d,al kinetic 
enc*rgy of the* system. 'The* ciuantity on tlu* righ 1-haiicl side may be 
written in slightly cliffc‘rc*nt form if w(* rc*i)lacH‘ mxi by the x com- 
poiu'iit of the rc*sultant forev aciing on the fth particki. Similar 
rc'placx'iiK'iit of tlu; y and z cxiinjioiient ac:cc‘k*ratioiis yields for the 

right-hand side 

N “ “ 

= - i H- -I- (6) 

i 1 

Tlu' c|iiantity il was called by ('laiisius tlu* viruil of tlu* systc^m. The 
relation (5) tht ii slalT-s that tor a sysU'iii in canonical distribution the 



irtis KINETIC THEORY OF GASES [Ch* ^ 

total average kinetic energy is equal to its virial. This is the viri^ 
theorem. 

Let us now calculate the virial for an ideal gas by considering 
the force components which enter eq. (6) are merely those involve^* 
in the collisions between the molecules and the walls. This meaii"” 
that etc., have non-vanishing values only for the values of Xi, >'1, 
at the walls. These forces arise because of the change in momentu® 
experienced by the molecules in their reflection from the walls. It 

might seem difficult to compute 
them; but we must recall that 
it is the time average which is 
involved in eq. (6). The average 
wall forces can be ejffectively re- 
placed by the integrated pressure 
which according to the postulates 
of the kinetic theory is indeed 
the average effect of the continual 
bombardment of the walls by the 
molecules. Figure 5 • 1 represents 
Fig. 5-1. a portion of the surface of the 

containing vessel. Let us con- 
sider the area element ndS in this surface, where n is the unit vector 
normal to the surface at dS. This element has the position vector 

r = h: + jy + k 2 (7) 

in the chosen system of rectangular coordinates. The average force 
exerted on the system by the element of area is a vector directed oppo- 
sitely to n and of magnitude pdS^ if we denote the pressure of the gas 
by p. The components of this force along the axes are then 

— pdS cos a, — pdS cos ^3, — pdS cos 7, 

where cos a, cos cos 7 are the direction cosines of n. The summa- 
tion in (6) over all the molecules is now conveniently replaced by an 
integral over the whole surface of the containing vessel. Conse- 
quently we have for the virial 

^ “ 2 ^ a y cos -f- 2 cos y)dS. 

Sinc'e by definition 

n = i cos a + ] cos jS + k cos 7, 



( 8 ) 
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we can transform (8) to 

Q = |y'rndS. (9) 

We can now employ the divergence theorem (often called Gauss' theo- 
rem) in vector analysis ^ to write 

Q = |y'vrdF, (10) 

where the integral is now the volume integral of the divergence of r 
over the whole volume of the containing vessel. But 


Hence finally 


djc dy dz 

Q = §PV. 


( 11 ) 


From the virial theorem we therefore draw the conclusion that the 
total average kinetic energy of the molecules of the ideal gas is equal 
to ZpV/l, or 

i = (12) 


Having reached this point we cannot go further toward the actual 
equation of state without introducing a macroscopic interpretation 

of E. There are two possibilities. In the first place, we may arbi- 
trarily but plausibly assume that the total average energy character- 
izes the temperature of the gas, so that constant temperature implies 

i 

constant E, With this association (12) becomes at once Boyle’s 
law for an ideal gas. If we wish to be more specific we can introduce 
the statistical considerations of the preceding chapter and assume 
that the molecules are canonically distributed with respect to their 
kinetic energy. To be sure this is passing beyond the methods of 
kinetic theory as commonly understood, but it forms a useful bridge 
between the kinetic and statistical points of view. We vshall then 

t_ __ 

suppose that the total average kinetic energy E is the same as NEy 
where N is the number of molecules and E the average energy per 
molecule in a canonical distribution. Rut in Sec. 5 of Chapter IV we 
have shown that _ 

NE = 

2 Sec Lc‘ij;h Page, " Introduetion to Theoretieal Physies,'* second edition, p. 32 
D. Van Nostrand C'o., New York, 1935. 
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total average kinetic energy is equal to its virial. This is the virial 
theorem. 

Let us now calculate the virial for an ideal gas by considering that 
the force components which enter eq. ( 6 ) are merely those involved 
in the collisions between the molecules and the walls. This means 
that etc., have non -vanishing values only for the values of Xi, zi 

at the walls. These forces arise because of the change in momentum 
experienced by the molecules in their reflection from the walls. It 

might seem difficult to compute 
them; but we must recall that 
it is the time average which is 
involved in eq. ( 6 ). The average 
wall forces can be effectively re- 
placed by the integrated pressure 
which according to the postulates 
of the kinetic theory is indeed 
the average effect of the continual 
bombardment of the walls by the 
molecules. Figure 5 • 1 represents 
Fig. 5*1. a portion of the surface of the 

containing vessel. Let us con- 
sider the area element ndS in this surface, where n is the unit vector 
normal to the surface at dS. This element has the position vector 

r = irjc + jy -h ks (7) 

in the chosen system of rectangular coordinates. The average force 
exerted on the system by the element of area is a vector directed oppo- 
sitely to n and of magnitude pdS, if we denote the pressure of the gas 
by p. The components of this force along the axes are then 

— pdS cos O', — pdS cos /?, — pdS cos 7 , 

where cos a, cos /3, cos 7 are the direction cosines of n. The summa- 
tion in ( 6 ) over all the molecules is now conveniently replaced by an 
integral over the whole surface of the containing vessel. Conse- 
quently we have for the virial 

p r 

^ - I (x cos a + y cos /? + s cos y)dS. 

Since by definition 

n = i cos o: + j cos /3 + k cos 7 , 



( 8 ) 
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we can transform (8) to 

£2 = ly'rn^iS. (9) 

We can now employ the divergence theorem (often called Gauss’ theo- 
rem) in vector analysis ^ to write 

Q==‘^fvTdV, ( 10 ) 

where the integral is now the volume integral of the divergence of r 
over the whole volume of the containing vessel. But 


Hence finally 


Vr 


dx By dz 
dx dy dz 


a = ipv. 


( 11 ) 


From the virial theorem we therefore draw the conclusion that the 
total average kinetic energy of the molecules of the ideal gas is equal 
to SpVj2, or 

i = ipv. (12) 


Having reached this point we cannot go further toward the actual 
equation of state without introducing a macroscopic interpretation 

j_ 

of E. There are two possibilities. In the first place, we may arbi- 
trarily but plausibly assume that the total average energy character- 
izes the temperature of the gas, so that constant temperature implies 

t 

constant E. With this association (12) becomes at once Boyle’s 
law for an ideal gas. If we wish to be more specific we can introduce 
the statistical considerations of the preceding chapter and assume 
that the molecules are canonically distributed with res[)e(‘t to their 
kinetic energy. To be sure this is passing lieyond the methorls of 
kinetic theory as commonly understood, but it forms a luseful bridge 
between the kinetic and statistical points of view. Wc shall then 

t _ 

suppose that the total average kinetic energy E is the same as iV/i), 
where N is the number of molecules and E the average energy per 
molecule in a canonical distribution. But in Sec. 5 of Chapter IV we 
have shown that 

NE - 

See Leigh Page, Introduelion to Theoretical Physics,” second edilion, p. 32 
D. Van Nostrand Co., New York, 1935. 
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Hence (12) becomes 

pV = N&. 

But the equation of state of an ideal gas is known to be 

pV = RT, 

where T is the temperature on the Kelvin scale and R is the gas con- 
stant appropriate to the gas in question and its mass. If (13) is to 
be the kinetic-statistical analogue of (14) it is clear that we must have 

0 = ^ r. (15) 

N 

In words, the modulus of the canonical distribution is directly pro- 
portional to the Kelvin temperature of the gas and the coefficient of 
proportionality is the gas constant per molecule. This is the quantity 
which has received the name of Boltzmann’s gas constant k, i.e., 


(13) 

(14) 


and 


k 


R 


e = kT, 


(16) 

(17) 


With this assignment the kinetic statistical derivation of the equation 
of state of an ideal gas may be considered complete. 


2. SOME SIMPLE KINETIC THEORY PROPERTIES OF AN IDEAL GAS 


The simple kinetic theory described in the preceding 
to some interesting properties of an ideal gas. We shall 
briefly here. 

If we write the kinetic energy in the form 

N N 




section leads 
review these 


it follows that we can express the average in terms of a root-mean- 
square velocity 

Vm = (18) 

as follows 



(19) 


Equation (12) then becomes 




( 20 ) 
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The value of Vm can be estimated very easily from the fact that the 
density of the gas is given by 


Nm 

^ = ’ 

(21) 

whence 

2 

II 

(22) 


The substitution of the atmospheric pressure in dynes/square centi- 
meter and the density of hydrogen under standard conditions (T = 
273® K, pressure 76 cm of Hg) yields Vm = 1,900 meters/sec approxi- 
mately for hydrogen, in so far as hydrogen can be considered an ideal 
gas. Actually Vm for an ideal gas does not depend on the pressure. 
From (14) we readily write 



indicating that for a given gas Vm depends solely on the absolute tem- 
perature. Precise knowledge of the mass of a single molecule, e.g., 
that of hydrogen, then suffices for the determination of k. Using the 
value Wh 2 = 3.32 X 10“^^ gram leads to 

k = 1.37 X 10”"^® ergs/degree C. (24) 

Coming back to the ideal gas law in the form 

pV = NkT, (25) 

we observe that since ^ is a universal constant, N is the same for 
equal volumes of all ideal gases at the same temperature and pressure. 
This is the law of Avogadro. In particular since the chemical molec- 
ular weights are proportional to the actual molecular masses, it 
follows that the number of molecules in a gram molecule or mole of 
any ideal gas is a universal constant. This is the Avogadro number, 
now generally given as 

Na = 6.03 X lO-S (26) 

whose best evaluation is from elect rochcmiicad data, namely the value 
of the I'araday Q or charge necessary to evolve one ('hemical equiva- 
lent of any element in an ehvtrolytic process coui)led with the funda- 
mental electric charge e. We have indeed 

Q = Nac, 

and with Q = 9,650 emu and e = 1 .6 X emu, Na is found to 
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be 6.03 X 10^^. The Avogadro number is not, of course, confined to 
an ideal gas. According to atomic theory it is a genuine universal 
constant giving the number of molecules in a mole of any element or 
compound. 

No difficulty should be experienced in deducing from the above 
simple considerations other important results of elementary kinetic 
theory, including Graham’s effusion law, according to which the 
effusion velocity through small orifices of a gas at constant tempera- 
ture and pressure varies inversely as the square root of the density, 
and Dalton’s law of partial pressures that the pressure of a mixture 
of two gases is equal to the sum of the pressures which each would 
exert individually if alone in the same volume. 

The kinetic theory also has something of interest to say about 
the specific heats of a gas (Sec. 4, Chapter III). The total average 
energy per gram of an ideal gas whose molecules are single mass par- 
ticles is from (19) 


E 


m 



3 ^ 
2 m 


(27) 


Consequently the specific heat at constant volume is 



Multiplying both numerator and denominator of (28) by N a gives 


cy = - 


3 

2 M 



(29) 


where M is the molecular weight and Rm the gas constant per gram of 
gas. For the rare gas argon, for example, — 2.1 X 10^ ergs/gram 
degree and hence (29) yields (in terms of the more familiar calories/ 
gram degree C) 

cy = 0.075 cal /gram degree C. 

This agrees very closely with the experimentally observed value at 
room temperature. 

For a gas whose molecules consist of more than one mass particle, 
we can no longer assume that the average energy per gram is given by 
(27), since the internal kinetic energy of the constituent parts of the 
molecule relative to its center of mass must be considered. We may 
account for this by writing in place of (27) 

( 1 +^)“, 


(30) 
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where P represents the ratio of the average internal kinetic energy to 
the average kinetic energy of translation of the center of mass of the 
molecule. It will have the same value for all gases whose molecules 
have the same constitution. We then get 

= “ (1 + /3) (31) 

z m 


For example, if a molecule consists of two particles of equal mass 
rotating about some axis perpendicular to the line joining them, it 
develops that /3 = % so that 


5 k 
cv = - — 
2 m 


(32) 


This choice of is dictated by the equipartition principle. There are 
three degrees of freedom of translation of the center of mass of the 
system of two particles whereas there are two degrees of freedom of 
rotation, namely about two mutually perpendicular independent axes 
also perpendicular to the line joining the two particles. Now if the 
equipartition principle applies also to rotational energy we should 
expect that at given temperature the ratio of the average kinetic 
energy of rotation to that of translation would be precisely This 
is the basis of the choice in (32).® This formula holds well for hydro- 
gen. The substitution of and ib into (32) gives indeed 

cv = 2,46 cal /gram degree C 

in fairly close agreement with the measured value for hydrogen at 
room temperature. 

The ratio of the specific heat at constant pressure to that at con- 
stant volume, 7 = Cp/cy can also be handled by the application of 
the preceding considerations to eq. (25) of Chapter III. The latter 
can be rewritten in terms of the actual .specific heats (instead of the 
heat capacities) as follows 

Cp Cy = Rrn? (33) 

it being understood that comparable units are employed on both sides. 
For monatomic gases we therefore have from eq. (29) 



This ratio is found to hold pretty exactly for the rare gases of the 

® Sec, for example, Kennarcl, of>. cit., j). 365, for a j)n)f)f llial the equipartition 
principle hokls equally well for rotational as for translational cmergy. 
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atmosphere. For diatomic gases like hydrogen and oxygen, on the 
other hand, we have from (32) 

7 = f (35) 

in rather good agreement with experimental results for the quasi-ideal 
diatomic gases. As the complexity of constitution of the molecule 
increases, cy increases and we expect 7 to approach unity. This again 
is experimentally confirmed to^a considerable extent. For the statis- 
tical theory of specific heats, cf. Chapter IX. 

3. COLLISIONS AND MEAN FREE PATH OF A GAS 

In our discussion so far we have entirely neglected the possibility 
that the molecules of a gas may collide with each other. We have 
indeed assumed effectively that the molecules are geometrical points. 
If they are actually possessed of finite extension, however, they will 
be bound to hit each other in their flight and such collisions conceiv- 
ably should have an important bearing on the properties of a gas. 

For the elementary considerations of the present section we shall 
assume that the molecules are perfectly elastic spheres of diameter D, 
Suppose that all the molecules save one are instantaneously at rest, 
whereas that one moves with respect to the others with average rela- 
tive velocity Denote the average number of collisions per second 
experienced by any molecule by Zc. The distance between successive 
collisions is called the jree path of the molecule and the average value 
of a large number of free paths is termed the mean free path. We 
shall denote it by X. Clearly, if the average velocity of the molecules 
is given by we have the fundamental relation 

X = (36) 

Naturally the precise value of X for given Zg depends on the value 
chosen for the average velocity. The root-mean-square velocity is the 
one usually adopted. 

The average number of collisions per second for any spherical mole- 
cule of diameter D is the same as the average number of collisions per 
second for a single spherical molecule of radius D moving through a 
field of point molecules. Consequently we can get an approximate 
value for Zc by multiplying the average number of molecules per unit 
volume by the volume of the right circular cylinder traced out by a 
circle of radius D moving with the average relative velocity vi. Thus 

Zc = 


(37) 
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where n is here the number of molecules per unit volume. In order to 
utilize (37) it is necessary to evaluate Vr in terms of Vm- This can be 
readily done in the simple special case for which all the molecules have 
the same velocity magnitude, viz., Consider the two molecules 



Fig. 5-2. 


whose paths make the angle 6 with each other (cf. Fig. 5*2). The 
relative velocity is clearly 


Vr = 2£;,„sin-* 

Hence 

Vr = 2Vm Sin - , 


(38) 

(39) 


and we must calculate the average of sin (9/2) over the whole collection 
of molecules. Now if we fix our attention on a single molecule the 
probability of finding another molecule with its velocity included in 
the angular region dd between 6 and 9 + dd from the direction of the 
first molecule is simply 

'2 sin 6 dd. (40) 

This may be seen from the fact that we are assuming the velocity 
directions of the mol(‘cules to be symmetrically distributed so that no 
particular direction has greater a priori probability than any other. 
Htnice the fractional numlK‘r of molecules having their velocity direc- 
tions at anv instant inc'luded within the range 9 and 9 + d9 with any 
arbitrary direction is the ratio of the solid angle included between 
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B and d dB to the whole solid angle about a point, viz., Air. This 
ratio is readily seen, however, to be 

« . dB 

ZTT sin 0 — , 

Air 


or the value given in (40). 
average quantity 

~~B 


Hence, from the general definition of an 




B 

sin - • sin 0 dB. 


(41) 


Note that the integration over 6 is taken between the limits 0 and tt. 
We see indeed that 

sin B dB = 1 . (42) 



The evaluation of the integral in (41) leads at once to 


and hence from (39) 
Consequently (37) becomes 
and the mean free path is 


. 0 2 
•in 2 "" 3 ’ 

^ = #m. 

Zc “ 

x = -A— 


(43) 

(44) 

(45) 


This result was first obtained by Clausius.^ The mean free path is 
thus seen to depend on the number of molecules per unit volume and 
the diameter of each. The former quantity n can readily be obtained 
from the Avogadro number and the fact that the volume of a mole of 
any ideal gas is equal to 22.41 X 10^ cm^ under standard conditions of 
temperature and pressure. Hence approximately at 0° C and 76 cm 
of Hg 

n = 2.70 X 10^®. (46) 

How shall we get a measure of D1 Many methods are available,® but 
we shall consider only one. This has to do with the viscosity of a gas 
in itself an interesting topic. 

* Cf. Kennard, op. cit., p. 105. 

® Cf. Loeb, op. cit. Appendix I, pp. 523 ff. 
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4. ELEMENTARY KINETIC THEORY OF VISCOSITY 

The viscosity of a gas is one of the most significant effects of the 
molecular motion within the gas on the large scale motion of the gas 
as a whole. It will be recalled that in all actual fluids the motion of 
any part of the fluid is to a certain extent resisted by the rest. This 
effect is attributed to a so-called viscous force which each layer of 
fluid exerts on the immediately adjacent layer. Newton made the 
assumption that the viscous force is directly proportional to the flow 
velocity gradient or rate of change of velocity with distance normal 
to the direction of flow. Moreover, it is also assumed that the viscous 
force is proportional to the area of the contiguous layers. The con- 
stant of proportionality is called the coefficient of viscosity, or more 
briefly, the viscosity of the fluid. If we denote the area in question 
by Af the flow velocity gradient by dV/ds^ and the viscosity by rj, 
the viscous force then may be written 

dV 

F=vA—^ (47) 

ds 

The viscosity is thus the viscous force per unit area per unit velocity 
gradient. In absolute units its dimensions are dyne second/square 
centimeter. In these units the value for w'ater at 20® C is 0.01. As 
might be expected, the viscosity values for gases are very much 
smaller. That for hydrogen at 0° C is 8.4 X 10“^ in absolute units. 
The viscosity of liquids decreases as the temperature increases, but 
that of gases increases with the temperatuie. 

The explanation of the viscosity of a liquid is probably to be 
found in considerable measure in the cohesive forces between the 
constituent parts. This explanation is not available for ideal gases 
in which siu'h forces are ignored. Yet even a gas like hydrogen, 
which at ordinary temperatures approaches close to the ideal variety 
in its other properties, possesses definitely measurable viscosity. 
Maxwell was the first to give a kinetic theory description of the vis- 
cosity of a gas in terms of the motion of the molecules and in particular 
the transfer of momentum by the random motion of the molecules 
from one moving layer of gas to another. An elementary discussion 
based on this idea follows. 

Consider a gas which is flowing as a whole from left to right. 
Draw the parallel horizontal planes A^ P, and B (Fig. 5-3) which 
contain the direction of flow, and suppose the flow velocity of the 
gas in plane A is Vi, while that in plane B is ¥ 2 ^ where A and B are 
chosen a distance apart equal to 2X. The plane F is equidistant from 
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A and B. If we make the assumption that all the molecules have 
the speed the average number of molecules traveling downward 
across unit area of P per second is ^0^/6 while on the average the 
same number of molecules travel upward across unit area of P per 
second. Because of the way the planes have been drawn, the mole- 
cules mentioned have suffered their last collisions (before striking P) 
in the planes A or B. If we assume that in passing through A or B 
each one instantaneously acquires the appropriate flow velocity Vi 
or F2 j it follows that the nVm/(> downward-moving molecules convey 
from A to the gas below P the flow momentum nvm/(> ' mV i per second 



per unit area while the nvml6 upward-moving molecules convey from 
B to the gas above P the flow momentum nvm/6-mV2 per second per 
unit area. Now from Newton’s second law the downward transfer 
of momentum per second per unit area, viz., nv^/^-mVi represents 
the tangential stress exerted by the gas above the plane P on the gas 
below, while the upward transfer of momentum per second per unit 
area, viz., nVm/6’mV2 represents the tangential stress exerted by the 
gas below the plane P on the gas above. The equal and opposite 
reaction (Newton’s third law) on the gas below is therefore 
‘-nVm/6‘mV2> Hence the resultant tangential drag on unit area of 
the gas immediately below P is given by 

- Fs). 

By definition this corresponds to FfA in eq. ( 47 ). Moreover the 



Sec. 5] 


THE MAXWELLIAN DISTRIBUTION 


83 


velocity gradient in the neighborhood of P is clearly to a good 
approximation 

^ _ (Fi - Fg) 
ds ^ 2X ‘ 


Hence the viscosity rj becomes at once 

nrnvm^ pVm^K 

’ 3 3~ 


(48) 


where p is the density of the gas. This fundamental relation has been 
derived here by a rather crude method making use of somewhat ques- 
tionable assumptions. More careful and elaborate deductions are to 
be found in the standard kinetic theory textbooks.® By substituting 
for Vfn, from (23) and X from (45), the expression for ij becomes 


VskmT 


(49) 


This brings out the interesting fact that the viscosity of a gas should 
be independent of the pressure and therefore of the density. This 
prediction was first made by Maxwell who also verified it experi- 
mentally over a wide range of values. The variation with the square 
root of the absolute temperature has also received ample experimental 
verification. For a description of experimental methods of measuring 
77, Loeb’s book may be consulted. Equations (48-49) may now be 
used to obtain numerical estimates of X, D, and Zg. Thus for hydrogen 
under standard conditions we obtain 

X = 1.7 X 10“® cm. 

D ^ cm. 

Zc ^10^® scc-^ 


5. THE MAXWELLIAN DISTRIBUTION OF VELOCITIES 

Although at the very beginning of this review of kinetic theory 
we included among the fundamental ideas the assumption that the 
molecules may differ in velocity, in the applic^itions so far considered, 
particularly those in Sec. 3, we have actually assumed that effectively 
all the molecules move with the root-mean-square velocity Vm- . B 
now remains to be seen how the variation in velocity may be taken 

fi Cf. Kennard, op. ciU, pp. 138 ff.; Loeb, op. cit., pp. 180 if. Also cf. Page, op. 
cit., p. 343. 
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into account. We must first consider how the molecules are dis- 
tributed on the average with respect to their velocities. This is the 
main problem of kinetic theory and many deductions have been given, 
the most famous being those of Maxwell and Boltzmann. From the 
purely dynamical point of view the problem is to consider an aggre- 
gate of confined elastic spheres which are continually colliding with 
each other, with the velocity of each sphere usually changing at each 
collision. However at any given instant there will be a certain number 
of spheres having velocities lying within any initially prescribed 
velocity interval. It is a fundamental assumption of kinetic theory 
that this number ultimately reaches a value which does not vary 
with the time as long as the gas represented by the aggregate remains 
in a state of equilibrium. The problem is to find this number. Boltz- 
mann attacked it from the standpoint of the average effect of the 
elastic impacts on the velocities of the individual particles. Maxwell 
disregarded impacts altogether and considered the distribution of 
velocities from the standpoint of pure probabilities. There has been 
much argument about these deductions. We shall not go into either 
but merely show how the distribution they arrived at more or less 
immediately emerges from the application of the classical statistics 
of Chapter IV to an aggregate of particles, with the assumption that 
the state of equilibrium is represented completely by a canonical 
distribution with respect to the energy of the particles. The distribu- 
tion of velocities is then obtained at once from the canonical distri- 
bution, eq. (27) or eq. (27') of Chapter IV with Ej as the kinetic 
energy of a particle of mass m and velocity components Vxp Vyp Vz-. 
In accordance with eq. (17) of this chapter we set 0 = For the 
partition function we use the expression for Z given in 

eq. (83) of Chapter IV- The a priori probability gj is that given in (79) 
of Chapter IV. With these substitutions, the number of molecules 
having their velocity components in the interval 
Vy^ Vy + Avy] V z, Vg + Av g muy be written 

AN = N (50) 

yiirkT / 

This is the Maxwellian velocity distribution formula. If we denote 
g--wt)V 2 A:r ^2 _ ^2 ^ ^2 ^ have 

AN 

— = f(v) AVxAVyAvz. (5 1 ) 

The function f{v) is the well-known probability or Gauss error func- 
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tion already introduced in Chapter II (cf. Fig. 2*1). The fractional 
number of molecules per unit velocity interval in the neighborhood 
of is a symmetrical function of the resultant velocity, with the 
result that the average velocity is zero. 

Often a more useful type of distribution law than (51) is that for 
the fractional number of molecules having resultant velocity magni- 
tude in the interval from v lo v -j- Av» This distribution thus disre- 
gards the direction of the ve- 
locity. If we imagine a momen- 
tum space in which each point 
represents a possible resultant 
momentum value for a mole- 
cule, the points corresponding 
to molecules with resultant 
momentum magnitudes between 
mv and mv -h mAv will lie in 
a spherical shell of radius mv 
and thickness mAv, with volume Aiirnfiv^Av. Denoting by (AiV)' the 
number of molecules corresponding to this volume gives 



(AiV)' _ 47rmS^Av 
AN AvxAvyAvz 


(52) 


By substitution for AN from (50) the desired distribution formula 
then proves to be 


(AiV)' 

N 





Av = <f>{v)Av. 


(53) 


The plot of (t>{v) yields the non-symmetrical curve shown in Fig. 5 • 4. 

We can use the non-symmetrical Maxwell distribution to calculate 
some average values of the velocity. First we shall compute the 
velocity corresponding to This will be denoted by v* and is 

obtained by solving = 0. We get 

dv 



Next, the average of the absolute value of v is given by 

r 

I z; I = / v<i>{v)dv. 
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On employing partial integration there results 




1.13 z;*. 


(55) 


We have already introduced the root-mean-square velocity as the most 
important average velocity in kinetic theory. The evaluation of v 
from (53) yields 




''4>(v)dv = 


2>kT 

m 


(56) 


with 





(57) 


in agreement with the result of the simple theory at the beginning of 
this chapter. We have indicated in Fig. 5 • 4 the fact that 




In practically all subsequent applications we shall employ Vm- 

The average kinetic energy can also be found from (56) with the 
usual result, i.e., 

(58) 

Many attempts have been made to verify the formula (53) experi- 
mentally. One of the more recent ones is that of Zartman,"^ who 
studied the deposition of evaporated bismuth atoms on the inside of 
a revolving cylinder and obtained a “velocity spectrum'^ in good 
agreement with the Maxwell law.^ 


<5. APPLICATION OF THE MAXWELL DISTRIBUTION TO COLLISIONS 

The discussion of collisions and mean free path given in Sec. 3 
can now be generalized to include the assumption of the Maxwell 
distribution. Let us consider the collisions between the set of mole- 
cules having velocity components in the interval Vx, + dvx, etc., to 
be denoted as set 1 for convenience and the set having velocity com- 
ponents in the interval Vx, Vx + dVx, etc., to be denoted as set 2. 
The relative velocity of a molecule in set 1 with respect to a molecule 
in set 2 has the magnitude 

»r = V(F^ - + {Vy - Vyf + (7^ - v^f. (59) 

’’Phys. Rev. 37, 383 (1931). 

®For a discussion of these and other similar experiments, the reader is referred 
to Kennard, loc. cit., pp. 71 f. See also “Atomic Physics,” Univ. of Pittsburgh 
Staff, second edition, p. 11, 1937. 
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The average number of collisions per second which any single molecule 
of set 2 makes is (from Eq. 37) 

+ 00 

z' = rD^mFr = irD^n SSS 

— 00 

where the average is taken over all the molecules in unit volume by 
allowing Vs^.VyyVz to take on all possible values. Evidently Z^ is a 
function of Vx, Vy^ V z. What we wish is the average number of col- 
lisions suffered by a molecule of any velocity. To get this from (60) 
we must multiply by the probability of finding a molecule of set 2 
and then integrate once more over the velocities. Thus the desired 
collision rate is finally 

— 00 

dvxdvydvsii Vxd Vjjd Vz. (61) 


To evaluate the integral (61) we introduce the following transformation 




Vy — P O* rt 


(62) 


Then 


Vz = 7 - Vz = 7 + -' 


Vr = + c"y 


and substitution into (61) yields 






where we have used the fact that 

3(f^xi Fy, 


(63) 


d VJ Vyd V^dvjvydv^ = ^ dadfidydadUc. (64) 

b{ct,ii,y,a,b,c) 
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d(V,, . 


d(a, ■ • •) Jacobian of the transformation, i.e., 


d(V., •••) 

d{a, ■ ■ ■) 


dVy dV^ dVx dVy dVx 

da da da da da da 

dVy dVg dVx dVy dv^ 

dc dc dc dc dc dc 


“htr <“>■ To 'oaluatt 

4-00 

-oo \ m / 

SScS'^rfi',1* over «, S, We transform to 


whence 


a = «;sin0cos<^,, & = ^sin0sin<^, r = ^cosS, 


This yields 


= j£, 2 ^ 

dadbdc = 6 dd d4> dw. 


fff( )dadbdc =f yy ^ 

-00 *^0 *^0 ^0 

-'(vT. 


and therefore the final result is 


— 2 ^^ 2 ir D^n "vi— — ^ 


= 4 \ - 1)2 


^2iS“L°'tfr,“pUorrari?iTh"m^^^ 7“' "" 

the Maa..!, dis.riU.ron 7Z not77r7eU’';ur7o7T„r:! 
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of simple kinetic theory formulas but may be expected merely to 
introduce a slightly altered numerical multiplying factor. This pre- 
sumption is realized to some extent by more extensive study, though 
the change in the factor may indeed be larger than in the case just 
discussed. 

The value of the mean free path obtained from (66) turns out to be 


X = 


'V/S/'TT 

4:D^n 


(67) 


differing very slightly from our more simple version in eq. (45). 


7. TRANSPORT PHENOMENA 


The phenomenon of viscosity as described by the kinetic theory 
of gases is an illustration of a group of effects known under the head- 
ing of transport phenomena. Other well-known illustrations are heat 
conduction and diffusion. It is not our intention to give a detailed 
discussion of these effects which are usually extensively treated in 
the standard kinetic theory texts.® However, it will be worth while 
to discuss them qualitatively and give for reference some of the funda- 
mental formulas, particularly with a view to the influence of the 
Maxwell distribution on the results. 

We have already mentioned viscosity in Sec. 4 and have given 
a derivation” of a sort for the coefficient of viscosity of a gas. The 
application of the Maxwell law to the problem is a rather involved 
matter but finally leads to the result 

7j = 0.310iyvm\ ( 68 ) 


differing from the value in eq. (48) by the difference between and 
0.310. Actually the problem proves to be more complicated than 
even the Maxwell distribution would make it; in fact account must 
be taken of the fluctuations which occur from the precise Maxwell 
distribution and which exert a considerable influence on the viscosity 
which tends to increase the numerical factor in (68) to nearly 0.5. 

The conduction of heat through a gas, like that through a solid, 
takes place whenever a temperature gradient exists. The thermal 
conductivity k is defined by the fundamental equation 


dt ^ dx^ 


(69) 


® Cf., for example, Kennard, op. cit.j pp. 135 ff. 

10 This will be true only for an infinitely rare gas. This result is due to Chap- 
man. For the reference, consult Kennard, op. cit., p. 147. 
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where dQjdt is the rate of flow of heat per unit area per second in 
the X direction and dTjdx is the temperature gradient in this direc- 
tion. From the standpoint of kinetic theory thermal conduction is 
due to the transfer of the energy of the on-the-average faster moving 
molecules from the high temperature region to the lower temperature 
region. Of course molecules from the low temperature region also 
move to the higher temperature region but they carry less energy 
and hence there is a net transfer of energy in the direction of decreas- 
ing temperature. We can even give a simple theory of thermal con- 
duction by considering the transfer of energy from one layer of a gas 
to another just as we treated the transfer of momentum in the 
simplified discussion of viscosity in Sec. 4. 

Let us refer once more to Fig. 5 • 3 and assume that the average 
kinetic energy per molecule in plane A is Ei while that in plane B 
is £ 2 . By utilizing assumptions similar to those employed in Sec. 4, 
we arrive at the conclusion that the nvm.!^ molecules which cross 
unit area per second moving downward from A, transfer the kinetic 
energy nVml6'Ei, while those moving upward from B, transfer the 
amount There is thus a net transfer of kinetic energy of 

^ (^1 - -E2) 

over a distance of 2X. But we can write 

£1 - £2 

2X ^ ds' 

where dEjds is the gradient of kinetic energy in the direction of tem- 
perature change. The rate of flow of heat energy per unit area per 
second then becomes 

dt Z ds' ^ ^ 


where the negative sign emphasizes that the flow takes place along 
the negative gradient. Now we can get a connection with (69) by 
observing that 


ds dT ds * 


( 71 ) 


whence 


1 


dE 
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But n ~ is the specific heat of the gas at constant volume per unit 

volume and divided by the density is the ordinary specific heat cy 
(eq. 28). Hence for an ideal homogeneous gas this simplified theory 
yields 

K = ipVm>^cv = (73) 

This is an extremely interesting result, connecting as it does the 
thermal conductivity with the viscosity and specific heat at constant 
volume. All these are independently measurable quantities so that 
the relation provides a good test of the success of kinetic theory. 
Since the derivation is idealized and all intermolecular action is ignored, 
we cannot expect indeed that (73) will be satisfied exactly for any gas 
though there should be agreement in order of magnitude. A table of 
experimental values quoted by Kennard indicates that the ratio 
k/tjcv for the rare gases helium, neon, and argon averages about 2.45. 
For hydrogen, nitrogen, and oxygen the ratio is around 2. It is inter- 
esting to note that for the gases with more complicated molecules like 
NH3, the ratio drops to approximately 1.5. It is clear that the rela- 
tion (73) has only order of magnitude validity and further study is 
necessary to establish an accurate relation. This has been done by 
Chapman (cf. Kennard, as before, for references) who found that for 
monatomic gases (73) should be replaced by K — 5l2-rjcv> This 
is in good agreement with experiment. On the other hand for poly- 
atomic gases Eucken has derived the formula k — 1/4 -(97 — S)ricv 
(with 7 = Cjtlcy) which is also in excellent agreement with experi- 
ment. 

Diffusion takes place in a gas composed of two or more different 
kinds of molecules where the concentrations vary from point to point. 
The result is an eventual evening out of differences of composition 
with the ultimate attainment of uniform concentration throughout 
the gas. Kinetic theory describes this process in terms of the greater 
probability of molecules of a given kind to move from a region of 
high concentration to one of low concentration than in the reverse 
direction. This, of course, tends to wipe out differences in concen- 
tration. Diffusion may be described quantitatively in terms of the 
diffusion coefficient. Suppose the gas contains two different kinds 
of molecules with concentration Wi and 712 (number of molecules per 
unit volume). These are functions of both space and time. An 
analysis of the problem, into which we shall not go, shows that for 


Op. ciL, p. 180. 
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an ideal gas the variation of n\ and n<i with i and is expressible by 
the fundamental differential equations 


di 




dt 


jDV^n2. 


(74) 


In these equations D is called the diffusion coefficient for the mixture 
of the two gases. It has the dimensions of square centimeters/second. 
The reader will note the interesting resemblance between eqs. (74) and 
the ordinary differential equation for heat conduction, obtained from 
the definition eq. (69). Thus if T is the absolute temperature 


dt 


— • v^r. 

pcv 


(75) 


A simplified theory of diffusion due to Meyer leads to the follow- 
ing equation connecting D with the mean free path 

+ niVrn2^2 
ni + ^2 

where the subscript 1 refers to the molecules of the first kind and 2 
to those of the second kind. It must be noted that the mean free 
paths in this formula are those given in terms of the root-mean-square 
velocity. The formula (76) takes no account of the Maxwell distri- 
bution nor of the more recent Chapman theoretical considerations. 
Kennard's book should be consulted for their effect. 




8. THE BOLTZMANN H-THEOREM 

In Sec. 5 we introduced the Maxwell distribution of velocities 
of the molecules of a gas as a kinetic representation of the canonical 
distribution of particles in an aggregate with respect to their kinetic 
energy. This was based on purely statistical considerations in accord- 
ance with which the canonical distribution and hence the Maxwell 
distribution is the most likely one because there are more ways 
in which it can be realized than any other. As such we took it to 
correspond to the state of equilibrium of the aggregate. From the 
standpoint of pure kinetic theory this might appear to be a somewhat 
gratuitous assumption. When we realize that the molecules are in 
the continual process of changing their velocities by collision, how 
can we be sure that any steady distribution of velocities will ever be 
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obtained, or that if such does occur the distribution may not actually 
be different from the Maxwellian? It is worth pointing out that 
"these questions do not arise in a strictly statistical theory. Never- 
"theless they are fundamental in kinetic theory. They were answered by 
Boltzmann, ^^^d the answer is included in his celebrated jff-theorem. 
Boltzmann investigated the quantity 


where 


H =J' f log fdk, 

S = fiVx.Vz.t) 


(77) 

(78) 


is the velocity distribution function, e.g., the Maxwell f(v) in our 
oq. (51) (divided by the constant (mflirkTy^^ to make it non-dimen- 
sional) and dk = dvx dvy dv^. The integral in (77) is a triple one with 
tihe limits from — oo to + . We have indicated in (78) that / may 

be a function of the time; it is not, of course, in the Maxwellian case. 

Boltzmann proceeded to form dHjdt from (77) in terms of df/dL 
nrhe latter quantity can be expressed in terms of / itself by means of 
£L rather general and somewhat elaborate study of the effect of col- 
lisions on the distribution function. We shall not go into this, but 
jmerely state that without specification of the precise form of /, it 
develops that 


dt 


0 - 


(79) 


In words, the function H cannot increase with the time. In particular 
for a steady distribution dHjdt must vanish. But from the form of 
dH/dt, its vanishing implies necessarily that / have the Maxwellian 
form. The Maxwellian distribution then is the only steady one, i.e., 
•the only one which does not change with the time. This is the essen- 
•tial content of the //-theorem. However, one can go on to show that 
jFI has a minimum value for the Maxwell distribution as compared 
with all others having the same i.e., the same average energy. 
Hence we see that the effect of the collisions is to make / ultimately 
assume the Maxwellian form if at any initial instant it does not 
jpossess it. One could even get an idea of the rapidity with which 
■the Maxwell distribution is approached by computing dlljdt. For 
ideal gases under ordinary conditions of temperature and pressure 
■this rate is very rapid indeed. It can be shown that if the initial 
distribution is non-Maxwellian and the mean square velocity com- 

A. Akad. Wiss. {Wien) Sitztingsbcrichtc 275 (1872). 

Cf. Jeans, op. cit., p. 243. 
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ponents in the three coordinate directions differ, the time in which 
the difference between any two such components becomes Ije oi its 
initial difference is of the order of 



where ^ is as usual the viscosity and p the pressure. This time was 
called by Maxwell the relaxation time.” Thus for hydrogen at 0° C 
and standard conditions 

r ^ 8.4 X sec. 

It will be noticed that this is comparable with the time taken by a 
hydrogen molecule under these conditions to traverse a free path 
equal to the mean free path. It gives a good idea of how quickly 
any deviations from the Maxwell distribution may be expected to 
disappear. 

In our later study of statistical mechanics we shall find an inter- 
esting connection between the H function of Boltzmann and the 
entropy. The theorem (79) will be found indeed to have a close re- 
lation with the law of increasing entropy of an isolated system. 

9. EQUATION OF STATE OF A REAL GAS. VIRIAL FOR INTERACTION 

FORCES 

The treatment of kinetic theory in this chapter has been limited 
to the ideal gas in which forces between the individual molecules, 
aside from those arising from collisions, are entirely neglected. Much 
of the lack of precise agreement between the results of kinetic theory 
and the behavior of actual gases has been traced to this neglect. For 
example, the equation of state 

py = mr, 

derived from the simple kinetic theory in Sec. 1, describes a real gas 
accurately only when it is well above its critical temperature. Efforts 
have naturally been made to obtain a more satisfactory equation of 
state by taking into account molecular interaction. In spite of the 
years of investigation from Maxwell’s time to the present, this subject 
can hardly be considered to be in satisfactory condition from a 
theoretical point of view. However, in this section we present an 
introduction to the subject, adopting the method of the virial already 
used for the ideal gas in Sec. 1. 

We shall suppose that the interaction forces in question are central, 
i-e.j depend only on the distance tij from the fth to the jth particle 



Sec. 9] 


EQUATION OF STATE OF A REAL GAS 


95 


If mi is the mass of the ^th particle and mj that of the ^th, it will be 
assumed that the force between the two may be expressed as 
mimjf{rij). Hence the x component of the force may be written as 

Fij = m^mjf(rij){xi — Xj)/rijy (81) 

where Xi and xj are the x coordinates of the two particles respectively. 
We must now apply this to the computation of 0 in eq. (6). Con- 
sider first simply the two particles i and j. The contribution to the 

virial arising from their mutual interaction is then 

- - [ 3 Ci(*» - Xj) + Xjixj - *») + similar terms in y and z\ , 

2 Tij 

which becomes on reduction and combination of terms 

— ^{mj'S{rij)rij. (82) 

There is an important point about (82) which deserves attention. 
Due to the symmetrical average distribution of the particles the 
average force on each is zero (save close to the walls of the container). 
We must be careful not to conclude, however, that therefore 

f{rii)rij = 0 . 

Summing over the whole aggregate of particles we have 
“ i ^ w,-?wy/(,r,v)r,;, 

where the summation is extended over all pairs of parti cl(‘s. If now 
we combine this with the contribution to the virial due to the surface 
forces (eq. 11), the virial theorem yields 

-l-NkT =yv- I- ^ (83) 

1. y 

The equation of state then takes the general form 

pv = NkT + i^ (84) 

ij 

If we were acquainted with the precise nature of the intermolecular 
forces, i.e., the/(riy), and could evaluate tht^ sum involved in th(‘ s»‘<'()nd 
term on the right-hand side of (84) wc should have a theoretical de- 
duction of the exact equation of state of any real gas. However, 
we do not know the intermolecular forces, except in so far as b(‘ttei 
information about them is being obtained by ciuantum me<'hanical 
studies which are not considered in the present purely classical treat- 
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merit. Of course one might try various force laws and see how the 
resulting equations compare with the empirically known equations of 
state. The difficulty comes, however, in carrying out the evaluation 
of the summation for any force law. We can at any rate draw certain 
semi-quantitative conclusions from the general expression (84). In 
the first place we can recall the bearing of an important observation 
of Maxwell on the equation. From a certain point of view the equa- 
tion says that the pressure of a gas may be thought of as arising from 
two sources, i.e., (a) the motion of the molecules symbolized by the 
term NkT in (84) and, {h) the intermolecular forces symbolized by the 
summation term in (84). One finds it interesting to ask what would 
be the result of assuming that the pressure arises primarily from the 
forces rather than from the motions. This of course would imply 
repulsive forces between the molecules. But Maxwell observed that in 
this case Boyle’s law pV = constant at constant temperature would 
demand that /(r^y) should vary as for only in this way could 

be made constant. But this inverse distance force law would 
lead to the result that the force action of the portion of the gas far 
away from a particular molecule would be greater than that near at 
hand. (Recall that the number of molecules in the neighborhood of a 
particular molecule goes up roughly as the square of the distance from 
the molecule.) This would produce differences of pressure in vessels 
of the same volume but different shape, even at the same tempera- 
ture — an anomaly not observed. Maxwell therefore concluded that 
m.ost of the reason for the pressure of a gas on the molecular theory 
must be sought in the kinetic energy term and the summation term 
must be considered a correction only. 

If we consider the intermolecular forces as cohesive in nature, i.e., 
as attractive but falling off in intensity very sharply with the distance, 
we can estimate the summation 2w^W;riy/(rjy) rather readily as follows. 
Let us first replace by </)(ny). Consider the interaction 

between the group of molecules in volume dV placed for convenience 
at the origin of a system of spherical coordinates and the group in 
volume dV' all at distance r from the first group. Let n as usual 
denote the number of molecules per unit volume and neglect to a first 
approximation the effect of the cohesive forces on the uniformity of 
spatial distribution. Then the contribution of the forces between the 
two groups to the sum in question becomes 

n^dVdrrcj^ir). 

The total contribution for the whole gas will be obtained by inte- 
grating the above over dV and dV' and dividing by 2 to avoid count- 
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ing the volume twice. Let dV' We need not worry over 

the precise upper limit of the integration since is assumed to fall 
off very rapidly with r. Hence 

Xr<t>(r) = — y J (85) 


The average required by the definition of the virial is here effectively 
implied in the procedure of taking the average number of particles per 

unit volume. The / r^<l>(r)dr is a negative constant which we may 
call —a', while ^ dV = V, the total volume of the gas. Hence 

( 86 ) 


27riVV 
Zr<l>{r) — 

Equation (84) then becomes 

NkT __ 2 ttW 
3 


P = 


If further we let llS-irN^a' = a, a constant which does depend, of 
course, on the total amount of gas, the equation of state becomes 

(^ + ^2)1^= (87) 


When the molecules get very close together it is necessary to assume 
that the attractive forces become repulsive. The calculation of the 
contribution of these repulsive forces to the virial is a more compli- 
cated matter. It is c arried out by Jeans and leads to the result 
that we must add to 'Lr<i>{r) the term 


where h has the value 


Zb NkT 


V ’ 

(88) 


(89) 


the molecules still being supposed to be elastic spheres with diameter 
D. The result of (88) is to modify eq. (84) still further. If h/V is 
small the resulting equation may be written 

(p + ^iV-h) = NkT. (90) 


I 


Op. cit., p. 131. Cf. also Loeb, op. cit., p. 138. 
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This is the familiar van der Waals’ equation, which is fairly successful 
in describing the behavior of many real gases. It is interesting to 
note that h appears as equal to four times the total volume of all the 
molecules in the gas. In many discussions of van der Waals' equation 
it is introduced as a correction to the volume of the gas to allow for 
the volume actually occupied by the molecules. In the present dis- 
cussion it arises more properly as a contribution from the very short 
range repulsive forces which must exist between the molecules. 

10. THE BROWNIAN MOTION AND MOLECULAR REALITY 

In concluding this brief survey of kinetic theory we encounter a 
question which must often have been seriously asked in the early 
days of the theory: Are molecules real? Do they actually exist and 
can we know about their existence more directly than by the success 
of the theory as a description of thermodynamical phenomena? From 
the standpoint of modern physical methodology thebe questions have 
little or no meaning. Nevertheless the attempt to answer them led 
to an exhaustive study of an interesting phenomenon and shed much 
light on other kinetic properties. The phenomenon takes its name 
from the English botanist Robert Brown, who in 1827, noticed the 
irregular but ceaseless motion of small particles, e.g., gamboge, sus- 
pended in a liquid. The same phenomenon is also exhibited in striking 
fashion by smoke particles suspended in air. At first the motion was 
thought to be of organic origin but after the rise of the kinetic theory 
it became clear that the only reasonable explanation for it lies in the 
assumption that the particles are subject to the continual bombard- 
ment of the molecules of the surrounding medium. The most com- 
plete experimental study of the phenomenon is that of Perrin.^® The 
theory has been developed by a number of investigators, including 
Einstein, Smoluchowski and Langevin. We shall present here the 
method due to Langevin.^® 

Consider the motion along the x axis of a single particle in a viscous 
medium. The equation of motion is, by an extension of Stokes' law 
for the fall of a sphere through a viscous fluid, 

mx + Gwrjax = X, (91) 

Here m is the mass of the particle, supposed to be a sphere of radius a, 
and the viscosity of the medium is rj. The X on the right represents 

Cf. 'Trownian Movement and Molecular Reality,” traas. by I'. Soddy, Taylor 
and Francis, London, 1910. 

P. Langevin, Comptes rendus, 146, 530 (1908). 

”See, for example, Page, op, cit., p. 273. 
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the unknown force due to the molecular impacts. All we know about 
it is that it is positive as often as it is negative and sufficiently large 
to maintain motion. 

It will be convenient to rewrite eq (91) in terms of ^ = x — Xq^ 
which is the actual displacement of the particle in time t if xq is the 
initial distance from the origin. Then multiplying through by we 
obtain 

= Zg. (92) 

We can write at once 

Therefore 

+ (93) 

If next we average over a large number of identical particles, Xi 
becomes vanishingly small. We set z = ^ and get 

y 2 + STTfaz = (94) 

Now if the particles can be thought of as forming an ideal gas the 
principle of equipartition of kinetic energy should apply and we can 
set = kT. Hence eq. (94) becomes 

2kT 6Trjaz , 

m m 

which on integration yields 

2 - kTjl'K-qa + (96) 

Here C is a constant of integration. If the density of the material 

composing the particles is, let us say, about 1.2 grams/cm^; and if 
the viscosity is that of water, i.e., approximately 0.012 gram/cm sec; 
and if a = 0.2 X 10“'^ cm, we have 

6Trr}a/m ^ 10^ sec~^. 

Hence as far as any steady state is concerned we may safely neglect 
the last term in (96). That eejuation then becomes 

(i -T ^ kT 
(it ' 

yielding on integration _ 

= kT/^TTrill'T + ^5 


( 97 ) 
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for the mean square displacement along the x axis at time r, if Jo is 
the initial mean square displacement. But we can always choose 
Jo = 0 and have finally 

f = kT/3Tr]a-r, (98) 

which is the equation for the Brownian motion first deduced by 
Einstein, giving the mean square displacement as a linear function 
of the time. As an illustration consider a typical experiment of 
Perrin in which 50 gamboge particles all with radii very close to 
a = 0.212 X 10“^ cm were suspended in water at 20° C. The mean- 
square displacement component along one direction, which we may 
take to be the x axis,^® was measured for the value r = 30 sec. The 
result was J^ = 4.5 X 10“^ cm^. Substitution into (98) yields a 
value for the Boltzmann constant 

k = 1.23 X 10“^® ergs/degree C. 

This is of the correct order of magnitude and the result may be taken 
as a confirmation of the essential success of the theory and the value 
of the Brownian motion for the study of molecular phenomena. 


PROBLEMS 

1 . Use the virial theorem to prove that in an aggregate of particles which are 
not confined in a box but which nevertheless have their motions bounded and attract 
each other with a force varying inversely as the square of the distance of separation 
the time average of the total kinetic energy is equal to minus one-half the time aver- 
age of the total potential energy. 

2. One thousand molecules of hydrogen are in thermal equilibrium at 0° C. 
Find the number with speeds between 0 and 100 meters/sec; 100 and 200 meters/sec 
and so on up to 3,000 meters/sec. Plot the results in the form of a curve and indi- 
cate on it the positions of v*, \ v\ and v^- 

3 . In Problem 2, find the total number of molecules whose speeds are less than Vm- 
What is the probability that a molecule shall have its speed lying between v* and z/m? 

4. In Problem 2, find the total number of molecules whose component velocity 
along the x axis lies between 500 meters /sec and 550 metcrs/sec, whose component 
velocity along the y axis lies between —500 meters/sec and —450 metcrs/sec and 
whose component velocity along the z axis lies between 600 meters/sec and 650 
meters/sec. To what range of directions and resultant speed does this correspond? 

5. The mass of an electron is 9 X 10“^® gram. In an ideal gas composed of free 
electrons, i.e., mutual interaction neglected, calculate the root-mean-square velocity 
at 0° C. Compare the pressure exerted by the ideal electron gas on the walls of the 

Strictly speaking one ought to consider the component displacements along 
the y and z axes also. The analytical treatment is the same as above. Perrin 
should be consulted for details on this and other experimental points. 
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confining vessel at 0® C with that exerted by helium gas at the same temperature, 
the number of particles per unit volume being assumed to be the same in each case. 

6. Fifty cubic centimeters of a certain mixture of oxygen and nitrogen at 0® C 
contain 2 X 10^ molecules of nitrogen and 5 X 10^® molecules of oxygen. Calculate 
the partial pressure due to each gas as well as the pressure exerted by the mixture. 

7. Generalize the Maxwell distribution (50) to the case of an aggregate of inde- 
pendent particles in the constant gravitational field at the surface of the earth. 
Relate the result to the well known variation of density with height in the atmosphere. 

8. Carry out the evaluation of the Jacobian of the transformation (62) and prove 
that it is equal to unity. Find the Jacobian of the transformation from rectangular 
to spherical coordinates. 

9. Evaluate the mean free path Jor hydrogen, helium, and nitrogen molecules 
under standard conditions. Plot the mean free path of hydrogen molecules as a 
function of the temperature from 0® C to 300® C. 

10. In van der Waal’s equation of state (eq. 90) show that if the critical specific 
volume, critical pressure and critical temperature are employed as units of specific 
volume, pressure and temperature, respectively, the equation takes the form 





it being understood that one gram of gas is in question and that p' = p/pc^v' = v/vet 
and T = T/Tc. For chlorine at 10 atmospheres and T = 293® K, find the values 
of V, Which value corresponds to the purely gaseous state? 



CHAPTER VI 


CLASSICAL STATISTICAL MECHANICS 

1. THE CHARACTERISTICS OF STATISTICAL MECHANICS 

The discussion of the preceding chapters on the application of the 
statistical method to physics may arouse wonder regarding the next 
step in this study. Conceivably we might develop the kinetic theory 
further. This, however, would necessarily involve the detailed study 
of forces between molecules, lying outside the purely statistical ideas. 
These matters are sufficiently discussed in professional treatises on 
kinetic theory. We have seen that a rational foundation for thermo- 
dynamics is provided by the Maxwell-Boltzmann statistics as treated 
in Chapter IV. This might appear to satisfy all our needs and render 
further investigation unnecessary save for the mere enumeration and 
solution of specific applications which after all are a part of thermody- 
namics anyway. 

The reader will certainly have noted, however, as a somewhat queer 
circumstance that whereas the kinetic theory employs mechanical 
ideas in its set-up, the Maxwell-Boltzmann statistics is essentially 
non-mechanical. Fundamentally all its results are based on the dis- 
tribution of objects or entities of any sort in groups with respect to 
some property or properties. Moreover the entities in question are 
assumed to be independent and without mutual influence. It is true 
we have introduced a few special applications of the Maxwell-Boltz- 
mann point of view to mechanical systems consisting of free particles.^ 
Further progress would now appear to be possible in tlie construction 
of a new point of view in which mechanical and statistical concepts are 
welded together from the beginning in a single unified theory. The 
postulates of such a theory, with which we shall associate the name 
statistical mechanics, will necessarily appear general and abstract. 
Nevertheless we can hope that they wall serve as a rational basis for 
thermodynamics in the sense that the theorems deduced from them 
will form the laws of thermodynamics and that from the results of the 

^ Moreover in Sec. 9, Chapter V, we discussed the kinetic theory for a gas with 
interacting particles, but this transcends the strictly logical application of the 
Maxwell-Boltzmann statistics. 
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theory we can calculate (as averages, of course) the significant func- 
tions in the thermodynamical equations. If such a theory turns out to 
be successful, its very generality should guarantee its universal 
applicability. 

The first to found statistical mechanics in the formal sense just 
explained was J. Willard Gibbs.^ We shall refer to the method of 
Gibbs as classical statistical mechanics and it will form the subject 
matter of the present chapter. With the advent of quantum theory, 
statistical mechanics has turned in a new direction which will be con- 
sidered in detail in the latter, part of this book. The fundamental 
ideas of Gibbs, however, are as important today as they were in his 
own time -and no serious student of statistical mechanics can afford to 
neglect them. 

Since statistical mechanics employs in its formulation the concepts 
of advanced mechanics and in particular the canonical equations of 
Hamilton, it will be desirable to review these briefly. 

2. REVIEW OF ADVANCED MECHANICS 

Consider an aggregate of n particles with masses mi, m2* • - Wn and 
position vectors ri, r2 • • * in some rectangular coordinate system. 
Thus, if Xj, yj, zj are the rectangular coordinates of the jth particle 

Tj = ixj + jyj + ksy. 

It will be supposed that there are external forces acting on the particles; 
these are denoted by Fi, F2 • • • F^^. According to D’Alembert’s prin- 
ciple and the principle of virtual disi^lacemcnts® the motion of the 
aggregate is given by the fundamental equation 

n 

T! = 0. (1) 

Here 5 ry represents a possible, i.e., virtual, displacement of the jth 
parlicle subjt^cl to the constraints acting on the system. In general we 
distinguish belw(‘en an ac/z/aZ displacement which a particle undergoes 
in time and a possible displacement which it might but does not 

IViiu-ii)K*s in wSlalistinil M(;('hanu:s,” Yal(‘ UnivcTsity Press, 1903. 
Sc‘e also his C ollecicd Works, Vt)l. II, Part 1, P)3(). This famous volume was once 
rharacU'ii/iMl by Henri I’oiiicard as a "litlle book, liiile road because it is a little 
liiiid.” It is indeed a model of couoi^eiiess. Tlu'iai has recently appeared a useful 
coinnu'iilary on it by Arthur Haas in “ C'ominenlary on the Scientific Writings of 
J. Willard Clibbs,” Vol. 11, Yale University Press, 1936. 

•*C'f. Lindsay and ALirgenau, “I^'ornulalioris of Physics,” p. 102. 
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necessarily have, by denoting the former as usual by drj and the latter 
by 6Tj, A brief examination discloses that B lias the formal prop- 
erties as a mathematical operator that d possesses. Thus we can 
write at once 

( 2 ) 


where V] = ffi,; and is the square of the resultant velocity magnitude 
for the jth particle. Therefore from (1) 


n. ^ n ^ n ^ 

^ F/-«ry 


/=i 




( 3 ) 


where we have introduced T for the kinetic energy ^ we 

integrate both sides of this equation with respect to the time from Iq to 
hi we get 


y *• 1 f 0 ^0 y = 1 


( 4 ) 


Let us limit our attention to possible motions all of which have the 
same initial and final positions respectively; tlien will vanish for all 
2 at both to and h and (4) will become 



+ 2)Fj' • = 0. 


( 5 ) 


Finally, let us assume that the forces are conservative. This means 
that a potential energy function V{xj^ yj, zf) exists such that 


■ Fy = i — + J k 


Then since 


d.Vy 


dyi 


dzi 


HV dV \ 


we can write (5) in the more convenient form ^ 


/' 


6tiT ~ V)dt = 0. 


( 6 ) 

(?) 

( 8 ) 


* The rnature reader will see at once the connection het weeii (8) atul Hamilton's 
principle. No cliscussioti is iiccflccl lie re, however. Cf. the discussion in Lindsay 
ami Margciiau, op. ciL, pp. 128 f. 
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The quantity J* ^ V' u ueually mfemed to ae the Lagrangmn function 
of the flyBtem and denoted by L Iljabere afunctioaof thecoordinatsa 
and their veloatiea 

We now find it convenient to abandon the lectangular cooidinatea 
in favoi of geneialized coordinates qi g/, which may have any 
character as long as a knowledge of them aa functions of the time is 
sufficient to fix tlie poaiUon of every partide of the syetnm at any 
instant Tbeu numbei / is called the numbci of degrees of freedom of 
the sysLem In the cabc of the aggregate of a pai ticlesp free to move m 
three-dunenstonal spaoej we cleaily have/ 3n Any oonstramts on 
the freedom of motion of the system will, of oourae, decrease/ Now 
the ^0 will mcebsaiily be i elated to the rectangular coordinates, and 
we shall expiess the i elation m the following way 

*j - ■'/(ai Of). 30 - yj(«i 2/) 

- *i(ai a/) (9) 

The lectangulai veloaty componenta become 

<‘ 0 > 


From (10) the kinetic cneigy T can also be cxpieafacd m terms of the 
generalised cooidinates and genciaU/cd veloutieb qi qj It can be 
shown that 1 has the foi m of a homogencoub quadiatic function of the 


qj Thus 


2" - ^ 


(U) 


whcie the flii aic functions of the Clearly, since the potential 
energy Tfoi a const ivativi bysUm ib a func tion of the Tj, yj, Sj only, 
it will also dc pend solely on the 1 li (2 piobk in ib to examine eq (6), 
Imoping in mind Uial X, — Tib a function ofa.lic qj and q^ We 
could then obtain the I agiangian ec|uati()iis ol motion in the fashion 
followed in niiiny books Since the sc aio not the ones Ubeful for 
btatisticjJ mechanic S| however, wc picKcccI othciwibc 
Let Ub intiocluLL the quantity pj defined by 


Pj 


^2 


( 12 ) 


IhiB will bo called the ^nomcnlnm ionjug(af to qj It is, of course, a 
gcncialiifccl momentum compniunt and only icduas to the oidinary 
monicjiLum of Newtonian mccbanics wluii qj ib an actual veloaty It 
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will turn out to be a more important quantity for our further con^ 
siderations than Next we bring in the function H defined in the 
following way 



(13) 




The function H is known as the Hamiltonian function of the system. 
From its construction it might appear to be a function of the ffy, and 
p), Actually it reduces explicitly to a function of the qj and pj. For 
let us find how H changes when the qj, ij and pj change by dqji dqj and 
dp^ respectively. We have 

dll = ^ + qj-dpj - ~ dqj - ^ di}j • (14) 


From the definition of p^ in (12), the first and last terms in the paren- 
thesis cancel and we are left with 



substantiating our statement that H is an explicit function of the qj 
and pj only. We shall denote this by writing T1 in the form H{qjf Pi) 
which is an abbreviation of the longer form H{q{ ' ' • q^ P\ ' ' ' Pi)' 
This notation will be used extensively in what follows. 

Equation (8) now takes the form 



PAi - ^liPh S;) 


dt = 0, 


(16) 


whicli immediately becomes 


P' r ^ dll 

/ 2^ iAPi +^PMi -2^-:^ ^Pi 


dt = 0. (17) 


Partial integration yields 



pjSqjdi = - 



since all the Sqj and ipj vanish at (q and h- Therefore (1 7) becomes 
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Now except for the neBliiclion on the and hpj at and <i, they ana 
otheiwise oomplclrly and indcpendenUy aibilraiy The only way m 
which (18) can be satithcd undci these cundiUonb la to havo the inte- 
grand vajiish identically for all bq^ and The independence of the 
2 ; and pj then impltea that wc muat have 


Spj 


“ fljj 


m 

dqj 




(19) 


These ^equationb of the fnbl oidcr ate known as the canonical equa- 
tions ot motion, ot altci natively os the llamiltonuui equations of 
motion 

The connection between the Hamiltonian II{pji (/;) and the bettei 
known funcUoiib F and \ liecomcs eJe ai fiom itb definition (13) Since 
V IB independent of thi qj, we have 


and (13) bccurrub 


A 


?1 

dg/ 





ikij 


I + V 


(20) 

( 21 ) 


If ^c (lilli lenlitiU I 
and bUiii, liu ii suit is 


Hence 


in (ll) with Ks^xet to gj, then multiply by ^ 



Jl ^ 1 + \ 


(23) 


Inollui wends, foi a const i vatiM s^sUiulln IT inn I ton hin function is 
stiu]>l> llu tot i1 inuiD ixpiissid as a lunUion of the gcniiQlLXHl 
((Miidmatis ancl cniijUKdi iiioiiKiita I oi < \aiiiplL , foi a bimple har- 
nioiiiL osullatoi with one dcgici ol licidoin 


11 -= 


P' . kq' 

iHl I ' 


(24) 


• I hjs Tollows iloiif i, cif iuiiiHi, fioin I ulu's ihioiim un homogeneous functions 
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the mass of the system being m and the stiffness h. The Hamiltonian 
equations (19) reduce to two, viz., 



bp m 


(25) 

(26) 


The second equation is identical with the definition p — bL/b^^ wliib 
the first equation is the ordinary Newtonian equation of simple har- 
monic motion. 

An important property of the canonical equations (19) is their 
invariance of form with respect to an arbitrary transformation of gen- 
eralized coordinates of the form 


Qi = j « 1, 2 • • (27) 

If we denote by T the kinetic energy in terms of Qj and and define 
the new conjugate momentum Py by 

c 

it develops that we still have 

m' 

dPi ~ 
i)Qi 

where IP is the function of Pj and Qj obtained by substituting from 
(27) and (28) into the original Hamiltonian qj). The fact that the 
Hamiltonian equations are written in terms of generalized coordinates, 
of course suggests this invariance property. We shall find it useful in 
the development of statistical mechanics. 


r 

Qi' 




(28) 


(29) 


3. PHASE SPACE 

The task of statistical mechanics is the description, of the behavior 
of large scale bodies in the form of solids and fluids by assuming them 
to be dynamical systems with / degrees of freedom, where in general 
1. The complete specification of the state of the system is given 
by the 2/ coordinates and conjugate momenta • <?/, pi • * • Pi- 
From this point of view the state is termed the phase of the system. It 
is customary to think of the 2/ quantities constituting the phase as 
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being repreaentcd geometjically by a point m a ^ dunenaionfll orthog- 
onal Bpacao called the phase space of the Bysleni Each eyatem haa ita 
own phase space As the and vary with the tims the phase 
point moves and traces out a path in phase space This path u not 
entirely arbitrary emoe the p'% and g'a aaUsfy the Hamiltonian equa- 
tions of motion (19) 

It will be worthwhile to illustrate by a special case which lands 
itself to easy viauahzabon even though it does not satisfy the condi- 
tion / 1 and hence is not of much importajice in practical applica- 

tKins the aimplehatmonic oscillator f 01 which/ ^ 1 HereH' » {^flm 
+h^/2^ where m and i are the mao end Btiffneo of the osc^tor 
respectivelyp and the Hamiltonian equabona become 


The phase spaoe la Iwo-di- 
menaional, vu » the pq plane 
Every point of this piano 
leprcKnls a poasible pha<ie 
of a dynamical eyatem of one 
degiee of fieedom If the 
total eneigy of the oecilUloi 
laconsLantand equal ioEiUi 
oorresponding phase points 
are those lying on the ellip- 
tical path (cf Fig 6 1) 



2m 2 


(31) 


This ellipse has the scmi-niiijor stib y/2R/k and the semi-minor axis 
y/2Em At any pai UculcU- instant the phase of the osmllalor u repre- 
sented by some point on the ellipse As bmo pusses and the actusi 
oaullatoi goes through its vaiioui* phava m phyucal space we can 
think of the coizcsponding phiise point as muving about the ellipse 
and i( pea ting (his motion peiiodically with tlie period equal to 
2TA/m/Jbj the actual period of the oscillatoi , inadentally thia u equal 
to the area of the phoao ellipse divided by tiio energy The rate at 
which the phase point traver«cb the ellipse is given by eqs (30) If the 
encigy docs not icmuin constant, the pha££ path will be rooie comph- 
enUd, but if E is icsbictcd to ho between two vnlucs Ei and E|, the 
path will aiUinly lie m Uie phase space belween tho two ellipses 
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corresponding to Ei and respectively. We shall have occasion to 
utilize this situation later. However, for the moment it will be simpler 
to coniine our attention to a conservative system. It will be noticed 
that the phase curve in Fig. 6- 1 nowhere crosses itself. No phase path 
representing a dynamical system can ever cross itself; such a situation 
would violate the fundamental characteristic of a dynamical system 
that the precise knowledge of the g's and at one instant suffices to 
specify the phase for all past or future time. However, it is of interest 
to observe that since according to quantum mechanics this precise 
knowledge is never available (cf. the indeterminacy principle), iiffi- 
nitely sharp phase paths have no meaning in quantum theory and 
must be replaced by paths oi finite width, or phase ribbons, as they 
may be called. In the present chapter we shall ignore this and restrict 
ourselves to the classical point of view, 


4. THE GIBBSIAN ENSEMBLE 

We are now prepared to introduce the concept of an ensemble. 
Let us imagine a collection of a great many dynamical systems all 
having the same Hamiltonian function. They iniglit, for example, 
be a collection of simple harmonic oscillators, all with the same mass 
and stiffness. We shall suppose that their phases are not the same but 
are in fact distributed over a wide variety of possible pliase values. If 
they are oscillators, their phases at any instant might correspond to 
points selected at random on the phase ellipse in Fig. 6-1. The collec- 
tion in question is termed an ensemble. It must be emphasized that 
such an ensemble is a purely mental construction and has no concrete 
existence. This introduces at once an element of abstractness into 
statistical mechanics not shared by classical particle dynamics. We 
are asked to contemplate at once a very large number of copies of a 
dynamical system distributed somehow over all the phases possible for 
such a system. The copies of the system composing the ensemble will 
be termed the elements of the ensemble. 

Each element in the ensemble is represented by a point in phase 
space. For the oscillator ensemble, these points form the loci of the 
ellipse in Fig. 6-1 if the energy of the system is fixed or, if it is not 
fixed, occupy the whole family of ellipses corresponding to the allowed 
range of JS. Consider the latter case. In any given area of the phase 
space there will be at a given instant a certain number of phase points 
corresponding to elements of the ensemble. This enables us to intro- 
duce the concept of phase density. About any point in phase space 
we construct a small region and take the limit of the number of phase 
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pointx divided by the oize of the region aa the latter grows smaller 
Clcaily to give inceiiing to this quanbty the number of elementB must 
be very large and disUibuted more or leas continuoualy We shall 
lefei to the phase density as D 

Considci again our ilIustiaLion of the oscillator and suppose the 
ensemble consista of N elements with enei gies included between Ei and 
£) 1 he diferage dcnaity of the corresponding points m phase Bp&cA 

will then be 


s 


J_ 

2ir 


(Bg - Bi) 


in the phaf£ icgion between the two cilipsLS chaiactenzcd by and 
El itapccUvely and rcio eveiywheie else 1 he actual density may be 
constant throughout the icgion and equal to the aveioge, oi it may 
vary and be a function of p and q Foi example , the density may vary 
dimcUy with the cncigVr i c , * KE Let us investigate this for a 

moment The loLil number of cltmcnls of tlie ensemble is given in 
perfectly general fashion by 

N-Jod^, ( 32 ) 

where is the (.lenunL of volume of the phase spatjc, and is given in 
gcncial by 

dqi dg/ dpi dp/ ( 33 ) 

Tlic inUgiiiLion is earned out ovti thi whole portion of phase space 
ocdipud by the ciiMnibh In the picbcnl illusliation d4 — dpdq and 
(12) breunus 

N ° K jj Rd<t> 


Ihe inhgtiiUnn fxMiiq likin over the whole of the appropriate phase 
spilt, n , till .111 i tonUiintcl lx Lwiin the two clliiwcs for £i and E| 
Wi i in iM ill simply 






dE, 


and obUun 


N - 2itK 


ME - tK -£!) 


If »( spe .ik p m‘iall> iiisUacl of a bpcciHL JluBlration, wb may say 
llul I> will Im a fuiu Uon of Lhc pi Pf, gi ff/ as wlU aa the time, 
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and the number of elements of the ensemble in d(t) will be ® 

dN - D(pj, qj, ( 34 ) 

If D does not depend on the time explicitly the ensemble is termed 
stationary. In general, however, we expect D to change with the time 
so that the phase points occupying at a given instant a certain portion 
of the phase space may be thought of as moving out of that region into 
another one with the passage of time. 

Since the element of volume d<l> is to play such an important role in 
statistical mechanics, it is of importance to see how it behaves with 
respect to an arbitrary transformation of coordinates in configuration 
space. Suppose we transform the phase variables gi • • • ' ' * #/ 

the system Qi • ♦ • C/, Pi " • P/, where 

Qi = QMi •••«/) 

j’/ = • • • 2/. pi • " P/). 

From the property of the functional determinant already alluded to in 
eq. (64) of Chapter V, we have 


dGf • dQf^dPx dPs 


9(Pi - > > P/, Qi > . . Qi) 
^{Pi * ' ■ ^/. “ ff/) 


dqi * • ‘ dq/'dpi • • ‘ dp/. 


(36) 


The effect of the transformation will be clear from an evaluation of the 
Jacobian, which is of the form 




aPi 

dP, dQi 

JO, 



. , . 

dpi dpi 

dpi 



dPx 

dPf dQi 

dQi 

5(pl • 

■Qi) _ 

dp, 

dp, dp. 

dp, 

d(.Pi • 

‘ • Uf) 


SPf dQi 




9g.i 

agi dqi 

dqi 


1 






dq. 

dq, dq. 

dqi 1 


But since 


bpk 


0 for all j and k from 1 to / the determinant at once 


■ Note that D{pj, qj, i) is an abbreviation for D{pi • • • gi ‘ • g/, /) as usual, 
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breaks down into the pi oduct ol two detemunants, i e , 


a(Px 


apt 

BJ, 

apt 


dgi 

BQ, 

dqi 

d(pi 

a/i 

flPi 

ap, 






ap/ 

BP, 


Bq, 

Bqj 


Let ua denote the Ruielic enagv m the Uanafoimed vaiiables by 
^ (Oil C?/iQii (h) 'Ihcn fiom eqa (12) and (20), since the 
syatem is assumed to be conseivative, 

F 

Consequently we have ^ 


which makea it poeaible to wiitc 


Spk " Bph Bpt' 

oeaible lo wiilc 

dP, ^ ^ ^ 

^Pl " “ «(?, Bpk" 


Bince the aic lincai functions of the with coeflSaents involvmg 
the g*B and therefor o is a function of the g's alone But ^ •• 

6pi gpi 

— B jjj and hence (W) yxlds 

Bpk 

^ ( 11 ) 

But 




whence 

dgi dgn _ SPf 
“ Opi 

The expitbsjon on the light of (^8) llitn becomes 


Bqi 

Bq, 


BQi 

BQ, 

oQi 

aOi 


6qi 

dfii 

Oqi 

Bq, 




OQ, 

BQ, 


Bq, 

Bq, 
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Now, from the general rule for multiplying determinants, if we denote 
by Ci} the ij term in the product determinant, we have 


C-.. = = 


(43) 


where is the Kronecker symbol which equals unity for i — j and is 
zero otherwise. Hence the product determinant is just the diagonal 
determinant 


1 0 0 

0 

■ 0 

0 1 0 

0 • 

• 0 

0 0 0 

0 • 

• • 1 


whose value is unity, Since the functional determinant is unity we 
have demonstrated the invariance of the volume element d<l) in phase 
space with respect to an arbitrary point transformation. 


5. LIOUVILLFS THEOREM, THE EQUATION OF CONTINUITY IN 
STATISTICAL MECHANICS 

Let us now consider a region of phase space and the of 

phase points through it. We can think of this region as enclosed by 
a hyper-surface whose '^area'’ element will be denoted by da. We 
then generalize the divergence theorem of ordinary three -vectors to 
the 2/ dimensional phase space. Thus for a generalized vector function 
of the phase space » V» with components 7^^ * Vq^ • • • Vpj 

we defate the divergence of V as 



If we denote by Vn the component of V normal to da- the divergence 
theorem becomes 


/ 



+ 


OpjJ 


d<l>, 


(45) 


where the “volume” integral on the right is taken over the whole 
phase region under consideration and the “surface” integral on the 
left is taken over the hyper-surface enclosing this region. Now apply 
this to the case where V is the vector with components Dqi, • • ■ Dqnt 
Dpi* ' • Thus Dqi is the rate of flow of phase points per unit 

area in the qi “direction.” The vector V may then be said to represent 
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"phaae flow,*' nnd icpieacntB the net pliaae outflow fiom the 

phaec icgion bounded by the hyix;r-aui face ovci which the intepation 
la taken But thia phate ofllu\ must be cumpenaated by a change m 
phofiC dcnaily inside the volume In aymbolB 


I'A —J 

^dD , 

Tt^*' 

(46) 

a(I>g,) ^ 

^ t 


(47) 


whence fiom (4S) 


Since the phase icpion ovei which the iiitcgiation u extended is drbi 
traiy, thciLbultm (17) may bt' wiiUcn iii gencial 


dpj / 


(18) 


It Will be noted at oiue ihal this is onologtius to Lhc equation of con- 
Liiiuily in h>dr<Kl>namics II tan be wjiittn in phsiacally more 
faignihtant foim h\ laiiying out Llw indicated dilltienUaLionfl Then 

iB + + ii>-) 50 + 2 ) , 0 

Bul fium ihu LiinuiiiLdl oqunliuns (10) u followb lhal foi anyj 


Moii.“o>ci 


'iSl j _ 0 

SPj 




. 

^\0qj Op] 


0 


IS llu turn I lU of (h inie of 1) due lo (.he thangta in the ^'b and q\ 
ConstquiiUlv (IS) lx tonus 


winch s.l^^ that (he tokil Lime lait c)( tliangc of 77, the plioac densiLv, 
\ inislu s L Ins (he on m, kii(»w n as 1 iou\ ilU 's LlKoicm, nuans LhaL to 
on( lolhmiiig llu niohnn of llu jdi w poiii(s in an cnst^mble the density 
(lex s noL c h iiu>( w itli (lie lime At any giscn plate in phase sp ui , the 
dtnsi(> may (lifUiuc , lo lx sun , buL what ma> be called the moiioiuil 
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change vanishes. Thus if we consider a certain region of phase space 
containing at a given instant a certain number of phase points, during 
the passage of time these points move in such a way as to occupy an 
equal phase volume at every instant, even though the '‘shape*^ of the 
volume may alter. This result is referred to by Gibbs as the principle 
of conservation of demUy-in-phase? 

The importance of this theorem for statistical mechanics can 
scarcely be over-emphasized. Not only is it basic for the further 
theoretical development but it has also been used directly to simplify 
physical problems. One of these is the study of the motion of electrons 
in the earth’s magnetic field which is of great significance for the 
investigation of cosmic rays,® 

Gibbs also has shown how Liouville’s theorem may be used with 
little or no further mathematical manipulation to prove the invariance 
of the element of phase volume,^ 

bD 

In the special case of a stationary ensemble — ~ 0, and the theorem 

at 

becomes 



It can be shown that if D is a function of the energy E alone (50) 

dD 

follows directly. Hence Liouville’s theorem will lead to — = 0, he. 

at 

the ensemble is stationary. The proof follows. Here 


dP dP dE 

dqj dE dqj * dpj dE dpj 

But from the canonical equations 


Hence 


dE OH , , dE dH 

^ ^ ^ "" IT 

Oqf dqj dpj dpj 




tip/ 


dE 


i—iiPi + hii) 


- 0 , 


and therefore (50) follows. Therefore an ensemble for which the phase 
density is a function of the energy alone must be stationary. 


’ For an alternative derivation which is purely analytical in character, cf. Lindsay 
and MargenaUj op, pp. 221 ff, 

^Cf. G, Lemaitre and M, S, Vallarta, Phys, Rev,^ 43, 87 (1933), 

* Gibbs, op. cU., p, H. 
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Aaimple illuBtreLioii of LiouviIIc'b theoiem is provided by a Bystcm 
oonfliBting of a single charged pai lirle with charge s moving in a uni- 
form clocbic bcld of mtenaity f The Hamiltonian function for such 
a particle la 


H - 



wheie it la Bsaumed that the field is directed along the positive q axia 
An ensemble lepicecnting auth a ayatem with conbtant eneigy 
would have elemcntii ooiicsponding 
to the phaee poiiitb located on the 
paidbola m the pg plane (if Fig 
6 2) Let US, howKVCii imagine on 
cnaeniblc witii phaae pom la located 
in the phaao icgiun between the 
two paiaboloB coi icbponding to total 
energicb Ei and -Ej iebpccU\cly and 
between the paiallcls to the q axis 
defined by the voluea pi «uid 
icbpicUvily If the phaae values 
of the eknumlb of tins ensemble 
coMis|)ond til < " Of at the cxpiia- 
tioii of time < the ])hasc pom Lb of 
the CDbimible fui tlio sysU in will no 
longii Ik in Ritlui they will 
have movtd into the new phase ngion bounded by the momen- 
tum \alucs p[ and p^, vvluic 

p[ ^ Pi + PU pi - Ps + pt 

Fiom thi canonical equations, p ~ eP Now the phase ^'volume” 
CKCupicd by the cum mbie at / ^ 0 is lIr aica 





(Pa - A,) 
eP 


(P2 - Pi), 


while the plioae ^'volunu" <k( upH d by Uie t iisi mblc at Umc ^ ib 

{ P 

Hut fiom llir cxpiissions foi p\ and pi it foilowb that pi — pi 
Pi ^ Pi ‘^“d iuiui = ^1 As Lime pis^s thi biinc m'I of phaae 
ixiijils 0{ c upy ( ([Uiil '‘voliinus" of phasi s|itice IIkilIoil the dcnaitV' 
m-phobe must icmiUii tlie banie, as Liuuvillc 'b thcoii m requires The 
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reader will note that the shape of the successive phase regions occupie<i 
by the ensemble changes though the "volume^' is invariant. 


6. THE FUNDAMENTAL POSTULATE OP STATISTICAL MECHANICS 


It is now necessary to provide some connection between the 
ensemble, which is a purely abstract mental construct, and the dynam- 
ical system whose behavior the ensemble has been created to describe. 
We do this by means of a fundamental postulate, tlie statement of 
which, however, demands the introduction of an additional concept. 
This is the phase prohabilUy, If we have N elements in the ensemble 
and the phase density is D, the probability of choosing at random ait 
element whose phase is included in the region dcp about the pliase point 
Cl ^ ^ • Q/i Pi • • * Pjt is defined to be 

Fd<j> *= D/N^d4>, (51) 


where pjt () is called the probability coefficient, and we obviously 

(5» 

Evidently from (32) 

(53) 


Dd4 ^ 1. 


That is, the probability of choosing an element at random from the 
wholo phase space of the ensemble is unity. 

The basic postulate now runs as follows: The probability that at a 
given instant, the physical system being described shall have its 
phase included in the region d<j> about the value q\* • • q/^ P\' • ' Pf is 
the same as the probability Pd4> of choosing at random fro in tiio 
ensemble corresponding to tlie physical system an element included in 
the phase region d(j>. It is essential here once again to distinguish 
between the actual physical system which assumes its possible phase 
values one after another as time passes and the imaginary copies which 
compose the ensemble, Avhose elements correspond to all possible phase 
values of the system visualized simultaneously. 

The practical value of the basic postulate is that it provides a 
definite physical meaning for the average over the ensemble of any 
physical quantity cliaracteristic of the system being described. Tims 
if ‘ ’ ff/> ^ 1 * ' ' Pi) i^ a physical quantity which is a function of 
the g’s and p's of the physical system, we shall define the average of x 
over the ensemble as 
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the integTHtion being taken bb usual ovei the whole phase space occu- 
pied by the ensemble F i cm the fundamental postulate it now follows 
that X the value of the quanUty x which wa should expect on the 
aseragB to mcasuie for the system when it is in a state of equilibnunii 
VIZ I the only stale in which we can contemplate the act of meosuie- 
meiiL The calculation of aveioge vaJues ovei the ensemble will then 
be tlie piincipal task of BUtistiral mechanicSj for these averages are 
taken as the actual phybieat values encounteied m measurement and 
enttiing into the laws diaracleii/uig the expciimen tally observed 
behavior of the Byatcm The esaentuU diitcicnce between the average 
ovci BQ cnbcmble and the kind of aveiage considcicd in the statistical 
disUihutiona of Cha[)Lci IV should bo catefully noted Thus, for 
example, tlic average eneiqy 2 ui eq (30) of Chapter IV icfcrs to the 
avciagc encigy psr parlitU in an actual phyucal aggiegate of pei tides 
canoDically dibtiibutcd The avtiage dcGued by (54) is on the con- 
tiQiy an avirage of Iho quanbly ui question foi llie whole physical 
sv^tem dobci ilxd by the cnsLinblc This point will be illu&iiatcd and 
cmphafai/cd again m the study of special types of ensembles (cf the 
end of Sec 9 ol Uih diapU,i) 

7 THE MICROCAKOmCAL OR ERBEaT-SIIELL KWSSMBLB 

It IS now TUHxssiiiy to conbidci scioic spot lal types of ensemble b, foi 
dcajly Llie rundcinunUil postulate of the pusious section tan not be 
applied unless we have n clclinilc disLiibuLitin of cltniLiits to which to 
apj)l> It la I us (onsjck i the ciisc iul)li wIiosl t k nit ills have tneigics 
lying 111 the iiiLti val liumi!o lu Jlq AA, foi wluth in uthci woids 

Jlo :S n(qi g/. Pi pj) Eii i- ^ (55) 

This iiUti val tonsil lute s in phase spate wli.il rruiy be c.ilIeKl an energy 
shell \Vt sJiall assume that the phase' jmmiUs of Llic ensemble till this 
sIkII iMjywIuie* cli nst ly llu' cnstiiibli' list If is usually calkd a 
iHK rout non uali use mhk , .i naiiu' whosi' sigiuhL*mu. will lie unde i stood 
UlUi lain As a iiiHln of fatC iL might moio appropi laldy bo 
tLimeel ail enn^v-iJuIl Liib& nil)k‘ 

Now fjoni I louMlh \ lluoieni JZl/df - 0, if fuilhti we suppose 
that the* tnsi nibk' is st iljon n>, ii , U, it Jollows fiom (SO) 

llial iIh le* IS no t liaiigi‘ in Jill isi cle nsily along any jihasc e uive lltncc 
along iviiy jilui'a tui\t- llu diiisily ittiMiiis constant IkjLIi in sjutc 
and (mu I loni I Ins wl iiifei 111 it J) has the wiiu value thienighout 
llu t lu jgv she II 1 <j1k biiK j 111 unit 1 In it it li this tontlusioii, wc have 
inaek a latiL li>|jt)thi sis, iianu ly tliatcvi ly jx/ssihlo jihase tui\e ol the 
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system fills the shell densely or at any rate that each such phase curve 
passes infinitely close to every point of the shell. This is the cele- 
brated ergodic or quasi-ergodic hypothesis. It has received much 
attention in discussions of statistical mechanics. It is not difficult to 
show that the strict assumption that the phase curve passes through 
every point in the energy shell or on the energy surface leads to logical 
contradiction* The strict ergodic hypothesis is therefore usually 
replaced by the less stringent quasi-ergodic hypothesis that ultimately 
the phase curve passes as close as one requires to every point in the 
shell. Applied to the actual physical system the hypothesis effectively 
means that the system will ultimately get infinitely close to every 
possible phase value consistent with the restriction to constant energy 
or limited energy variation. So stated, the assumption has a plausible 
ring. The purely mathematical problems which it poses, however, are 

considerable. For a consideration of these 
the reader is referred to P. S. Epstein. 

Let be the phase volume of the 
energy shell. What we wish to do is to 
specialize eq. (54) so as to obtain a con- 
venient expression for the average of any 
function of the phase over the micro- 
canonical ensemble. We construct t)ie 
diagram shown in Fig. 6*3 where a por- 
tion of the energy shell is shown sclie- 
matically. Here do represents a portion 
of the energy ^‘surface** defined by 
ll{px • ' -pf, ' • ff/) ~ Eq and A.? is the ^^normal” to this surface 

which extends to the other bounding surface of the phase volume 
occupied by the ensemble, viz., H - Eq + AE, Then for the element 
of phase volume of the ensemble we may write 



d<i> - A5*d<7, (56) 

where further == j over the space between the energy surfaces. 
We now get ^ 




(57) 


since J' Ddtfi ~ N, where N is the total number of elements in the 
ensemble, and we can take D outside of the integral sign because of 


“Commentary on the Scientific Writings of J. Willard Gibbs/' pp. 465 ff. 
Yale University Press, 1936, 
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itB omBtancy But now we can wiits to an approximation which 
improveB ae A£ gi ows amaller 

AT? I I 

— -|vir|, (58) 

where | VII \ la the absolute value of the generalixed gradient of the 
Hanul Ionian, viz , 



Ita value la of course taken at the energy auiface The volume of 
the energy ahell dependa on E and A£ In fact we can wnto 


Aa a leault of Eqa (56-60) 


~ »(£)AE 


This enables us to express the avciage value of any phase function 
x(2i S/i pi P/) over the nucrocanonical ensemble in terms of 
an intigial taken over tlie inner surface of the energy shell Thus 
from (54) 

Before going fuilbci with the gtneicil ticalment, let us specialue 
the above to tbo case whei e 
the dynanucal byslcm is a 
bimple harmonic o&allator 

This enables Ub to visualt/c ^ 

a little bctlei what we aic / ^ \ 

doing In Fig 6 4 wc le- ( f ■ ■ ■ ■ / ) ? 

pic sent the entigy hhell foi \ \. J J 

the eiisemblo as the plane ^ 

area between the two cl- ^*"*****^ 

lipscs whose equations 

die2I-/»*/2ffi + A47®/i=. n, 6 1 

£o and — 

Eo + AZ? Tlio clemcnl of 'Sui face*' dv of the shell now becomes the 
clement of arc of the lI1ii)sc , vi/ , 
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Moreover 


w(^) is obtained from tJie dependence of 4) (here area) on the energy* 

Thus since the area of the ellipse for Eq is 27r 't Eq, the size of the 
' • V k 


shell is given by 


A(t> 




AE, 


(65) 


whence = 2-ic'^ttt/k “constant. We are now prepared to write 

Pd^i, Thus 


da 


and 


Hence 


da 


m dq 


|v£r[ \/'2mEQ ~ mkq^ 


Pd4> — — 

2^ 


dq 


mkg^ 


( 66 ) 


It is interesting to observe that reduces precisely to dt/to, where {q 
is the period of the osciiiator and di is the time spent in the interval dq. 

As a check on (66) we can show by direct integration that J* 

equals unity when the integration is extended over the whole shell. 
The evaluation of the microcanonical average kinetic and potential 
energies is of interest. Thus 

jl -^0 ( 67 ) 

'm J-^/2SUh ^ImEa — mk<^ 2 


( 


2W„ 


JI^ 

'mo 4-ir 
In similar fashion 


(tl\ 

\ 2 /" 2 ■ 


( 68 ) 


Thus for the simple harmonic oscillator the averages of the kinetic and 
potential energies over a microcanonical ensemble are each equal to 
one-half the characteristic energy of the ensemble. This reminds us of 
the ordinary mechanical theorem that the time average of the kinetic 
energy of a simple harmonic oscillator is equal to the time average of 
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the potential ener^ The oonnecUon faeie ifa indeed an lUuatrabon of 
the baaic postulate diBcuflBed in Sec 6 


It will be obeerved that m the above example wc can wnte p^f2m aa 

P ^ (Z t . . 

- — and «r/2 ae - — Thia buggeate a poaaible generalixahon aa 

A Op L 

foUowa Let ub form the aveiage of the quanbty 


Then 



Cx)||ia 


1 r an dtr 


m 


where w(£o) haa been icmoved fiom undei the integial aign Bince it has 
the ^ame value at all pomtBof the encigy bui face 
Now 


s^/®D'*S©’ 


may be inteipictcd oa the cosine of the “angle" between the normal 
to the energy suiface and the “dittcUon " Thib followb fiora the 

BiJ BJS^ 

fait that in analogy to the oidmaiy theory of aui faces — — , 

8TI dll , ^ 

— dit piopoitional to the 'diiection cosines" of the normal 
dpi dp/ 

to the BUI face 

Pit Qi <Z/) " ^ 


Consequently may look upon | Vi/] projection of da on 

the 2/-1 dimciibionel "plane" noinuil to the qi diiecUon Thcrcfoic 


an dtr 

® (^;71 

may lx? intci pietod as iht "volume tlerntmL" of the If dimensional 
phabe volume cn cloud by Uu i ncjg> suifacc I he same will hold Inio 
of 

dll dtr 

^*dpi\vil\ 

llcnce foi both shall h«ivc 

1 r tb* 

*■ / J 1 A “ /nt\\ 
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Here 4> JS tlie total phase volume enclosed by the energy surfaoe> 

We can make an immediate interesting application. For i?* — = 

from the canonical equations (19), and ^ !I + L => ZT, where 
/ js the total kinetic energy. Hence we may refer to M* as 2T», or 
^ice the kinetic energy associated with tlie feth degree of freedom, 
rrom (70) we therefore have 


2«(Eo) 


m 


But since the right-hand side is constant, this implies the equipartition 
of kinetic energy among the degrees of freedom of the system. 

Consider further g* ~ 

generalized force associated with the Hh degree of freedom, eq. (6) of 
Chapter V suggests that we may define 


^ (72) 

as the generalized virial of the dynamical system under consideration, 
since It IS formed in precisely the same way as the virial of CJausius for 
an actual physical system of particles. But from the theorem (70), it 


« - ( 73 ) 

or the generalized virial is equal to the microcanonical average of the 

me tic energy of the system, This is the statistical mechanical 
version of the viri£il theorem. 

The reader will find it instructive to verify this result for the simple 
narmomc oscillator, 


8. COMPONENT SYSTEMS 

».t, system represented by the ensemble has so far been 

oug to as a unitary whole. We now wish to resolve it into a num- 
tier of component systems assumed to be independent of each other, 
save for the possibili ty of energy exchange. Thus if the original system 
e aggregate of all the molecules composing a given mass of an ideal 
gas, a component system might be an individual molecule. Denote the 
resultant system by .S and its k components by 5i, S^, ■ ■ • Sk. If Si 
hasfj degrees of freedom and/is the total number of degrees of freedom 

/“I 


( 74 ) 
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It ehould be dear that the aaine phase space cannot acrvn for the oom- 
ponent and resultant Bystems For the resultant syatem we shall 
employ what is called a y epace, for the component eystema the apoces 
will be denoted by /iii ^ fii The phase space fij has dimen- 
Bions If we are dealing with molecules m the form of particlea with 
thice degreea of freedom^ each /i apace has aix dimenaionap and If 
there are N molecules in the resultant B>atem, the y apace has 6N 
dimcnBions 

Though we shall conceive the Bystem 5 to be doaed and hence 
repicacntable by a mici ocanonical ensemble, it would lestnct matters 
loo much to asume the same foi the components, since wa should like 
to think of die components as having the possibLlity of changing their 
energy by transfer from one to another without altenng the energy of 
the whole Foi tins reason we shall not be able to oonstiucL micro- 
canonical enaemblca for the component sybtemBp and the phase points 
for iSt may occupy any pnit of mi But the phase piobobUity P for 
the icsultant ays lam wdl presumably somehow depend on the instan- 
taneous energy of the eybtem and we shall m fact assume that P is a 
function of B alone For each component system there will also be 
a phase probability P, - -PjC-Ej) where Ej is the (vanable) energy of 
Ihe/lh aystemandSEj — Po If theenf^mblesicpieacntingiSandiS, 
nrr slationai y, P and P, will be mdc pcndi nt of the time The pi oblcm 
now IS to find the functions Pj{Ej) The probability that the phaae 
points foi system 5i Iw m of space m, those for Sj m dfj of 
bpacc Mji ^^tc will be by dchniUon 

Pid^i PiCh^ij Pid4»h 

But this must cquil tin piolwbililv that the ensemble foi S shall lie In 
(Iiff, siJKi the sysUms lia\ni Im i ii assumed to be indcix-ndcnt Ilcnco 

PiPj Ptd^i ” Pd0 (?5) 

Sinti d+ " we get the funcbonal equation 

Pi(Tii) Pdl'i) - Pil'i +Pi+ + -E*). (76) 

Wi can wiitc (76) in thi foim 
k 

y^i»K - itig p, 


(77) 
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lai. 


and if we alter^iby^^^tsubject to the condition that^?D-Si ^ drE(^ = 0# 
the result is 


f^y^log Fi^ d log P, 


t'=»i 


or 


^ Pi dEi 




(7S) 


By equating corresponding terms and recalling that ttt is the same 


■ 

dEi 


“ « constant - C, 0^) 

Pk dEk 


for all i since P is a function of the total energy only, we arrive at 

1 dPi 1 dp2 _ 

Pi dEi P 2 dE^ 

where C is a negative constant and will be written in the form — 1/0- 
Therefore for any j from 1 to ^ the dependence of Pj on Ej takes the 
form 

Ps « (80) 

The are multiplicative parameters to be evaluated by further con- 
ditions placed on the Py. 


9 . THE CANONICAL ENSEMBLE 

The immediately preceding considerations at once suggest a new 
type of ensemble in which the energy is not restricted to lie in a shell 
but is allowed to vary continuously^ and in which the fractional number 
of elements of the ensemble per unit volume of phase space is not 
constant but varies with the energy* Thus following Gibbs we shall 
introduce an ensemble such tliat 

Pd(t> « ( 81 ) 

with the probability coefficient 

p ^ (S2) 

We have here placed C = by the introduction of the new param- 
eter The meaning of (81) and (B2) is this: For a given system 
the Hamiltonian function is a certain function of the (fs and p's. 
The probability of picking at random an element of the ensemble lying 
in the phase element about the point (gi ■ • ♦ 3/, pi ' ' * P/) depends 
on the position of this point through the Hamiltoniar\. Consider as an 
example the simple harmonic oscillator. Here 

Pdpdq - ‘dpdq. 
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For amall abaolulo valuer of p and 2 i i e , Bmall total eneiYy of the 
oBCillator, P will be laigcr tlian for iaige values of p and which 
coi respond to liUgLi total ener^ 

In following Gibbs we ehnll call an eni^mble for which the prob- 
ability coel&aent has the form (82) a canontcol ensemble Its lelation 
to the canooiLal dibtnbution discusaed in Chaptei IV will be diBcuaaed 
in the aequLl 6 la ckfined oa the modtdus of the ensemble The second 
paiameter p can be expresaed in tei ms of 6 by Ihe lelation (fiom 53) 

( 83 ) 

the integral being taken ovet all the portion of phase epeca occupied 
by the ensemble Thei e would appeal to be a cci tain difhculty about 
this equation InapccLion bhowa that iL is not dimensionally ooirect« 
since on the left wc have a puie numbei , while on the nght 

has the dimLnaionb of phase space We con conect this situation 
mcicly by thinking of as a pure numbei giving the latio of the 
genuine volume elcnu nt in phace space to an arbitral ily chosen unit 
yulumc Tins will sUll enable ub to compute cnsemble-aveiages by 
nitonfa of cq (54) 

In the canonic al ensemble wl have a means of representing statiati- 
callv a physical eysU m of vai table cnoigy, i c , an unclosed system like 
the component bys(< ms iSj nu'ntioncd in Sec 8 Wc can then look 
ii|xm the oggiegale of such lysti mb i och i( presented by a canoni- 
cal ensemble, as a system of constant cncigy Eq repiesenUd by a 
niic I ocanon 1 C dl ensemble Im om this point of view a canonical ensemble 
may be in lei pi c Ud ob a uimpmunt pai t ol a miaoeanonicdl ensemble 
1 hi ic IS, howtvrip anolhtM possible point of vii w which conradeiB a 
mi( locanoniLai ensemble as a [lail of a canonical ensembU Suppose 
all Ihe comixmciit sysu ms aie dynamically aunilai with the bame 
nuniUi of digri (s of fuiclom,! Ic ,c g , bimilai moicculcb Ihen they 
may all be icihi si‘iiUd in a single phase* spare which we may call the 
/i si)«itc We may now diMde the ^ spue into a si L of cncigv sIk lls 
M ithin < a( h of wIik h the phase* dinsily ib constant but with F Vtuying 
IromslHli h) she II at <oi ding to (82) llcic tiio micicxanoiiical enw m- 
hle foi cadi svsli ni Sj apjx iis iiatuialh as a comi>oiujit pail of a 
(iiunuKiil < nsi nibic foi the sirwr system lo a ccitain extent thib 
juslifii s (hi* nanii* asvx i ili d with it 

lit lls now find till* iJioUibilily that the diminl of a c.inonical 
cn*^nihli shiill iiJiii sjKiiul to King in (hi inUival fnim £o to 

7j,o + A/' H\ Mil rmiilaiiH ntal (Nistulati of S 1 t), tins ibc c]ual lo the 
jMokibility til it the dynamical systiin HpiosinUd by the canonical 
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ensemble shall be found in such a phase interval that its energy 
between jEq and JSo + But this probability is simply 

(84) 

where Aif> is the elementary volume in phase space corresponding to th® 
energy shell in question* 

Rather more important is the calculation of the average value of any 
dynamical quantity over a canonical ensemble. Thus if x(fii ’ * ' 
pi • * * p/) is such a quantity, we have from (53), (54), and (52) 

(85) 

Since (85) eliminates the parameter \^it is often the more convenieut 
form. The integrations in both numerator and denominator are taken 
over the whole of the phase space occupied by the ensemble. 

As an illustration consider the average energy of an oscillaton 
It will be simplest to express the integrations in terms of the energy 
itself by using the energy shell as the elementary phase volume and 
writing ^ 2Tr\/lnfh rfJS, Then 


(S). - 



( 86 ) 


For the sake of simplicity we use the limits 0 and oo , though strictly 
speaking the upper limit should be finite. Because of the exponential, 
however, the error due to this change will be slight. The result of tlio 
integration turns out to be 

(£), - e, (87) 


Incidentally the reader may show that the same result is obtained 
from the direct expression, using the Hamiltonian of the oscillator. 


{B)c - 


+00 

JJ (pV2ot + dq 


In attempting to generalize the preceding results we proceed to find 
the canonical average of where is the total phase volume 
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enclosed by the energy surface H £o uid ~ d^^fdE (cf eq 60) 
Thus 

f 

(♦V«). - . (88) 

whei e 9 IB the total phaiie volume ovei which we are taking the av- 
etage If wc now leplace by in the numcraCDT, the ex- 

prefauon (88) becomes 

(♦•/«)* - (89) 

A partial integration of the integral in the numeratoi yields 

e f 

(♦V«). ^ (90) 

If now we take laige enough the integrated pai t will vanish ainoe 
the teim will wipo out as long as depends olgebiaically 
on Ej which will bo true in piactioe Moieovei in the mtegial in the 
dcnormnatoi wc may leplaoe by d^* merely by a tiaribformabon of 
Gooidinalcs, which rcsulls, foi mtcgiation ovei a sufficiently laige 
volume of pbose apace, in 

(♦V«)o - e ( 91 ) 

This provides an intei pi elation of the modulus of the canonical 
cnbcmble Now in eq (71) wc have nlieody bhown that +•/» ^ *l®elf 
the aveiagc of 2ij (oi twice the kinetic eneigyessociaLcd with the jth 
degi ce of fi c cdom of the system) taken ovci a nua oc anonical ensemble 
with elenu ills filling the cncigy shell Eq, Eq + AE cndoaing the phase 
volume What we have shown in (91) then reduces to this the 
canoHual aveiagc of the nmiocanonieal aveiage kinetic encigy cone- 
sponding to each degicc of fiicdom of the byblcm ib equal to 6/2, i o , 

(U^ - f - ^ (52) 


We use the single bei to denote the f^etieraliiad average of Tj Equa* 
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tion (92) signifies equipartition of kinetic energy among the degrees of 
freedom of the dynamical system. The generalized average of the 
total kinetic energy becomes / 0/2, if there are / degrees of freedom. 
Our present procedure amounts to thinking of the canonical ensemble 
as consisting of a set of micro canonical ensembles. The generalized 
average then naturally is the canonical average of the microcanon ical 
average. 

It is important at this state to compare the meaning of the canonical 
average of a physical quantity, like the energy, over the ensemble 
representing the system, with the averages encountered in the simple 
statistical considerations of Chapters II and IV. In the so-called 
canonical distribution of Chapter IV, we found expressions for tlie^ 
average energy, e.g., eq. (30) of that cluipter, Tliis represents the 
average energy pef particle of a dynamical system of particles when 
canonically distributed. For example, in a system of free pm'ticlos, as 
in Sec. 5 of Chapter IV we found the average energy to be E - 3©/2 
(eq. 86 of Chapter IV), where & is the modulus of the canonical distri- 
bution, Now it must be emphasized that the average energy over a 
canonical ensemble means sometliing quite different from this. The 
average of a quantity over an ensemble refers, as has already been 
stated in Sec. 6 of this chapter, to the expected measured value of tlie 
quantity for the entire dynamical system in a state of equilibrium. 
Thus, in so far as a canonical ensemble is a suitable statistical repre- 
sentation of a system in equilibrjum, the canonical avei^age of tlie 
energy is the expected value of the energy of the system when we 
measure it in a state of equilibrium; it is not the average energy per 
component particle of the system. It is essential that this be realized 
in order that a correct understanding be had of the relation between 
the Gibbs ensemble method and the MaxwelLBoItzmann motliod of 
statistical distribution. In the latter method we deal witli systems in 
which the total energy is constant and given and we are interested in 
finding out how the particles of the system are distributed with respect 
to their energy. The canonical distribution is that cor rospon ding to 
maximum probability of realization subject to the constancy of t)ie 
total number of particles and the total energy. We hoped to find and 
did indeed find relations among the various quantities defining the 
canonical distribution which correspond to known thermodynamical 
laws. In the Gibbs statistical mechanical method the energy of the 
system is no longer looked upon as an absolutely constant quantity. 
It may indeed fluctuate, but only about an average which it is the 
task of the theory to calculate. This average should be tlio experi- 
mentally measured value. It is also the further task of the theory to 
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develop relahonfl among quantities defined by the ensemble which will 
correspond to the laws of ihermodynaimcs The viiial theoiem and 
the equipartition of energy are cases m poml Further lUustrabons 
will be developed in what follows 

In hiB de\elopnient of statUiUcal mechanics Gibbs confined himself 
largely to tlie use of the canonicoJ ensemble, and we ehall follow this 
practice in the remainder of this chapler As the readei has already 
observed fiom See 8 tho canonical ensemble arises natuially as a 
suitable ic pi orientation of a component system whose eneigy may 
change by exchange with another component of the same macroscopic 
system, it being understood that the energy of the lattei lemains 
constant The canonical ensemble is therefore well fitted to lepieaent 
a ^tem whose energy vanes However, it will latei become dear 
(cf See 11) thatitisalsoablelopiovidcavcryBatisfBctoryBtatisbcal 
repicsentation of a system whose encigy is constant The canonical 
ensemble is subject to easier anajvbcal nunipulabon than the micro- 
canonical ensemble If it can aocompliah the same desu ipbve ends as 
the nuaocanonical ensemble its iii»e will lead to consideiable economy 
of thought We nmv make one fur thei i c mai k at this point We shall 
Intel dfisouAtc the physical concept of temper atm e with the modulus 
0 of the canoiucoJ ensemble This Upc of ensemble therefore repre- 
sents a syalcm at constant lompcialuic 


10 THE MAXWELL-BOLTZMAim DISTRIBtmoiV LAW 


One of the seaichmg tests of any stnlisUcdl theoiy of dynamical 
syslema is lU ability to had to the piopei law foi the distiibubon of 
velo< iIk‘s We have now to examine this pioblem iium the btandpomt 
of Oibl)s' btalistKdl mechanics Wo must fust cunbUuet a canonical 
cns( mbit foi a b>‘9Lcm of n ft it paibclcs till of masb m having /(» 3n) 
degrees of freedom The Ilaniiltuniaii foi such a syblem la 


II 



+ + Ph)/2nt 


(03) 


Ihc pha<4 piuUibilily in llu toiicspoiulniK unoniLdl cnM.mblc now 
(wiiUnn pj ^ pij + pij + pi, foi •Jioil) 


Pd4> 


m n 

JJ dpu dp,, 


j 1 




/ (2/) / n dx, dy, dz, fr dp., dp„ dp., 

y-i 1 1 


(94) 
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where the integral in the denominator Js 2/ fold. This, of course, 
gives the probability associated with an ensemble element of vol- 
ume d<t> in the neighborhood of the phase Xi, yi, pxit Pvit P^u * ” 
Xnf ym pxnt Ppnj Pzn^ From tile fundamental postulate of Sec, 6, 
this is the probability of finding the actual system of / degrees of 
freedom in the state for which the first particle has coordinates in the 
neighborhood of ;Vi, yi, Zi and momentum components in the neighbor- 
hood of pxu Pyii Psit and correspondingly for the other particles. 

Now we actually wish the expression for the probability that any 
one particle (for simplicity we shall take the one denoted by sub- 
script 1) shall have its phase as indicated while the other particles are 
distributed in any fashion whatever consistent with the given total en- 
ergy and finite volume. From the fundamental postulate and eq, (94) 
this will be 


Pid4>\ = 

f (2f~6) f dp^j dp^j 

1 ;«=2 

A 

(95) 

where A is the same denominator as in (94) and d(t>i = dxidy^dz^ • 
dpxidpy\dpti» Note that the integral in the numerator is now (2/ — 6) 
fold. If further we wish the probability that the first particle sliall 
have its momentum components in the neighborhood of pxx^ ^z/i» PtX 
while its coordinates are unrestricted we have further 




(96) 


e-^V^'n^dp^.dp,, dp., J (J-3) f 

The integrals in (96) are easy to carry out by iteration of the well- 
known in tegral^yy* = (2,rOT0)” The 

result is that 


P\d<i>[ = (27rw0) (97) 

In place of the first particle we might liave taken any particle. We 
therefore reach the conclusion that the average fractional number of 



Sec 101 THE MAXWELI^BOLTZMANN DISTRIBUTION LAW 133 


particles having their momentum components in the mterval pj|p^+ 
bcoDmLa 

— - (98) 


If ful ther we leplace ^ j by wc,, etc , Ihis would take the prease form of 
the Maicwellian VLiouly disLiibution (SO) in Qiaptei V, provided in- 
deed we are entiUcd to replace the chaiaclLUbtic paiameter 0 of the 
enbemble by 4/ The tLmptation la theicfoio bLrong to look upon 
(97) and its equivalent (98) as the ataUbUcal mechanical version of the 
Maxwell -Boltzmann diatiibuUon law and to considci the patametei 0 
OB the BlaListiLol mcchajiical analogue of soiriLLhing proportional to the 
tbeimodynamic temperatme 

It lb woi th while pomLing out that the lesU iction to absolutely free 
pai tides la not ncocoAiy We con intioduce a potentml eneigy func- 
tion V(\j, Sj) into the Hamiltonian As long as it is a function of 
the coordinates only, its mflucnto will cancel out in the mtegiation 
ovei the coordinates and the final icsulL will etill be (97) Of oourbe we 
can then no longei maintain that any position cooiduiatcs foi the 
Bystc m are as likely as any olhci as a icsult of llie forces on the system 
ccrLaiii pai ts of conhguiation space wJI m gcncial bo piefcired by the 
byslcm, d( ]Knding on the natuio of V(xj, yj, Bj) 

A fuilhei oEiscivation ib m oidii on Liu. stnlifilical mechanical 
intcipii LfiUoii of the Maxwell-Bolt/nianii disUibuLiDn law In the 
imnudiakly piettding disc ussion wt' have li Kd Lo develop the analogy 
with kinetic tlKHiry by consUucling a Giblrt ensemble foi a whole 
b\ stem of ficoiku tides 1 Ins bcomsto bo iho naluial couisc to puiaue, 
but It lb intLicsling to ol)sci v( th iL we c^in adiicM the Sti me icsult by 
foinung the cnunible ioi a single pai Ucio Ia L us see how this oomes 
aliout Iho II liiiiltoniau foi a s>st( in coiisibLitig of buch a parlide of 
nkiss m, having kiiiclic c nc igy onlyp is 

TI ^ (Pi + Pi + pi)/2m (99) 


Ihe phas( fMolkibihty foi the coiicspcmding uinoiiiCtil ensemble is 

I ,/v ,/v ,/3 dp, dp. 


PJ0 


y fJ IJJ 


( 100 ) 


Ilmustix'c mphasi/((l ih.U iii coiisliuc ling Uk caiionualinscmblr foi a 
singk p 11 Lick wc c iiiiiot assuiiK' (hat the ciuigy of the pai tide ib 
fixe (I By Lhu viiy iiaLuic of the caiioniuil ciibLiublc we mubL Obsume 
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the possibility that the energy of the system being described shall bo 
able to fluctuate. The particle we are here talking about is one whose 
energy can then have any value. It cannot therefore be considered 
free in the usual dynamical sense, even though we are treating its 
energy as wholly kinetic. 

If we carry out the integration in the denominator of (100), we can 
write 


Pd4> 


g-(p^+p|+p|)/2».e 

7-(27rW©)^'* 


( 101 ) 


where r is the physical volume in which the particle is confined, If 
further we require the probability that the phase point have momentum 
values pxi Pyi pz in the indicated interval with no restriction on the 
coordinates y, a, we obtain 

Fd^' == (2ffOT0)~^r dp^ dpy dp,. (102) 

This is identical Avith eq. (98) which gives the average fractional num- 
ber of particles in a whole aggregate of free particles having their 
momentum components in the indicated interval, It therefore appears 
that we need not have considered the Avhole aggregate In forming the 
canonical ensemble. A single member suffices. Closer inspection of 
the situation indicates that the reason for this is that the particles in 
the aggregate are free and do not affect each other. If the particles 
were to act on each other with forces, the Hamiltonian would no longer 
be of the simple form (93) and the possibility of replacing the whole 
Hamiltonian by that for a single particle in forming the ensemble would 
no longer exist. 


n. DEVIATIONS OF QUANTITIES FROM THEIR AVERAGE VALUES 

The utility of statistical mechanics for thermodynamics resides in 
the average quantities computed over an ensemble; these are to be 
identified with the physically measured values of tliese quantities. 
For example, the actually measured energy of a physical system is 
taken to be the canonical average of the energy over the canonical 
ensemble representing the system. On tlie other hand in the ensemble 
the various elements correspond to different energies and there are 
then actually wide deviations from the average. This situation appears 
rather disconcerting when we are trying to represent a system witli con- 
stant energy by a canonical ensemble. Offhand we should be incliiied 
to say that it could not be done and that we must represent such o. 
system by a microcanon ical ensemble. That this is not really always 
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the casoi however, la eeen fiom an examumlion of the magnitudfi of the 
devidtionfl fiom the avet age enei |?y in a canonical ensemble 

We need not confine oin inveBtigaUon to the eneigy Let x be any 
function of the cnoi dinatea and momenta of the byaLcm The fluctua- 
tion 01 deviation ot x fiom ilb canonical average la icpicacnted by 

« - X - X (103) 

CThc Ikir heic indicatca cunontral aveiage vvithout fuither BpecifusL- 
tion ) 1 he avcj age deviation is then at once 


f “ U-x) -0 


(104) 


To qel something more significant wc intioducc the fractional root- 
niLon-squaic deviation oi 



(105) 


We shall take a as n miasuic of the a\erdge deviation of \ from its 
avojage value For the sake of hung spculic JlL x ~ U and kt ua 
umhne out comments to an ensemble icpicbcnbng an oggicgole of fiee 
piU ticks, 1 c , an idc il gas, \^htic 


/f - i 



(106) 


As usual / IS the iiumlxi of (kgicos of fuedom oi Uic btsUin We 


irplaci 

1/W by B 

and kt 

J e-‘“dd> - 

Q 

Then 





dQ 

1 / 5 “” 

■j lh-"‘d4> 

= - 
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fiom lilt (h fiintHiii 

i of ( iiiniiK il a\( lago 

Moieuvci 





dz^ . 

y* u\-"di> 
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(107) 

III nu 
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C onsi (|iu iil1\ il tih iHiiiiUr ol (Uuitisol fnuloni of tin s\sl(m is 
Mjvlniii, IS il will Ik in (111 ( isi cil «i g is, u U c nim s lu ghgilily small 
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and we are after all justified in using a canonical ensemble to represent 
the system. 

There is another way of looking at the matter which brings out the 
same point. We may compute the fractional number of elements in a 
canonical ensemble having energies lying in the range from E to 
E + AJ5, where E is any energy value. This fractional number will 
clearly be 


AN 

N 


-X 








(109) 


In this expression Is to be integrated over that portion of phase 

space for which the Hamiltonian H lies between E and E + ^E. Now 
if we restrict the discussion to an ideal gas of n particles of mass m, 
H has the form (/ - number of degrees of freedom =* 3/^) 


H - 



( 110 ) 


In evaluating (109) it will be convenient to write d(t> - d(l)qd<t)p wliere 
d(t)q is the configuration coordinate part of the phase space volume 
element and d<t>p is the momentum part. Then 


AN 










(Ill) 


. • X 

where r the physical volume occupied by the gas and f d4, - 

Now we shall let the volume in momenlum space occupied by tlie points 
representing systems whose energies lie between 0 and E be <I>p, where 
then 




■ A 

Jo 


( 112 ) 


It is clear that 4>p is some function of E^ and we must now find out 
what this function is. Let us imagine first that iE = 1 (unit of energy). 
The upper limit in (112) is then really equivalent to the relation 



(113) 


On the other hand if -E ~ ^ the upper limit in (112) is equivalent to 


2m 



a 


2 


(114) 



Sec 11] DEVIATIONS OP QUANTITIES PROM AVERAGE VALUES 137 


It IB dear we can write (114) in the fmn 

- *• 

ConBcquenlly the integral 


(1140 


in which the lower liimlB are xero in each caae and the upper lunita 
subject only to (1 14^) is Ihe s(m$ as the mtegrai 

J^dpidp2 dpft 

in which the lowci linuta bjg zeio and the upper ones subject only to 
(113) But the integral foi which the energy E has the value o* la 
given by 


wheie tbo upper limits aie eubjecl to (1140 Therefore we condudo 
that 

(<bp)M - £'/>(♦,),., (115) 

must then vaiy diicctly as bince (^)s.i is a constant This 
LoiibUnt niiiy be evaiiuaUd os foilowfa Let 

- CE/^ (116) 


Going hiick to (111) we sev IhdL wc can replace d^ by 
J/2 Moiiimi if WL iiitcgiiitc (111) between £ — 0 and 

£ “ 00 wu get unity That is 


Wc 1 CC 41 II llidt 


' 2 


i 




I 






(117) 

(118) 


lllcicfou' (117) bciOITK'S 
1C 


2(2iriH«J^' 






( 119 ) 
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From the definition of the gamma function there results 

" //2-r(//2) “ r(//2 +T)’ 


Ct20) 


We may now express AJV/JV as follows 

N ' 2 ' r(//2 + 1) 



Is! • 4 “ 

e 




which reduces for AE sufficiently small compared with E to the form 


AN 

N 




0r(//2) \0 




( 121 } 


Incidentally the reader may check this final expression by observing 
that rite summation of (121) over all^, gives unity in conformity with 
the fact that 

N ^ ‘ 


Let us now find the **most popular" value of i.e., that for whidi 
AN/ AE is a maximum. For tfiis value of E there are in a given energy 
interval more elements of the ensemble than in any other interval of 
the same size. We differentiate AN/AE with respect to E and on 
putting the result equal to zero obtain 

= (3-1)0. (122) 


If/ is very large this is effectively f/2 * 0 or the canonical average (106) » 
For a system with a very large number of degrees of freedom the 
canonical average energy is also the "most popular" value of the 
energy. This again checks our previous conclusion that for / large we 
do not make a very great mistake in using the canonical average E 
for the energy of the system represented by a canonical ensemble. 

There remains only the task of finding the number of systems hav- 
ing energy slightly different from -Snip. Thus, for example, suppose 
E — 1.01 Snip ~ 1.01 (//2 — 1)0, It is left to the reader to carry out 
the straightforward arithmetical calculation showing that for 1 cm^ 
of gas under standard conditions with/ - 3(2,7) X 10^^ 


AN{E) 

A.V(£,np) 


g~-1.8XlOJ5 


This shows that the chance of picking out in the canonical ensemble an 
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element ooiieapondinff to energy difibnog by only 1 pei cent fiom the 
moat populdi value la piaclically negligible The coireaponding fluc- 
tuation of the Gncig> of the actual ayalem lepieaentcd by the enaemble 
from E la theicfoie alco negligibly amalJ All this of comae la predi- 
cated on the Idige value of / 

12 THE BTATlSnCAL MBCHAinCAL IHTERPRSTATIOir OF 
TBUPERATURB 

We have now aeen the poasibility of lepreaenting thermodynamical 
quantitiLa by mcana of aveiagca ovci Gibbeian enaembles and have 
learned that the choice of ensemble, i c , whether canonical or micm- 
canonicol, iblcUgcly amatlci of mallicmabcal convenience In order to 
make the connection between alatialicdl mcchanica and thermodynam- 
ica moic drhnito and convincing it la neceaadjy to eatabliah more 
picuBLly tho atatistical niLchjjucal analoguca of the fundamental 
thcinuxlynamicdl state vaiuiblce^ tcmpciature and entropy Aa a 
matCei of fact in. bee 10 in the diacusaion of the Moxwell-Boltzmann 
distiibution law wc have had an mtimation that the analogue of 
tcmpciatuie is to be found in the chaiactciiatic ensemble parameter O 
We now wish to place tliia ObsociaLiun on a somewhat fii mer basis by 
showuig that 0 iiova^ssc a <xi tarn inipoi tant propci ties which are pre- 
ascly those of tho Unificiatuie m llic thcimodynainical sense We 
iccall that >Kh< n two the i inodyn.imical bybUms aic ni equilibrium the 
condition that ihi y have the aame tcnipciature ib that when they oic 
put in thn mal contact (and of couise isolated fiom alt othci systems) 
the comiKisitc sysU m Ihub foimcd will be in equilibrium at the same 
Unijxiatuie as llial of cithti system bcfoic contact On the other 
h ind two sysUms in cquilihiium at diiic leiU tcmperatuies will not be 
111 c(iinhl)iium ^\]lcn joiiud, though tiny will, of course, approach 
Lciuilihrium with a change in tho tcnipciatuic of both 

L( L tho IlaintUonians of the two systems be II ^ and II^ respec- 
tivtly ilu pliasi pr oUil ail lu s in the canonical enscmblcB 1 C preacnbng 
the two systems will then be icbpccti\(]y 

(123) 

( 121 ) 

when wi havt assuniid tin iwiarmUi 0 foi both ensembles 

Now lit lln s^'sti nis lx joiiuiL ilu Hamiltonian foi the compohiU 
syslLiii will havi the for m 

// = /f I + Ku + i/as, 


(125) 
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where the term refers to the energy of interaction of the two sys* 
terns. We shall suppose that this energy is very small compared with 
either or though there are indeed practical cases in whidi this 
is by no means true ; these we shall rule out of our present discussion 
and proceed to call zero, effectively. 

Now >P denotes the probability of picking at random from 
the ensemble corresponding to system A an element whose phase 
lies in and similarly for j 5. Let the phase space for A have 2A 
dimensions and that for B have 21 dimensions. Then the phase space 
for the composite system will have 2k + 2i^ dimensions and the element 
of volume in it will be denoted by d<l>^d4)^. The probability of picking 
at random from the ensemble of the composite system an element whose 
A component has its phase in and whose B component has at the 
same time its phase in is» from elementary probability considera* 
tions, 

In other words we think of the combination of the two systems as tak- 
ing place in such a way that each element of the composite ensemble is 
made up by joining two elements of the original ensembles for A and B 
respectively, But the probability of picking out of the composite 
ensemble an element with phase in = d<t>j^d((>Q of course is just 

Fd4> - (127) 

Now ^ since the ^’s are constants and no matter wimt 

precise relation exists between and Pd(l>, we must have 

in both cases 

J PA^BA^Ad4>D “ 1 - J Pdii,. (128) 

But from the further^ fact that H = in the ideal case of 

negligible interaction it follows that actually 

^ ^ Pd(^, (129) 

which means that when the two original systems having common 0 
are joined the resulting system is described by an ensemble charactCM^- 
ized by the same 0. On the other hand if the ensemble for A had 
been characterized by the parameter and that for B by a diffemii 
parameter 0^^, after joining we should have 

This would not correspond with for any © and hence no canonical 
ensemble could be formed for the resulting systein, i.e., it could Jiot 
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be B ByHtenL in equUibnum in tha theory of atatiBtical mechamcB 
However we must Buppoas that after a Bufiiaeiitly long time haa 
elapsed the compoBite Byetem will come to eqmltbnum by aome kind 
of energy exchange between the two oiiginal aysLeniB It can then be 
Bhown that the moduIuB 0 of the lesulung enaemble has a value lying 
between and ©^ Indeed by the use of the equipartition pi maple 
It develops that ©la related to 64 and ©3 in preaaely theaaine wayin 
which the final equilibi turn tempciatuie of a mixture of two gSBca la 
related to the oiiginal tcmperaturcB of the componenta 

It IB clear that © poeaeskea the chief propcrtiefl that characteiiao 
the tlieimodynamical tcmpeiature T The pi ease relation between 
6 and T, 1 e , the nature of the conaLant c in the relation 

© - cT, 

can be obtained only from a oompanaon between an empmcol thermo- 
dynaimcal law and the atatifitical mechanical analogue If we uae the 
equation of etato (eq 14 of Chapter III) for thus purpoee it la not 
diJfhcult to show that c * t e , that 

© - (131) 

which mdicatea that tlie cneemblc modulus © in the Gibbe Btaliabcal 
mcchanicB plays the same role oh the canonical distiibution moduluB 
in the claiisieal Maxwull-Bolt/mann BtatiiitieB (ef Section 3 of Chapter 
IV) 

13 THB BTATIsnCAL H8CHAHICAL mTERPRSTATIOn OF EHTROFT 

Closely a*woemted with and fully as fundamental as the intciprela- 
lion of U mpi laLuie in sLaLiaULal niDehanic s is the meaning of entropy 
The pioblcm is to find a slaUsLical quantity which pobfaeaaefl the 
piopcrUcB associated with ciiLiupy m theimodynaniics (Chapter III, 
See 2) Following Gibbs we again begin With a canonical ensemble m 
which 

-/ (83) 

Now the Hamiltonian of the s>stem is a function of the and 
wh ich also involve seer Lull paiamcti IS 1 Ih be we shall label ( 1 , £9 

Till 11 nuniU 1 de [le ncls on the tviX5 of system and the number 
ofdcgicesol lidfloni lu the simple hiumonicosullaloi , foi example, 
the 10 OJC two, viy , the mass .nid bLifliu sa of the system (Cf See 3 
of ( hapU I IV foi tin 111 LichI lie Lion ol tin ^ e\ti inal p<iiamcterB in the 
MaxwcIl-BolUniann sLiUbUts ) Lt L us now sec what happens when 
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the f's and © are varied. This variation has no reference to change in 
time and does not entail changes in the p*s and ^’s. Equation (83) then 
yields 



(132) 


Multiplication by 0/"^® and the replacement of 



by 


2J yields 


bp 


0 



(133) 


If we denote (p H)/@ by the new symbol so that {p — //)/© Vj 
we have from (133) 


hp — ii)B& + 





(134) 


Now if in the defining equation for 1\ we vary both coordinates and 
parameters, denoting such changes by differentials to distinguish 
them from, changes in which parameter alterations alone are involved!» 
the result is 


dp — d2I — 'tjdQ + ©d^. 


(135) 


But since p and 0 are independent of tlie coordinates 


dp = 6p and dQ = 50, 

Comparison of (134) and (135) then leads to 

( 136 ) 

where we have replaced dll by its equivalent dE, i.e., the change in the 
average energy. Now the last term in (136) represents the average 
change in the energy of the system due to the variation in the external 
parameters. Consequently it can be interpreted as the negative of the 
average ivork which the system does when the external parameters are 
varied. We shall denote it by ^dW. Therefore (136) becomes 


^ dE + 8W. 


(137) 
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If wo introduoD the j elation (131) between 0 and thia tnlcpa the 
form 

-kTdn - d-S + bW, (138) 

which looks veiy much like the familiar thermodynamical expreanon 
(cq 4 m Chapter III) 

- dS + hW, (139) 

(where mdeed we pievioualy u%d ATFin place of with no diOerence 
m phyuoil meaning) If we decide to let (136) serve as the etatutical 
intLiprelalionof (139) we must idcntifydS with — oi aet 

(140) 

with a possible additive oonstant independent of the coordinates and 
cYteinal poiamctcia as wnll aa 6 and f This la Gibbb' statistical 
mechanical intLipictation of the entropy of a system 

We ought to look into the analogy between and the entropy a 
little Foi oample we itcall fiom Chapter III the atatement of tiie 
accond law of thci modYnaimca in the foi m that the enti opy la a maxi« 
mum foi a clobtd eyblem in equilibiium Can we show that — ^ la 
loigcr foi a canonical enymbic than for any othei ensemble with the 
same numbci of cIcnieiitB and the some aveiage energ>? We shall 
call “ II ) " log jP, the index of phase probability Now let i? 
foi the nunH^iionicjJ ensemble be denoted by v'l where 


- X 

+ 

(141) 

and Av i*> an cu biti ni y function of thu and g’s Because the numbei 
nfcknicnls and avciage ciuigyaic the samem both cnaembleSi we con 

WIllC 

J - 

/ - 1. 

(142) 

and 



J He " ' - 

j He'^d^ 

(143) 

Wc stcL to ])fovi that 

I his coiKBponds to 



1 hough the avi ragi ij' is not a canonical average it la caiculatui over 
ils t nsi mblc m the usual way Iliiis wc wish to show that 

J{r,+ > J 


(144) 
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J' {ij 4 - dip ~ J" (~~Q /■ Ar)^ 

+ J 

By using (142) and (143), we can reduce (145) to 

J in + An)e''-^‘^’'d<t> = | - | f He^dij, + J A^e’''^ ‘'"dip. (146) 

But for the same reason 

/«>* - 1 - i / m-M. (147) 

Therefore to prove (144) we must examine J* whicli cart 

also be written j* (A};e^’ + 1 The parenthetical term in 

the integrand is (A); -- + t If we plot this as a function of Aifi 

we see that it has only one minimum for real values of A??. This has 
the value zero and occurs for At} « 0. For all other values of A»r» the 
term in question is positive and greater than zero. Moreover e*^ is 
always positive. Therefore 

J {Ane^’' + 1 - 6‘^'>)e''d<p ^ 0 

(the equality sign corresponding to At} - 0) for the wJioIe range of 
integration. Therefore either Ai} vanishes, in which case the two 
ensembles are identical throughout, or 


I 


A,)a’+^V0 > 0 


and (144) is substantiated. Hence 


(US) 

Consequently for a system not in equilibrium and represented by a 
non-caitonical ensemble the entropy represented by ^ will tend to 
increase. It is clear that the statistical mechanical analogy for 
entropy satisfies the “increasing** property of entropy in thermody- 
namics, 
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Further evidence of the mutability of — to repment the entropy 
of a tbemodynamical By^Lem will be found m the fact that u R 
maximum for a uniform diBtnbution of the elements of the ensemble in 
phaae apaoo as oompaied with any other diatnbutioa of the same 
number of clcmuita and corresponding to the same limits of the 
pha« Ihc reader can icMdily show this by a slight modificatum of 
the method just used to demonstiate — ^ 7 In other words 

— q con be used as a mcaauie of uniformity, the greatei the value of 
— 17 for a given enbemble, the moie neaily umform is the distribution 
of elements The canonical ensemble is the one which is most nearly 
uniform in disbibution of all ensemblea with given average energy 
and given numbci of elemenls Obviously the appiopnatenesa with 
which a canonical ensemble can bo considcrt^ to lepresent a system m 
equilibrium depends in the last analysis on the extent to which any 
ensemble repreaenUng an actual dynamical system tends toward uni- 
formity of distribution with the passage of time, independently of the 
initial dietiibubon This appiooch to uniformity cannot be logically 
demons U a led f 01 an ai biLr at y initial distribution but proofs have been 
given foi initial disUibutiona which are not themselves so specialized 
as to be highly inipiobablc We thoiefoie feel safe in accepting the 
pioposition that the Gibbsian analogue of the entiopy for a closed 
syslem tends to mu case and praciuaUy nevci decncases We must 
1 ccngnizc, of course, that it is sub|ecL to the wnie probabihty difiicultiea 
all c ad y envisaged iii See 3 , Chaptii IV in the diecusmon of the Max- 
well -Belly man n Intel pi etation of entropy 

One last point remains for cxmarderation does — Aij represent a 
state variable? From the dclrnition 

it follows that after the intcgiation lias been coined out the only quan- 
lilii s loft on the iight-l landslide aic the painmclcrb, vu , the 0and P 
and the physical volume oecupnd by the ay^tom being lepretented 
1 he ItUlu ill ill vuivtxl in the inlcgiation limits foi the 47's The limits 
for the p\ arc +« and -00 oikcLiviIy 0 *■ */ Hence effectively 
— d(|Kncls only on the volume and Umperatuic and the othei 
j)ai*uneUiswlu<li char ac Un/e theblale Thciefoic — Alj lepiescnts a 
sUle vaiialile and iis .issoualioii with c ntropy may be considered sub- 
btantially viiifud 

“Cf fjibbs, ^*S4 ui'itK. il Michuim," Chaptet XII For a coomla illuBtra 
ijoa, 1 ifKhiy and Maigniau, vp C'l/i p 2t5| may U. coDsulLod 
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14. FREE ENERGY AND THE GIBBS PHASE INTEGRAL 


We have so far said little about the parameter i' which enters into 
the definition of the probability coefficient for a canonical ensemble^ 
Buteq. (134) written in the form 




with S/k and d& = kdT^ is in precisely the form of eq. (10) of 

Chapter III, in which (there represented as represents the 
cliange in t\mjree energy of the system. Consequently we may safely 
treat ^ as the statistical mechanical analogue of the free energy. We 
have already commented on the importance of this thermodynanne 
function in the derivation of the equation of state (eq. 12 of Chapter 
III). It is interesting to observe that in the Gibbs statistical mech- 
anics ^ is immediately given in terms of a certain integral. Thus from 
(83) 

^ © log J (149) 


It is customary to refer to 





d<f> as the Gibbs phase inlegmh 


sometimes denoted by 7. Its evaluation as a function of © and the 
external parameters of a system therefore leads at once to the equation 
of state. If we compare (149) with eq. (72) of Chapter IV we .see that 
the Gibbs phase integral appears to bear some analogy to the function 
2, which there we called the distribution or partition function. Incleod 
the connection looks even closer if we examine again the evaluation of 
Z for a system of free particles in Sec. 4 of Chapter IV. Tliere except 
for a multiplicative constant we actually computed the phase integral. 
(Note: It must not be forgotten that in statistical mechanics corve- 
sponds to in Chapter IV,) 

As an illustration of the phase integral we shall calculate it for tiie 
special case of a system of n simple harmonic oscillators with masses nij 
and stiffness coefficients kj. The Hamiltonian is 


H - 




(150) 


if we suppose that the oscillators are free of mutual interaction. We 
therefore have from (149) 

4,^-Q]osJ' (2n) J ...dq„dp,--- dp„, 

(151) 
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With the limita of inlegiation talsn between — oo and + « for each var- 

dq\ dq^ dPi dp% 

iflble In thia expieasion wc hove written rr , 


where A ib a quanULy having the dimenaionB of cooidinate timea 
momentum and ib hert put in to aecute the piopei dimenaionaJily (cf 
the diflcUBBion oftei cq 63 in See 9) Now 


- V2^ 

•/ — A 

Conaequently 

# — eioge*p(ij (is« 


If the dependence of the fieqiicnaca Wj on the volume of the eyatem 
wete known wc could Ube (tS2) to deteimine the equation of state 
Howcvei , wc can at any i ate get the cvpiesaion for the entropy From 
the equipaitilion of cncigy wo know thiit 

5 -i i»e -3 nAr (153) 


Thib could of couibo be computed diiecUy fiom II Now from f * 
E — rS,wQ get 



(154) 


So for Ob the Gibbs statistical mechanics m comet ned A ib juat a con- 
bLint having tin appjopiiale djincnBiuiib to make the fundamenlai 
cspicssiun (151) dimciisioually cuiiccl It is cliai, however, that 
wc can iiiU ipiot A" <ib the unit of "volume" in pliabc space As such 
in classical tluoiy it may have' any numeiical value According to the 
quantum Ihcoiy, liowcvit, h is a fundamciiUl conslant of nature, 
called the IManck coiibLant of acLiuiii with the value (cf Chapter 

VIII) 

A “ 65^ X lO^^^cigst^c 


1 be (linn iisions ol h¥j aie then those of encMgv hkn kF 

In the classical tluoiy ul solids, a solid crvslal ih conbidered to be 
cJlcclisHv a colli c lion ol hiUinonic oscillalois Consequently the 
foimuliis just dciivi d have an ajiplication to an ideal ciyBtalluie solid 
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In particular from (153) we can get the heat capacity at constant vol- 
ume for sucli a solid. Thus _ 

C;, = — = nk, (155) 

dJ 

Here n is the number of degrees of freedom of the crystal. If ^ve think 
of each atom making up the crystalline solid as having three degrees of 
freedom and assume that the number of atoms per gram molecule is 
still Avogadro's number, it follows from (155) that the molar bent 
capacity of a monatomic crystal is 3(6.06) X 10^^ X (b37) X 
ergs/degree C. When reduced to calories degree C this figure becomes 
5.96 cal/degree C- This is in rather good agreement with the experi- 
mental value for monatomic crystals at room temperature. The simple 
classical theory here presented fails indeed to account for the variation 
of the molar heat capacity with the temperature. For this the quan- 
tum theory seems to be demanded. (Cf. Chapter IX, Sec. 3.) 

It should be possible to use eq. (149) for the free energy to attack 
theoretically the derivation of the equation of state of a real gas. Con- 
siderable progress has been made on this recently but the subject lies 
beyond the scope of the present bookv^^ 

15, ALTERNATIVE INTERPRETATION OF ENTROPY 

It is well to recognize that is not the only statistical mechanical 
quantity which possesses the appropriate properties to serve as an 
analogue of entropy in thermodynamics. Consider the quantity 

^ & log 

where_<^£ is total phase volume enclosed by the energy surface 
i? = jS, and E is the average energy over a canonical ensemble. Let 
the ene^y of the dynamical system represented by the ensemble, 
namely be changed slightly without altering the external parameters 
fi “ ' Physically this will correspond to a flow of heat into or out 
of the system. Then from (156) there will be a change in S of magni- 
tude 

dS ^ (157) 

where is the rate of change of with respect to E while the 

‘®Afi elaborate discussion will be found in Mayer and Mayer, "Statistical 
Mechanics,** John Wiley & Sons, New York, 1940, pp. 277 if. 
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pB remain fixed From eq (60) d^g/dE — a)(£) Henoe 


kdB 

dS ^ - 


(158) 


Now we have already shown (eq 71) that (■&) is twioe the avera^ 
kinetic enei^ per degiee of /icedom taten over the rmacxanonical 
ensemble ooneeponding to total encigy E If the system oonaiatB of 
free parbcles, as wc bhjJI here aidunie foi oon'^meacBp thia means that 


2E 

«(£)•■ / ’ 


(1S9) 


if / u the number of degicee of fieedom But for aa aggiegate of free 
particles, the cqiuparbtion Iheoicm yiclda 


E 

Therefore (158) becomes 

AS 


2 

kdE ^ 

e ^ r 


(160) 

(161) 


But since dE must hcic tcprcsenl change in eneigy caused by the 
icveiEdblo flow ol heat, this is the usual evpiiBiaon for the change 
in entropy in a lovrisiblc theimodynamical proocsii 

Although the alx 3 ve discu%ion. is not veiy iigoious aud u mdeed 
rathci sjxHiali/c^ the sugg^tion is, at any laLc, that k log ui & 
possible an«iJogiic of the cntiupy Wc could piucc ed to apply to it the 
U fats used on U will be simpUip houe\ci, lo examine ducctly its 
lelatiun to —17 Wo shall icstiieL the dibeufafaion to an aggiegate of 
flee iiai tick's, 1 e , an ideal gas 
Wo begin With 

(162) 


But foi an ideal gas this bceonu s 


We can dispov of the faetoi ® by u calling tliat 

«-*/« .y* (163) 

while the integi.iLion ih to be eondueted ovci Iho whole phase Bpaoe* 
Willing 


(h - d^id4^, 
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where d<l}g refers to that part of the elementary phase volume in whic 
the 2*8 enter and d(j>p the corresponding momentum part, we can fui-tlit 
say that 




/ -foo 

• •• / • dp/, (16' 


where r is the physical volume occupied by the gas. The /-tup 
integral in (164) is evaluated in the usual way. The result is 

^ ^// 3 ( 2 ^^ 0 )// 2 ^ ( 16 ' 

The consequence is that 

— =5 log 2Tr7)lQ + (16< 

z z 


We now wish to compare this with log This may be written 

* / (16 


<I>E = 


The integral has already been evaluated in eqs. (116) and (120), ai 
we can immediately write 


This leads to 


r (//2 + 1) 


(16; 


log <i>E = log 2jr}n0 + ^ log | - log V ^ H- 




Now the asymptotic expansion of log F 
can be put into the form^^ 

log r (i + >)-{{ + log {-{{ + i) + log Vj; 


for large posilivtj 


T terms involving ^ in the denominal c 


Neglecting terms in this expansion small compared with f/2 wv 
that log (l)js can be expressed in the form 


log <l>s = log ^ log 27 rW 0 — log Vtt/ -h " • (I <"} 

2 2 

If now we compare in (166) with the asymptotic form of log * 
Whittaker and Watson, ^^Modcrn Analysis" fourth edition, MaLinill.in, 1 
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in (169) we eee that they differ only in the term log \/^ which ib very 
email compared with the othei terma in / if / ib laq^e Hence aa / 
inaeaeea we have the asymptotic relation 

(170) 

This indicates the important lelation between the two defimtloiiB of 
enbopy 

16 . H^SUlfd 

This condudee our survey of the statistical mechiuilca of Gibbs 
which will stand for a tong time as a monument of the power of abstract 
thought ovei physical pioblems At the iisk of a certain amount of 
redundance it will be desirable to sum up Its featuree aa contrasted to 
those of the Mawell-Boltzmann method of statistical distnbutioiis 

We lecall m the ffibt place that the statistical distribution method 
apeiatea thioughout with the actual system being discussed. ThuB, 
foi example! we have a certain eet of mdependent particles with a 
certain piopeity, e g , energy, and loquue about the most piobable 
distnbution of the particles with respect to this property This most 
piobable distiibution le, of couiec, arbitrarily defined, but the defioi- 
bon in teims of the numbci of ways of realizing each state of the sys- 
tem, 18 at any rate plausible This pioccss leads to the so-called 
canonuxU distnbulion We seek to identify the paiamrLcre entenng 
into the dibUibution, i c , 6, and log Po oi log Vf, with observed 

piopertics of the eyslLm being desaibed This is done by showing 
that lelaLions satieficd by these quanUties aie mathemabcaliy of the 
same form as the impoitimt lliei modynamical relations among the 
state Viiriablcs of the system in the Ihci modynamiLal mode of desa ip- 
tioii This provides one statistical intciprctalion of the maunoecopic, 
thcnnodynamical pr operlics of physical systcnib *1 ho scheme has been 
uitiu/cd finm scvtial points of view, notably because of the use of 
Stilling's formula in its malhcmalicai devi'lopmriiL to evaluate no 
matUi what the value of AT is T1ii<i ha<) led to an olLcmaUve formula- 
tion, namely the mcUiod of Dai win and Fowlci , which we shall diBCUSS 
in the follow ing < hapUM 

T he method ol GiIiIts dcx» not opeialc with the actual system being 
diBcuiiacd Rather it builds an abbtiacl ensemble to lepicsent the 
bchavim of the sybUm Tlie bulihcqucnt aniilybib is cai iicd out wholly 
with the ensemble and the connection with the pi operUes of the actual 
sysUni lb made solely thiough the fundami iiLil postulate of Sec 6 
Thus aviiagtb taken ovii the cnfacmblo aie conccivid to lepiesenl 
obsci vid valucb ol the coricbponding quantities foi the actual system 
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This places extreme importance on the choice of ensemble. Gibbs's 
choice of the canonical ensemble (he made little use of the micro - 
canonical ensemble) must be considered a stroke of genius. Operating 
with it, he was able to provide an analogy for all the thermodynamics 
which was known at his time- It is interesting to observe that he made 
no effort to build a model mechanism for the physical system under 
consideration. The canonical ensemble is in no sense a model. It is 
an abstract fiction, having no physical existence. Of course, it is true 
that to calculate averages over a canonical ensemble, one needs the 
Hamiltonian function of the system being described; this marks 
Gibbs’s scheme as lying wholly within the framework of classical 
mechanics. The Maxwell-Boltzmann method is not subject to tins 
particular restriction as it can envisage the distribution of any set of 
entities whatever. In one sense, therefore, the MaxwelhBoltzmanii 
method is more general than that of Gibbs. On the other hand the 
Maxwell-Bolt^mann statistics is more specialized in the sense that it 
operates only with free particles and thus neglects the possibility of 
their mutual interactions. The attempt to apply the Maxwelh 
Boltzmann statistics to a real gas, for example, necessitates tlic 
introduction of mechanical concepts and the postulation of forces 
lying outside the framework of the method itself. Indeed it involves 
essentially the application of some kind of kinetic theory. The method 
of Gibbs, on the contrary, is general enough to include all sorts of 
dynamical systems within its scope. 

The comparison between the two types of statistical method will 
hardly be complete, however, without an exposition of the Darwin 
and Fowler modification of the Maxwell-Boltzmann scheme. This 
will form the content of the following chapter. 

PROBLEMS 

1. Apply Euler's theorem on homogeneous functions to deduce eq, (22). 

2. Write the expression for the kinetic energy in terms of spherical, cylindrical 
and paraboloidal coordinates. Evaluate the component conjugate momenta in 
each case and comment on their physical significance, 

3. Prove that the canonical equations arc invariant in form with respect to an 
arbitrary point transformation of generalized coordinates. 

4. A particle revolves in a circle about a fixed axis. Plot the representative curve 
in phase space. 

5- A particle moves along a straight line in a uniform field of force. Plot the 
representative curve in phase space under the assumption that the particle is not 
allowed to exceed a certain maximum velocity. 

6 » A particle moves along a straight line in a field of force directed toward ei 
fixed point on the line and varying inversely as the square of the distance from the 
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point Plot tho lepraontAtivc cuiVQ in pha« ipAce under tho anurapbon that tho 
partidfi u confined to a legniuil o( lon^h non Dithor auto of the flxod poomt AMitna 
that the total energ> u DBg^trm 

7 In the cam of the timple hirroonic oaollator ferm the mtagraij^ pdq, wluch 

u anppooed tobe tafann GW a wholepheie curve Tins la cmlled the phw intEgral 
What allowed margum of the OKillator ctarupood to equating the phaae lategral 
to nk, where h la PlancVi amacant of adjon and n u integral? Do the nine problem 
for the nmple rotator menboned in Problem 4 above 

B Find the ezprmnoa for the average energy over the canonical Buemblo oor- 
[oapondiDg to a ainiple Toiator Do the o me for a micrmnonical ensemble 

9 Ducum tho phaae apace fa mvem aquare ctaitral field moUon in tarma cd 
aphencai coordioatea NB This m, of courvo, four dimenaioiul, but nnca in 
cBntrel field motion la oonatanti one can adequately repraaent the aituatioa by a 
three dimeoiianal phaae apace, by employiTig f, f, and Pr M ooardmatea Plot the 
nirfaoB of conatant energy in tim apace Iiuliate the phaae curvn on this aurface 
10 UnGiUi^a method toabow how Liouvilla'a theoieiii maybo avdtDprovetho 
faiTanancE of the etemont of vohime m phaae apaoa with rcapect to an arbitraiy pomt 
tnnafarmatKBi 

IL A particle movea m an snvene equara central force field m on elliptial ochtt 
with the force mnter at ono focui Find thr mrpreaaion for the profanbiiity that the 
psinde will be found with ita radiin vccior lying in the interval r, r + dr 

13 Prove that the Lanonical average of the energy of the aunplc hoimonic oscil- 
lator la equal to the modulus 0 by evaluating 

/r f <fp <*9 

J'~ f*' dp iq 


13 Calculate the root nican-aquaie deviation of the enugy from the canonical 
mean fa an oggregBle of simple hiixnoniL osallaLuis 

14 nvalualo the momenLom bpaoo volume m eq (112) duuily by tho uaa of 

Uk, gamma fuoctioa r(s) “ f s"“*a“*dv and the b<-ta functjoii n) - 



s}--'dr (a £ D WjIkui, “Ailvanud CakuluV P 178 Gum 


■ nd Co, 1912) 

IB Evaluate (So. 11) for a system consisting of a aingic partidB with 

three degrees of freedom vheio A 1 01 Do the aamo for a ayatem of 100 

parlidcs _ 

16 Piovo that (See 13) la n mivinuin for a unifam distribution of the ele- 
menta of on ensombk. in plusL apoxe is comp and with any other diati ibution of the 
aaiDo number cd dements and corresponding to the aamc valno of the avuroga energy 




CHAPTER VII 


STATISTICAL MECHANICS BY THE METHOD OE 
DARWIN AND FOWLER 

1. FUNDAMENTAL CONCEPTS 

The basic statistical concept in Gibbs's statistical mechanics is the 
ensemble. This is abandoned in the more recently developed method 
of Darwin and Fowler ^ and we must understand clearly the significance 
of the change. Gibbs considers a system of / degrees of freedom and 
proceeds to construct an ensemble whose elements are exact copies of 
the system in all its possible phases. On the other hand, the Darwin- 
Fowler method visualizes the system in question as made up of a 
large number of independent constituent systems, e.g., N in number. 
In their notation the N constituents together form an assembly of 
systems. At any instant the state of the assembly depends on the 
states of its constituent systems and quantities representing properlies 
of the assembly are averaged over all possible states of the assembly. 
For a concrete example, suppose that a perfect gas consisting of N 
free mass particles is to be described statistically. Each particle will 
be considered a constituent system of the assembly, the latter repre- 
senting the gas as a whole. The state of the gas depends on the state 
of the constituent particles and since each particle is capable of existing 
in various states characterized by different position, momentum, 
energy, etc., the corresponding states of the gas, i.e., the assembly, 
are very varied. 

It is evidently necessary to make clearer what we shall mean by a 
stale. Let us suppose that the property in which we are interested is 
the energy. The state of the assembly would be ideally specified by 
stating the precise energy value of each constituent system. Since in 
practical applications the constituent systems are very numerous and 
since in general they are indistinguishable, e.g,, all particles of the 
same nature, this mode of specification is impracticable. We there- 
fore fall back on the specification of the fiumbef of constituent systems 
in each allowed energy interval. Effectively the situation is like that 
envisaged in Sec. 1 of Chapter IV, where we considered the distribu- 

^ R, H, Fowler, ** Statistical Mechanics," second edition, 1936. Cambridge 
University Press, The original joint papers date from 1922. 
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ISS 


txm of N indiBtmgiiulmble objects among n boxea The N objects 
oonatitute the aBsembly and the m boxes are poaaible or allowed energy 
values As far as claiwirnl Btatiabcs is concerned these energy boxes 
may be of arbitrarily amaJl aize and continuously distiibuted Accord- 
ing to the quantum mechanical point of view, however, the allowed 
eneigy values may be discrete, conespondmg to a lower limit to the 
sue ci the boxes Since we shall ahoi tly have occasion to apply statis- 
ticB to problema treated by the quantum theoiy we shall tab from tbs 
start the geneial point of view 

It IS well to emphasize that, like the Maxwell-Boltzmann method, 
the Darwin-Fowler statistLcs m the form presented here operates with 
independent constituent systems It is (Hily for these that one can 
talk of the number of systems m each allowed energy interval, etc 
Any attempt to generalize the method to apply to interacting oon- 
stituent systems would appear to necessitate the introduction of 
Gibbsian ensembles (cf Sec 6 of this chapter) 

As m Chapter IV we shall assume that the mdividual possible 
energy states or boxes have oei tarn a pnon probabthiut or dsm^niary 
weights associated with them which we shall designate as go,gi gj 

We generalire the eaiiiet discussion by refraining from aettmg a limit 
to the numbei of posmble xtates In the discuamon of quantum 
statistica (Chapter ^11) it will develop that the ekmentary weights 
of the energy states of a quantum mechanical system are always 
mtegers On the other hand, in classical statistics the elementary 
weight associated with the element d4> m phase space is where 
A* merely represents the unit volume m phase space and k is Planck’s 
action constant The indusion of the divisor A* is to secure the 
ncceabarynon-dimenaionfllitym the weight (Cf Sec 14, Chapter VI ) 

We are now ready to wnte the expression for the probability or, as 
m shall now call it, the weight to be associated with that stats of the 
assembly in which, of the N constituent b) sterna, are m the energy 
state £oi m -Ei, Nj m £„ etc This follows immediately from 
eq (6) of Chapter IV with appropnate change m terminology If 
the weight m questioa la denoted by W, we have 


W~ 


^'11 iT’ 



( 1 ) 




where 


( 2 ) 
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the fixed total number of constituent systems in the assembly, and 



(3) 


the fixed total energy of the assembly. 

Now we want our statistics to give us the average number of con- 
stituent systems in any particular energy state, say that corresponding 
to Er, subject to the conditions (2)_and (3). Evidently to get this 
number, which we shall denote by iVr, we must first multiply iVr by 
the weight W and sum over all sets of numbers Nq, iVi • • • Ny • • • 
satisfying conditions (2) and (3). Then we must divide the result by 
the sum of all the Ws consistent with (2) and (3). In abbreviated 
symbolical form 


Nr 


'ZNrW 


(4) 


To grasp the significance of the method it is essential to understand 
the meaning of the sums in the expression for Nr- Going back to (1) 
we see that a value of W corresponds to each mode of distribution of 
the N constituent systems over the energy states. To get we 
must add all these various values of W for all possible modes of dis- 
tribution consistent with (2) and (3). This gives the denominator in 
(4). The numerator is obtained likewise, only before summing we 
multiply each value of Why the Nr which is appropriate to that value. 
The remaining problem now is the mathematical evaluation of these 
summations to express the value of Nr as a function of the elementary 
weights and the energy Er associated with the rth state. We shall 
discuss this in the next section. 

At this place, however, we ought to notice the difference between, 
the method of procedure here and that followed in Chapter IV in the 
treatment of statistical distributions. There we made W (or its equiv- 
alent P^) a maximum subject to conditions equivalent to (2) and (3). 
This resulted in the so-called canonical distribution (eq. (27) of Chap- 
ter IV) ; it was assumed that the number of systems associated with 
a particular energy value in this distribution would correspond to 
the observed number when the system was in a state of equilibrium. 
We then used this number to compute average values, e.g., the total 
energy under various assumptions as to the possible energy values. 
The Darwin-Fowler method proceeds differently; average values, e.g., 
Nrt are calculated directly without the necessity for maximizing W* 
We shall find to be sure, that these average values will agree with 
the corresponding distribution formulas of the Maxwell-Boltzmann 
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statistics as well as the averages calculated on the basis of canonical 
ensembles in Gibbs* statistical mechanics. Nevertheless the variation 
in the mathematical machinery used provides an interesting check on 
the other ways of looking at the problem and certain questionable 
approximations, e.g., the wide use of Stirling’s formula for iV! in the 
analysis of Chapter IV can be avoided. In this way our confidence in 
the statistical point of view will be strengthened. Moreover the 
method of Darwin and Fowler provides a very natural introduction 
to quantum statistics, used for most contemporary problems in statis- 
tical physics. 

2. EVALUATION OF AVERAGES 


Our next problem is the purely mathematical one of evaluating 
the sums in (4). First consider 




NolNi\---Nr\ ‘ 


(S) 


We attack this by means of the multinomial expansion, 
the binomial expansion 


(zq + Zi)^ 



m 

No'. Nil 




First recall 


( 6 ) 


where No + Ni = N and the sum is taken over all No and Ni satis- 
fying this restriction. By a simple generalization 


(Zfl + + 22 + • • • +2r + • • • 



NI 

NolNil--- Nr'.--- 


40 (7) 


where the summation is taken over all iVo, Ni • • • iVr, • • • , etc., satis- 
fying the condition XNj = N. The connection between (7) and (5) is 
obvious, but we have still to introduce the f’s and the condition 
XNjEj = E. We do this by taking the expansion 

(£ 0 ^° + + • • • + +•••)" 



ivd 

iVo! JVi! ••• AT,! ••• 


( 8 ) 


If no further restriction is placed on the Nj beyond that implied in 
eq. (2) the sum on the right of (8) contains all powers of z given by 
If now we wish to restrict the Nj further by the condition (3), 
where .E is a constant, the only terms in the sum on the right of (8) 
which interest us are those in which z is raised to the power E, The 
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sum of the coefficients of all these terms is then outlaw. It follows that 
coefficient of 2® in the polynomial expansion in 
eq. (8). If we can find some way of evaluating this coefficient we 
shall have found the desired expression for SW without employing 
Stirling s formula. 

Consider the contour integral in the complex plane 



where s is the complex variable x + iy = r(cos 6 + isin 6 ) and the 
path of integration C is a circle of radius r about the origin. More- 
over n IS an integer. This integral may be evaluated by means of real 
integrals by transforming to the equivalent polar coordinates. Thus 
dz — r(— sin ^ ^ cos 6 )dd^ whence 

(cos « -f- i sin e)”+^de. 

By Utilizing De Moivre’s theorem 


(cos d + i sin 0)” = cos nd + i sin nd, (9) 

J^z dz = [cos {n + 1)^ + ^’sin (n + l)d]d$, 

cos (» -t- V)edd = jT sin (« + \)ede = O for « 5^ - l, 

e 

cos (» + l)ede = 2r for M = - 1 and f sin (m -|- i)ede 
0 for » = -1. Hence we reach the general conclusion that 
z^dz = 2'Ki for n = — 1, 


we have 


But 


while 




= 0 for « 7*^ — 1. 


( 10 ) 


It follows that if we integrate (S&s^O^ about Cand divide by we 
shall obtain the coefficient of in the expansion. This of course 
assumes that all the exponents in the expansion are integral. To 
^sure this all we need do is to choose our unit of energy so small that 
actively can always be represented to a sufficiently high 

degree of accuracy as an integer. We want, however, the coefficient 
Of z , We must therefore integrate about C to get 
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the coefficient of ^ in the expansion us call the sum 

in the parenthesis for convenience, Z, viz., 

Z = S&A (11) 


We shall follow Darwin and Fowler in referring to this as the “ par- 
tition function.” * In this notation, then 


XW 


_j_ 

“ 2irt Jc 2 ^"^^ ’ 


( 12 ) 


We must next find the numerator in the expression for Nr- On mul- 
tiplying the summand of (S) by Nr and then cancelling it in numer- 
ator and denominator, we obtain 


XNrW = 


No\Nx\--- {,Nr-l)\Nr+l\--- ’ 


(13) 


where the summation is still to be conducted over all Nq, Ni ••• Nr 
consistent with conditions (2) and (3). Let us now introduce a new 
set of numbers Mq, Mu • • • Mr, ■ • * defined by 


JkTo = Nq, Ml = iVi, • • • Mr = iV^r - 1, M ,+1 = iV,+i, . • 


Then 'LNrW may be written 

XNrW - Ngr2_^ ! M, ! • • • Jlf- ! • • • 


(14) 


where the summation is now conducted over all Mo, • • • Mr • • • con- 
sistent with the conditions SMy = N — 1 and XMjEj = E — Er. 
The previous analysis now indicates that 'ZNrW is Ngr times the coeffi- 
cient of 2 ^“^** in the expansion of Hence 


SiVrTT 


f 

liriJc ; 


yN-l 


dz 


-Er + l » 


(15) 


and the average quantity we desire is 



The evaluation of the integrals in the numerator and denominator of 
2 In Fowler, op. ciL, p. 38, /(z) is used to denote the partition function. 
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Nr is carried out by the method of steepest descents, which will now 
be described.® 


We consider the function 
<t>(z) = 


- ^SNiEj/N > 


(17) 


which can be written in the alternative form 


4>iz) = 


(go + + • • • + + • • •) 

„(.No/N- l)Ea+Ni/N-Ei+ ■ ■ ■ +Nr/N •£,+ ••• 
z 


It is clear that we can split cj>{z) into two sets of terms, one a series of 
negative powers of z and the other a series of positive powers. Thus 


<t>(z) = 


i=0 i=n+l 


(18) 


We recall that the g's are all positive integers as are the exponents 
kj and li. It will be noted that we can always arrange our zero energy 
level so that all the Ej are positive and increase monotonically with j. 
Consider the behavior of (l>(z) on the real axis. At z == 0, <l>{z) is cer- 
tainly infinite owing to the presence of the first term in (18). At 
z = 1, </)(z) is again infinite because the second term diverges for z = 1 

oo 

(being gi.) Let us now differentiate <l)(z). We get 


d<t)(z) 

dz 




( 19 ) 


Now as z goes from 0 to 1, both terms on the right side of (19) increase 
monotonically. This is shown diagrammatical ly in Fig. 7 • 1 where 
A is a. schematic representation of the plot of for real values 

of z between 0 and 1, while B represents — in the same 

interval. A schematic plot of (^>( 2 ) is also included. There is only one 
value of z between 0 and 1 for which d(t>{z)Jdz = 0, and here ^{z) 
will have a minimum. Let us call this value z = f. Going back to 
(17) we have then 

f U,Zj / LL’A / 1\ \ 

= 0 , 

■r 


(dZ/dz EZ/N\ 


or 


E = 


NndZ/dz)f 

2(f) 


= JVf 


^ log 2(f) 

di 


( 20 ) 


which acts as a defining equation for 


•The method was apparently first described by P. Debye, Math.. Ann., 67, 535 
(1909): Munch. Sitzungsherichte, 40 (1910). See also E. T. Copson, “Theory of 
Functions of a Complex Variable,” p. 330. Oxford, 1935. 
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Now consider the circle in the complex plane with center at the 
origin passing through the point 2 = f. This circle is represented by 
the equation z = where a is the angle about the origin measured 
from the real axis. We seek the behavior of [^(z)]^ = [Z( 2 )]^/ 2 ^ on 
this circle, where 

[Z{z)Y = (21) 


If we write out the sum in the bracket in (21) it will have both a real 
and imaginary part. The absolute value of this resulting complex 
expression becomes 

I 2(z) I = cos « (£,• - £i). 

For a 7 *^ 0, I Z{z) | is less than its value for a = 0, unless for all the 
values of Ej there exists the relation 

ot{Ej — jEjfc) = 2irw (22) 


for all j and n being any integer. Consequently if the condition 
(22) is not fulfilled, the abso- 
lute value of Z(z) will be 
greater at z = f than for any 
other point on the circle 
z ~ Therefore if N is 
large, [Z{z)]^ will have a 
strong maximum at this 
point. For this reason 2 = f 
is known as a saddle ” 
point, since whereas it corre- 
sponds to a minimum on the 
real axis, as we go away in 
either direction from the real 
axis the function falls away 
very steeply, the steepness 
increasing as N increases. We 
shall suppose that N is so 
large that the value of [Z{z)]^ 
and hence the value of [<#>( 2 )]^ 
at any point on the circle save 
the saddle point is negligible. 

If this circle is chosen for the 

contour C, the value of the integral in the numerator of (16) becomes 
effectively 

( 23 ) 



Fig. 7-1 
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since the value of will have no appreciable effect on the integral 
save for » = f . This enables us to express the average value iVr at 
once in the form 




(24) 


J r 

' should be noted 

c ^ 

that strictly speaking what we have said above about the saddle 
point corresponding to nauch larger values of [2(js)]^ on the real axis 
than for points just off the axis also applies as well to other points on 
the real axis for 0 < 0 < L However from function theory it follows 
that the result of the integration is independent of the precise contour 
around the origin. Hence we are at liberty to pick that contour for 
which the integration is simplest. This proves to be the case for the 
contour passing through the saddle point. It is usually assumed that 
the descent from the saddle point is steepest (cf, Fowler, op. 
p. 36) and indeed this seems qualitatively to be the case, though we 
shall not endeavor to give a proof of it here. Th^teepness will 
naturally improve the accuracy of the evaluation of Nr by means of 
contour integration. 

We have still to examine what happens when eq. (22) is satisfied. 
It will be noted that this will be true only if all the differences Ej — Eh 
have an integral common factor, say /. For then (22) will hold for 
(x/It \/ly 2/1 ‘ ‘ • (I 1)//. Consequently instead of only one 
maximum point on the contour circle there will be I such points. 
The result is to multiply the integral in (23) by but since numerator 
and denominator are multiplied by the same quantity, the value of 
Nr given in (24) is not affected. 

The contour integral for 2P7 will be of importance in the subse- 
quent analysis and we shall therefore evaluate it here. Let us expand 
log [<#i(s)]^ in a Taylor series about the point z - f and along the 
circular contour. We have 


log [.^(s)]*^ = N log 0(z) = 


dz^ 


+ 


(25) 


But at z == f, has its minimum and therefore the coefficient of 
z — f vanishes. Moreover if s — f is small enough we can replace it 
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ty U3t to a Bufiiciently good appimunation Hence we have 

loff [*(■)]'' - w jiog ^ y/+(r) + I 

tr 


[*(«)]" 






(26) 


nadcntally thu urvcs to exemplify the laige rate of dearease of 
for N wry lajge ds one pdBBes from 0 — f to aome nearby 

mluc 

Wc now have, wiiUng ds ^ u da, 




(27) 


ffhfirc we have availed ouiaclveB of the posaibihty of conducting the 
otcgration about any conveniLnt paLli which paeacs through a " f 
(wlteie a ■■ 0) Binoe the integiand ib exLicmcly Bmall save at thia 
point The Iimita aie choacn as + oo and — oo foi Bimpliuty alao 
Tile robulL of the inlcgiation ib 



Let ua return to the fnimula (21) which givc«) the avcioge number 
of sy^li*mfa in the abscmbly in tlic eneigy sUU It ib the dibtnbu- 
iioii law Evidently if w sum ovci all r wc must get N Thia 
condition iDclccd ib batibficd by (2 1) since 



r 


(29) 


The prcBcncL of tlir p.uamcU i { and lIk [uu ULiun function Z(f) makcB 
the distiibutiun Ihw tipix^ai a liltli sli«iiig< i ispiciiilly as it was said 
above that the Uaiwin-l'uwh i hk thncl kails to esscnlially the Bamc 
icbulL as the canuniial clisLiibuluui in the Ma\wL ll- Bolt/ man n btalis- 
tics liowcvci wc iccall that tlu laltei uivoivta tJic parameter 6 
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which we have found it necessary to interpret as kT in order to estab- 
lish connection with experimental results. If we now set 

f = e-i/e = ,-iAr (30) 


(24) becomes 






(31) 


in precise agreement with the canonical distribution (27) or (270 of 
Chapter IV (making allowance for changes in notation). We shall 
shortly present independent reasons for making the assumption (30). 
To do this we shall find it necessary to discuss assemblies consisting 
of more than one kind of system. 


3. ASSEMBLY OF TWO KINDS OF SYSTEMS 

In place of an assembly consisting of systems all of which arc of 
the same type, let us imagine an assembly in which there arc two 
kinds of systems. The analysis can be readily generalized to any 
number of types, but we shall find it convenient for the sake of sim- 
plicity of notation to confine our attention to two. 

Let now the number of systems of the two kinds be Ni and iVa 
respectively, where 

Ni + N2^ N. (32) 

Of the Ni systems of the first type, let Nio, Nn, Ni 2 y ‘ ‘ , iVir, ’ • * 
the numbers in the energy states £io, Eu, * * • respectively. 

Of the 7^2 systems of the second type, let 7^20* ^ 21 » ^ 22 f • * • , ‘ * 

reside in the energy states £ 20 , E 2 it * * *, E 2 rt ‘ ‘ * respectively. Note 
the necessary change in notation from Sec. 2 in order to denote? 
adequately the two types of systems. The a priori weights attached 
to the energy states of the first type of system are now ^ 10 , gut ■ 

girt ■ ‘ • and those for the second type of system g2o> ^ 2:1 * ' * > g 2 n • * • • 
Clearly we have the relations 

i i 

= E. 

s J 

Here E is the total energy of the assembly. The cqs. (33) repl.-ut! 
the two equations (2) and (3). 

Our first task is to express the weight to be associated with tin? 
state of the assembly in which Nio systems of the first type are in 
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the energy state Eio, Nu In Etu •, Nm m etc. From the 
analyuB ol Sec 1 this weight u eTpreauble in the foim 


-=-i — - ' 

TLn^' 


N»j' 


(34) 


The aoeragB number of byetema of the firet kind in the enej^ atate 
Eir IB then and ita value is given by 

^NuW 


fTTr- 


XW 


(35) 


The procedure for the evaluation of Nir follows that employed m 
Sec 2 Thus we use the polynomial expansions 


(sgiV^)''* - 53 


n^' 

I 








(36) 


(37) 


The product of (16) and (37) la 
(2gu«*‘0'^‘(£gi^)''* 




11"'-' EL"* 




(38) 


By pica<)cly the aami leasoning as in See 2, iL follows that the denom- 
inaLoi in the cxpicsbion foi Nn w , 2311^, «» the coelBcicnt of £* m 
the cxpanaion (38) Moreover the numei atoi can be handled in amu- 
lai fashion Let us wiite 


The iGsult IB that 




a- •*< 


TVlr- 


zf'zy* 

s' " 


d% 


~Tww~r 


(39) 


(40) 
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The application of the method of steepest descents with 


yields finally 




where f is the value of z which makes «F(je) a minimum on the real 
axis. Similarly 

with the same since there is again only one minimum for on 
the real axis between 0 and 1. Since 


= 0 for 2 = f , 


we get the relation 


E ^ Ni^ -j: log Zi + iV2f ^ log Z2- 

Each term on the right of (43) is of the same form as the expression 
for E in an assembly of systems all of the same kind, viz., eq. (20). 
This leads to the expectation that each term in (43) may be looked 
upon as the average energy of the type of system it represents. This 
can be verified as follows. From the definition of average we have 

_ ZWlXNuE,;) 

The evaluation of the numerator is carried out by differentiating both 
sides of eq. (36) with respect to z and multiplying the result by z. 
Thus 

A7 ,TT \ 


=y i XJ L 

Multiply further by Z^^ and get 

zS' — ' w - : 
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rhc coefficient of s' in the CYpansion on the right ib preoacly the 
lumeratoi of E\ Hence we again apply the contour integration and 
lave 


f da 

^ Jr da 

J^Zf'ZrVc^+^ da 






(47) 


dz 


The method of sLccpcsl deciecntB api^lied lo (47) then yieldfl 


£i - A7j-j^logZi(r), (4a) 

which providcfl the con Hi motion of oui suimi&o above that the total 
energy lb the sum of the average energies of the component aaaembliea 
of diAcMenl lands of sybtems 

We 01 c now icady to givL bomr icasons foi the asBOCiEtion of J with 
the absolute Lcmpciatuic of the oesLinblv a& asbumed in cq (30), viz , 
f — Suppobc we Lonsidti hist an assembly conusting of N\ 

syaUms of only one kind The avciage numbu of bucli ayBlems in the 
fth eiicigy blaU is thin gmn by (42) (with f ■ fi) 


whcic fi ifl given by 

ii - ^ifi:^iogz,. CiO) 

dfi 

the londilion that h shrill piovide tin. muiimum value of " 
Zi(b)/3^^^* along thi iimI jms Cnnsidci next an obscmbly of N 2 
s\sU.'Tnb of a ^ a>nd kind in whali the LoiEcsponding avLiagL diBtiibu- 
lion IS given by 

with Ji LOiitsixjiidiiig lo th( minimum valiiL of +5(2) “ Za(B)/e^*^^* 
on thi iial axis Noti, of coui'a, lhaU in gcncial it is uniieoLbsary 
that ft " fa Howtvti if the Iwo abbcmbliCB cUi bi ought tngLthci and 
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form a single assembly in equilibrium, the values Nu and JV3, alK>vc 
given will necessarily be special cases of 

Nar- , ( 52 ) 

in which a — X and 2 respectively for the two types of systemH an<l 
f is one constant which is the same for both as long as they am in 
equilibrium. Hence when two assemblies in contact are in 
librium, they must have associated with them the same value {)f f. 
This at once suggests the possible connection of f with the hmipcrii- 
ture, since thermodynamically speaking it is the temperature wJiic li 
is the same for thermodynamic systems in equilibrium. It must also 
be remarked that from definition f must be a positive quantity. 

We should be more specific. Consider an assembly of linear eimpli^ 
harmonic oscillators. We shall suppose there are two types, one witii 
frequency Pi and the other with frequency >^2- Let the numbers of 
the two types be Ni and respectively. Now tlie study of quautimu 
mechanics reveals (cf. Chapter VIII) that the possible energy slate « 
of a harmonic oscillator do not form a continuous series but are cli^i- 
cretely distributed. In fact we have 

- (J + : ^ 2 / - (j + i)hP2^ ( 53 ) 

At the same time the a priori weight factors are all unity. Thus 

gi/ = = 1, for all j. (5-1) 


Consequently the partition function ^i(f) becomes 
2i(f) « 

j i 

Since - 1/(1 — if j runs to infinity, we have 

y 

Zxii) 


h*'x/2 


and similarly 


^2(f) - 




^ jAfi » 

^A*'2/2 

r - 


(55) 

(56) 


The fundamental distribution formula (52) with the appropriate siili- 
stitutions then yields for the average number of oscillators of the two 
types in the rth energy state, 


iVir = Ni{l - 

nz = iVgfi - 


( 57 ) 
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The average eneigy values aie 
with f 1 " f The result la 

given 

by Bubstitutum mto eq 

(SO) 


'^+ 

\ 

(SB) 


- 1/ 




(59) 

.2 + 

- 1/ 


Now El includcfl both tha kinetic and potential eneigieB, which in 
dBBBical mechanioa are each equal on the average to kT/2 per pai tide 
(equipartibon of eneigy) When vi and Fa appioach zeio we ahould 
eTpect the reaulta of quantum theoiy to appioach thcne of deamcal 
theory Hence in the limit 


E\ Em 

lim -rr - *r - lim ~ 

»i -» 0 P| -» 0 "s 

(60) 

Now fiom (58) and (59) _ 


^ - 

n-oJVi logr 

(61) 

This follows from 


1 _ + .. 

(62) 

By companaoD of (60) with (61) we get 


r - a-"'*'. 

(63) 


aa the indicated expreeaion foi In the next aection we shall give 
still anotbci demonstration of this iclation Foi the moment let us 
note that the above difacuasion need not be confined to a linear hor- 
moil 1 C oficillatoi , the two- and lhiec-<iimcn<iu>nal cases aie also easily 
handled The leadei may show that for the two diincnaKnial obcil- 
laUMi foi which Ej ^ (j + 1)Af from quantum medianica and gj « 
j + I| the peitition funcLion becomes 



(64) 

and the aveioge encigy bccomcb 



(65) 


Here we have foi convenience omillcd the subuiipl denoting the type 
of syiilLm in quebtion Thia leads to picubcly the fedme connection 



170 


THE METHOD OF DARWIN AND FOWLER 


[ClL VII 


between f and T that we found in the one-dimensional case. For 
now 

E 2 

logr 

but since the oscillator has two degrees of freedom, in the limit of 
vanishing frequency its energy becomes 2kT, and (63) is again 
obtained. 

For the three-dimensional oscillator, quantum mechanical reason- 
ing ^ indicates Ej ^ (j + 3/2)hv and gj = 1/2 '(i + l)U + 2). The 
result for the average energy is 

and again (63) is found to be satisfied. 

The reader will find some interest in comparing the average energy 
for each type of harmonic oscillator obtained in the present discussion 
withjhe canonical distribution formulas in Chapter IV. Thus express- 
ing E in (65) in terms of T, the two-dimensional oscillator average 
energy is 

which is precisely the form of eq. (47) in Chapter IV with © 

It must be realized, of course, that E in (47) corresponds to our E/N' 
in (67). The physical significance of average energy expressions like 
(67) will appear more clearly when we study the quantum statistics of 
radiation in the next chapter. 

4, STATISTICS OP AN IDEAL OAS 

Consider an assembly of N particles each of mass 7n and with 
negligible mutual interaction forces. The particles are confined in a 
vessel of volume r. This can be represented symbolically by assuming 
that the potential energy for any particle is V(Xi y,z) — 0 evci-y- 
where inside the vessel but rises abruptly to infinity at the wails 
and maintains this value everywhere outside, implying that no par- 
ticle is able to escape from the vessel. In applying the Darwin - 
Fowler method to such an assembly the essential matter is the evalua- 
tion of the partition function Z (eq. 11). The energy values Ej no 

^ Cf. for example, L. Pauling and E. B. Wilson, " In trod not ion to Quantum 
Mechanics,” McGraw-Hill, New York, 1935, p. 100. 
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longer foi m a disuclr bet but aiL continuoiibly diBtiibutcd We have 
indeed 

E^-^{A + A + A)+V{y,y.M) (68) 

If yte Buppoet thAt the phase bpdLe of the BMcmbly la divided into 
oella with phase volume Aj, where 

Aj “* A/>,j Apgj AXj Ayj A^, (69) 

end aoaign one art of momLntutn and cooidioate values to each oelli 
we can wi ite 

Iij^-^Ui + Pl + Pl) + Vixj, yj, M,) (70) 

Fiom Sec 1 the ck menlai y wc ighla aic given by 



The paitiUon function for this cell dislnbution becomes 

Z' - 4 ZAy^i# * ^ (72) 

hr 

As the cells dcuiase m biA and increase in numbci Lhi sum alx)ve 
goes into an inUgial ovei the pha*^* spiiu., vi/ , 

^ “ P ffJ *' ’’ 

where, (il ctjuisi , il IS cM.iiLjal not to confuse the s whicli is the btiuc 
inckpcndcnt Vcuiabk in Z with the bpatc ux)idLnatc i The volume 
integiaUun is to Im conducU^ ovu iJie >%holi ph>sical voluinc t and 
the momenLum intcRjation fiom — » to H oo foi each compouent 
Ihis cspieshiun C4U1 lx. iiiiiUrially himphficd by noting that 

J'J'J 3 ^^' d\dy dz ^ T, (74) 

binoc y -■ 0 (Vtiywheie insick the vibsel Iheicfore 

h'ffJ 

If we uliliA ihi fact that 
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we can express the partition function in the form 
4-<o 

•~*oo 

which at once yields 

_ T / Itrm 

Vlog l/z) 


( 76 ) 

( 77 ) 


In the interpretation of this expression it must be recalled that I s f<l* 
We can now use the fundamental formula (24) to obtain the average 
number of particles in the phase element dp^^dp^pf^ dx dy dz, Tiiis 
number is where 


AN 


TV 

If J 

r / 27 r;w Y^ 

1? ’ Mog 1/f / 


( 78 ) 


Therefore the probability of finding a particle within this phase ele- 
ment is 


P 


AN 

N 


(log 1/r)^^ 


• !:(f^r+pl+pl>/^'-.dp^ dPy dp, dx dy dz. 


( 79 ) 


The probability that a particle shall have its momentum components 
included in the interval p^i px + dp^^ with no restriction on its posi- 
tion in the vessel, etc., is then 

P' = Jj'J Pdxdydz (80) 

Placing px “ mvx,t etc. and ^ ~ from (63), we obtain P^ in the 

form of the Maxwellian velocity distribution already discussed in 
Chapter V (cf. eq. 51 of that chapter) and again by the Gibbs method 
in Sec, 10 of Chapter VI, viz.. 


Again we see that the connection between f and T in the form 
f jg definitely indicated. Still another way of looking at the 

same matter is provided by the classical equipartition principle, which 
in the present instance takes the form 


E = 


zmr 


( 82 ) 


2 
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Let us calculatB E on the Darwm>Fow]er msdiod and ase what foim 
i must have to aabafy the equiparbUon pruiaple We have 

E-w|;logZ(f) (83) 

If tho reader Bubalitulea for Z the value given in (77) end perfornii 
the uidicatod operBliona he will come out with 

E-|j\^(log^)"‘ (84) 

Equating due to 3/2 NkT givea again 

r - (8S) 


which oomplfitea our validation of the connectidn between the Darwin- 
Fowlci parameter f and the absolute tempeiature 

The readei will probably have noted the doae ooruiecti0n between 
the partition function (77) and the so-called distnbuUon function 
obtained m Sec 4, Chaptei IV (eq 63) for an ideal gaa on the Maxwell- 
Bdbmann statiatics By allowing for the diUcicnce in notation to 
the physical volume the two expicflsions aie in compfete agieemeDt 
It 10 true that the gencial dehning expiession foi Z m Maxwall- 
Boltsmann statistica in cq (53), Chapter IV, appeals not to agiee 
with eq (11) of the present chapter The reason ib to bo found in 
the difierent dehnitiona of the in the two methods In the Maxwdl- 
Boltzfnann atabstics the gj are genuine xnalhcmaUcal a prwn proba- 
bilities which aie proper fi actions, while in the Dai win-Fowlei method 
the are elementary weights which lUe integers Tins explains the 
appearance of the fartoi /i in the cailin definition of Z Actually 
there is complete agreement between the two points of view and 
fuithcr evidence of tins will appear as we proceed 

B THB COFGBPT OF SHTROPT 

We must now see how the idea of entropy fits into the Darwin- 
Fowler slatietical method Somcwhcic m the theory wa must find a 
quantity which for an isolated system tends to increase 1 hia quan- 
tity must fiiiiilly cntei into equations which arc formally equivalent 
to the alations of thcimodyn arnica 

The leader will iccoJI from Chapter VI (Sec 13) that Gibbs intro- 
duced -Av ~ — f)/^ as the staUaLieal mc^cliamcai analogue of 

enbopy 'Hus quiintiLy was found to posbcss the nccessaiy qiialiTica- 
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tions stated in the preceding paragraph* It has indeed the interesting 
property that it can be dehned for non-can onical as well as canonical 
distributions and hence applies to both equilibrium and non-equilibrium 
states. In a certain sense therefore it over predicts experience, since in 
thermodynamics the entropy is defined for equilibrium states only. 
Since the Darwin-Fowler method confines itself to the calculation of 
averages over actual assemblies of systems, where these averages are 
then interpreted as the measured values of properties of the assemblies 
in states of equilibrimti we should expect that the Darwin -Fowler 
definition of entropy will apply only to equilibrium configurations. 
This has the possible advantage that it does not transcend expenence 
like the Gibbs theory. On the other hand it has the disadvantage 
that no matter what precise definition is chosen, we cannot hope to 
show that the value of the entropy increases with the passage of time. 
All we can hope to do is to show that there is an increase in entropy 
when two assemblies in equilibrium are combined to form a new 
assembly. 

In view of the close fundamental connection between the Darwin ^ 
Fowler method and the classical Maxwell-Boltzmann statistics wa 
expect that the definition of entropy in the former will follow the 
example set by the latter. It is natural to replace the “statistical 
probability” w (eq, 49, Chapter IV) by the expression 2TF, the sum 
of weights entering into the denominator of eq. (4) of the present 
chapter. As before we shall divide '^Why N\ and finally define 

S ^ - klogNl, (86) 


where k is, as usual, the Boltzmann gas constant. The analytical 
expression for SPF in terms of a contour integral has already been 
given in eq. (12), Sec. 2, and the value in terms of the parameters 
of the assembly has been calculated in eq. (28), which we set down 
here again for reference 


where 


= [Z(f)]''r 


<^(f) 




and 4>''(S) denotes the second derivative with respect to f. If we 
take the logarithm of XW, we obtain 


log SP7 = iV log Z(f) - £ log f i log (87) 
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Let ufi look into the magnitude of the last term Subotitutioii of the 
expreeuon for given above yielda for Uiia term 

ilogZ(f) - iloK 2rN- logf + ^loff 

“ 4 log [z"(f) + 1(1 + i) f z'r^l (8a) 

The first, accond, fourth, and fifth terma m (88) aie very small com- 
pared with the fiiBt two terms m (87) Now wc wrila further 

z'd) - z"(f) - “ Dfi;:*'"* 

whence the bracket term m (86) becomes 

- 4 iogf-“ [sEjaf'* + |(i + 1) z - (i + ^ 

We can further define W such that 

whdo we wiite 

- EZ, 

where E — E/N Consequently the bracket term becomes 

-iiog[:^^E*]z + iogr 

Now ceitainly ^ is of the ordt i of magnitude of ? or smaller 
In neglecting the biackcL we shall then bo neglecting terma of the 
order of logS and iogZ which aie aniali compaied with JYlogZ 
The upshot is that, if we diaicgaid the constant term » )^log2rJV 
(which BinoB it IS a conatant will play no role in entropy changes and 
which in any caso ib small compared with the terms retained os long 
as 10 laigc), wo can gt I a vciy good appronmation to log XW by 
letnining only the fust two terms in (87) and wnting tberefoie 

logSTf - JVlogZ(f) - £logf (89) 

This should bo compared with (61) in Chapter IV 

Let ub buppose that we have two assemblies composed of different 
types of Sybil ms and imagine that the two astfmbliea are joined to 
foim a single one From Si^c 3 we are jublificd in replacing the par- 
tition function Z by ^ where Zi and Z% ore the paiUtrai 
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functions for the individual assemblies before the combination, Hence 
log ZW now becomes 

log S - Ni log ^i(f) + log Z^it) - E log f. (90) 
Here, of course, we also have 


B = -f- B2, 

where and represent the energies of the individual, isolated 
assemblies. 

Before combination the entropies of the Individual assemblies are 
respectively 

Si = k[Ni log Zi(ti) *- El logfi - log Ni !], 

53 - k[N2 log^2(f2) - E2 logi*2 - log iV2!], 


where we have used different values of f since the temperatures of the 
assemblies need not be the same. Let us find the condition laid on fi 
in order that shall be a minimum. This is clearly 


L2i(fi) dfi fjJ 


(92) 


which yields the energy value 




(93) 


which is just the energy value for equilibrium, as already determined 
previously in eqs. (20) and (48). Hence Si has a stationary value for 
the value of for which the first assembly is in equilibrium with total 
energy Bi, That this stationary value is a minimum is clear from the 
form of Si. In fact (91) allows us to write 




- A log 




iVilfi 


^ k log 


Nil 


(94) 


But we know from the method of steepest descents in Sec, 2 that 
has a mminium on the real axis for the value 2 = f i. This assures the 
minimum property of Si. In similar fashion we can show that S 2 
has a minimum for the value of f for which the second assembly is ia 
equilibrium with total energy B 2 . 

No\v let the two assemblies be joined to form a single assembly and 
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let f GDI respond to the temperature of the combined assBinbly We 
than have for the entiopy 

S - h[Ni log ZlCT) + ^9 log Z 2 (r) 

^ (£i + £ 2 ) log f - log iVi » - log Nt 1] (95) 

This can be wnllen as the sum of Si (T) and Sg (T), i e , the sum of the 
entropies of the two isolated assemblies at the same temperature, 
where, of couiee 

5i(r) - h[Ni log Zid) - £i log r - log f] 

^(r) - k[N 2 log ZjCf) - £9 log f - log JVji] 

Now we have just shown that 5i(f) has a minimum foi f » fi oorrc' 
Bponding to (93) and 5fl(f) a mimmum foi f ^ Ts Therefoie unkss 
fi “ fi " f At follows that 

5i(ri)<5i(r), si(fs) <*S9(r) ( 97 ) 

Coflsequendy except for this special case 

5(r) - 5i(f) + S2(r) > 5i(fi) + 5i(ri) (98) 

This shows that the entropy aftci the oombmation of the two assem- 
UiCB le gieatei than the sum of the individuiil cnLiopics previously Of 
couree, if the two aiisembtics arc cilreody in cquulibiium at the mne 
tempcidturL, the total cnliopy ib unchanged, m agiecmcnt with the 
usual thei modynamical icsult 

The final step is to show that the Daiwin-Fowler entropy S • 
ilog XW — h\ogN^ satisfies the fundamental iher modynamical i ela- 
tion (the first law) 

dE + Ad - TdS, (99) 

where we here icmporanly denote the clement of work done by the 
aseembly by AA to avoid confusion m notation 

Foi simpiiuty let us assume that the assembly consists of systems 
ct only one kind The possible cncigy sUtcb Ej will be functions of n 
external paiametcrs which we ^nll denolo by (i Cm o g , the vol- 
ume of the icgion occupied by the avcmbly If no external inllucnoB 
is brought to bcai on the dsscmblyi the ('s remain unalteied and with 
them the Ej values Since the paitiUon function Z depends on the 
energy slates, it likewise is a function of the fs Thus the total energy 
IS given by 

„ ^f dZ(f,ei, to 

"" z dr 


( 100 ) 
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and the change in energy associated with change in the temperature 
parameter f and changes in external parameters ran 

be conveniently written in the form 


dR = 





3^ log Z 




( 101 ) 


We calculate AA by noting that is the force associated wltli Ohs 

d^j 

dE • 

change in Ei due to unit change in fy. Thus is the woi'lc (l(nu‘ 

djj 

by a system of the assembly in the state E^ when changes by (/{>. 
The total work done by such a system when the changes d^u 
take place is then 



Now on the average there are 

TTi 


m 


(lOv!) 


systems In the assembly in the energy state Hence the total con 
tribution of these to the work done is 


^(f) ^ ” 

and the work done by the systems in all states becomes 



dEi 


dU - AA; 




(HM) 


Now from the definition of the partition function it follows that 
d 






dBj 


d^j. 


( 105 ) 
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Hence by comparison with (104) we obtain 


llerefore 




(106) 






(107) 


Now let ua go back to the Darwin-Fowler enlropy definition (86) and 
write 


5-*NlogZ-AJVirlogf 


fllogZ 

d{ 


- AlogJVt 


(108) 


The change in S ooucaponding to changea d{ and d(tt * dfn then 
becomes 


,, ..r^fogZ, dlogZ , 

AS - df- AiVlogr— 


- AN 


af ■' ar 

aiogz ^ , a*iogZ ^ 

df-ANflogf— ^dr 


+ AN 


«■ 
aiogZ 




d(j - AN{ logf 


{ri ^ 


(109) 


deduction of (109) and compaiison with (107) yielda finally 


dS 

Alogl 


Ad + AZi, 


(110) 


But since log — X/iF, this is equivalent to (99), fm ihci validating 
the Dai wm-Fowlci dt fiiiilion of c nliop> 

A simple illuslrdlion of the piuiduig considci ation^ la piovided by 
the idedl gaa of Sic 4 I ho substitution of thi pai Ltion function (77) 
into the entropy cxpicbsion (10B) immdiaUly leadb to 


S 


AN Iik; 





■{■j + hN, 


( 111 ) 


uliicli u> idcnliuil with (H8) of ( haplti IV li wc forin the total! dilTcr- 
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entialj treating r, the volume, as the sole external parameter, we 
obtain 

hNT S' 

TdS dr + f kNdT ~ ^dT + dE. (112) 

T 1 

But we recall from (82) that JS, which represents the average total 
energy, for an ideal gas is — - — and from this 

r 

From the equation of state of the ideal gas, however, pr — NkTi 
therefore kNT/r — p and pdr — dA and Eq. (113) becomes equiva- 
lent to (99). 

6. THE PARTITION FUNCTION AND GIBBS»S PHASE INTEGRAL 

The reader will have observed the close connection between the 
analysis in the preceding section and that in Sec. 3, Chapter IV. Thei*e 
we were still using tu for the statistical probability but the analogy 
between this and 2PF is very close. The question arises as to the 
connection between the Darwin^Fowler partition function and entropy 
and Gibbs’s statistical mechanics. In the first place we note the inter- 
esting mathematical similarity between the partition function 

and the Gibbs phase integral 

In fact for a system composed of free particles, in evaluating Z wo 
actually effectively computed /. It is well to note, however, that the 
two differ in their logical basis. In the Gibbs phase integral H is the 
Hamiltonian function for a dynamical system described by an ensemble 
of elements distributed throughout phase space. The various values of 
H for different parts of phase space are not different values of the 
energy of a particular component system; they refer to the fictitious 
elements of the ensemble* In the partition function, on the other hand, 
the are the possible energy values of a component system forming a 
constituent of a whole assembly of systems. We recall that it the 
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embly of component Bysteme m the Darwui-Fowlei method which 
responds to the actual syblem dcsaibed by the ensemble in the 
jbb method Hence we expect that the foimal analogy between 7 
i Z will be of validity only for systcniB which can be described by a 
ob^oan enaemble oonsliuctLd foi a single constituent of the system 
liouL botheiing to construct an ensemble foi the wkoU systenT We 
ind (cf Sec 10, ChapLci VI) thia to be poswble for a system of free par- 
ies Foi a Byalcm of interacting particlca, howevet, this proceduie 
lid not bo call icd out and heia the analogy between I and Z could 
t lx logically mam lamed Thisnaturolly will not pi event the leplace- 
nlof the summation in 2 by an equivalent in tegialion whenever this 
^vea to be Tnathematicaiiy more convenient Moicovei it ib quite 
loeivnblo that the aimplQ Darwin-Fowlei method may be geneiol- 
d to deal with syslema in which the oonbUtuents interact with each 
lei and foi which m the pai auon function tlie Ej will retci to possible 
eigy values of the whole asbcmbly As a matUu of fact Dai win and 
iwlet do ube such partition functions occnaionally Their theoretical 
lUiicatioii will picbumably lest ulUmntely on an appeal to the 
bbauin cnbembic concept 

In the next chaptci we shall considei in detail the modification 
tiocluccd into stalibUca by Uie advent of quantum nut hanics There 
> sliall fmd iL convuuent to use ob a fiamcwoik the method of 
ai Will Fowki oi its eqiuvalcnt, the clasbical method of Chapter IV 
us must not be iiiteipietcd to mum, howcvci, that it la impRisbiblo 
clcvciup quantum etatisLics by a gimcialucation of the method of 
ibbs The cluso ooinieclion lx tween the partition funetioii and 
e Gibbq phase inUgial which we have just btusbcd suggebts 
e possibility ol tianslaLing tlu Giblx slitibtical nuchanics into the 
ifUitum nuclianudl tcnmnulogy Thib will involve tlie icplacement 
the (omt pLof themohonofe nscmhkb in jiliiibc bpace by thntof the 
istence of di finite and ofUn disticLc qmuitum states which alone 
lecify the jxrtsilile nuitioiib of physiCiU systems ItiLegiaUon of 
iaiititit*a ovii phase bpoee will lx leplaced by eummnlions ovei liie 
bcietc quantum staUs In u iLain cases, c g , at high tempci aturea, 
be quanlum stati b may 1x! ctowckd togi'llii i bo dost ly that foi piac- 
eal pm ]x>h's the bumimiUons may be lejilaad by inlegi alb In these 
niUng easi b nni* th( k ffin c xjk c Ls th it quajitiiin blatibticb will lead to 
»c same lObult as rlasbicdl sLalistics* 

‘For fuLthf 1 discussion of thin puinL, cf M iy\.r uxl M iver, "StmUbtiLsl Me 
iinics'' p|) 123 fT, 218 If, 210 (John \Vik> & Sons, 19 iU ) 


182 


THE METHOD OF DARWIN AND FOWLER 


ICih Vll 


PROBLEMS 

1 . Consider an assembly of JV systems in which each system is a rotator about a 
fixed axis. Let there be n types of rotators with frequencies yi, i' 2 ** iinil the 
numbers of each type Ni * * ‘iVn. Use the energy values given by the cinvssical Bohr 
quantum theory. Find Njr and Ef 

2. Solve Problem 1 for the case in which the rotators have two degrees of freedom* 
For the energy values, cf. Lindsay and Margenau, Foundations of Physics/* ]i. lU- 

3. Find the partition function and the average energy for an assembly of N two- 
dimensional harmonic oscillators. 

4. Solve Problem 3 for the case of N three-dimensional oscillators. 

5. Find the expression for the entropy of an assembly of N simple harmonic 
oscillators of the same frequency in terms of the total energy and the tcrnijerature. 
Solve the same problem for an assembly composed of w types of oscillators with 
frequencies vi, Ps* • 

6. Find the expression for the specific heat at constant volume for an assembly 
of simple harmonic oscillators of the same frequency. 

7. Find the expression for the specific heat at constant volume for an nsscniLty 
of JV simple fixed axis rotators with frequencies pi, • ‘Pn* (Cf. Probleiii 1.) 



aiAPTER VIII 


FDlfDAMEHTALS OF QUAHTUM BTATianca 

1 RBVIBW OF QTJAimTH KSCHAHECS 

The Dai win-FowIct method of developing alatuitical mechanica la 
LI adapted to handle the modification in clasucai BtaUatiCB bi ought 
out by the in ti eduction of the quantum theoiy Bcfoie we embai k 
the deaaiption of quantum BtatiBticSp howevei, it will be deurable 
review bi lefly the fundamental pnnciplca of quantum mcchanicB ^ 
Quantum mechanics like its classical piototype deals with phywal 
stems dcsaibcd by means ot cooidinatcs and conjugate momenta 
s slmll still be dealing v ith the qj and and the numbci of degrees of 
njdom of the sysU m uiidi i discussion will still be denoted by The 
LTLOUB piopLi Ulb ot ihc systcm such as its total momenlum, energy, 
igular momentum, aic called obsemMeSt and it is the to&k of 
lantum mLchanicb to pit diet the allowed numeiical values of these 
Muvabics as well os ihiir aviiage values In tlic fiibt pait of this 
ogiam It dilfeis decide clly fiom clahsical mcdianics since in tlie latter 
1 n al values ul olisci vabics die pusbiblc In the second pai L of the 
ogtam li icmuids us of the fundamentiU piublcm of BlaUbtical 
ccJianics But the c once pi of the sUtr of a phytacal system in quan 
im mcchanicii is vi ly dilk ic iit fioni tJiat in ciasucal mcdianica In 
BUiical mcchiLnics we know the sUtc of a system if we have given 
K instantaneous valiKs oi tJic q\ and the which chaiactuii/s iL, 
1 othi r woids, Its phast' In quantum rmchimics, on the oUiri hand, 
K elate IB chdiacUii/(d hy a cciUin function of the cooidinatcs, 
uown usually as a suite function oi ^ function,* the only restnctions 

^ A moil. nluisiv( suivcy, uliplul lo the puipovci of (ho iwnenC, work, 
ill be foimrl in ( hapUi 1\ of Lm(lsi> ind Maiyinau's "1 ound iUoda of Phyau " 
or the (iiufcssiuii il 111 iliMS oil Ihc subjiiL the icuki may tonuLt DiracS 
lSinu|)lcs nf tiuiiiiuiii Miihiiiiis," Oxfnd Umv Pilis *aconU uJiUon, 1933, or, 
T more siuL ibk fui the ri iki il ii iiki, Kimblc'e 1 unilaiiKjiUl Fiinaplei of 
uiiilum Mcchinus/ MiCii i« Mill, 1917 
* Ihc 4 fundion is ilso ufitn i died i ivi " fumlion FIm rcidtr rou^ be 
inJul to dubtinKiJi*»h UlwiH^ the st ite funiliiin of quanluin iDPehaniCB aad the 
tale variables of thernuxlynafnies iChiiiUi III) 

m 
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on which are that it must be single ^ valued and quadratically inte^ 

grable, (fj^cpdr exists, where <t>* is the complex conjugate of (p anti 

dr is the element of volume in configuration space, that is, the space 
of the q*s. This purely abstract characterization must, of coiiivse, be 
supplemented by the statement that quantum mechanics provides a 
way of assigning proper state functions to systems and ways of using 
the p functions to calculate possible and average values of observables- 
The process indicated is carried out by assigning to each, observable 
an operator ^ e,g., for the component momentum in the ^ direction 

the differential operator ^ is chosen, where h is Planck's coiislaiit , 

^ 27ri dx 

and for the energy, the Hamiltonian operator, which is the Hamilton- 
ian function with each momentum component in it replaced by its 
appropriate operator. One of the fundamental assumptions of quan- 
tum mechanics then is that the only possible values of an observable p 
for a particular system are the characteristic values of the equation 

( 1 ) 

where the left-hand side consists of the result of operating on tim 
p function with the operator P characteristic of the observable p and 
the right side is simply the numerical value of the observable muitii^Hed 
into the p function. In general it is found that only for certain valuer 
of p in (1) is it possible to obtain solutions for p winch satisfy tlm 
fundamental restrictions mentioned above. These are the possible; 
values of the observable and the corresponding p functions, usually 
denoted now as p functions, are the corresponding state functions for 
the observable. Thus if is the state function corresponding to the 
value pk of the observable, 

■Ppk — pkPk 

is an identity with p^ satisfying all the fundamental conditions imposed 
on state functions. It is customary to refer to the values pk ns the 
eigenvalues of the observable and the corresponding functions pk ns 1;1 k; 
eigenfunctions or eigenstates of the observable. For atomic problems tlie 
most important form of equation (1) is that for which the observable 
is the energy. It then becomes the Schrodinger equation 

Bp = Bp, ( 3 ) 

in Avhich H is the Hamiltonian operator and E the numerical value of 
the energy. The eigen functions pj^ are functions of the configurational 
and spin coordinates of the system but they are also characterized by 
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tarn patamoters, called quantum numbera These are uaually 
raented by n (pimapal quantum numbci), I (cmmuthal quantum 
3 ibei)i m (magnetic quantum numbei) and s (spm quantum num- 
) llie eigenvaluea £ are of courae chaiaclenzed by different values 
Si flip S 

Afl a flimple illuBtration the haimonic oaullator may be ated Heie 
Hamiltonian operatoi ib 

i eq (3) becomes, with in place of ^ to conform to popular usage, 

c eigenvaluee of E turn out to be 

- (a + (S) 

th f - frequency of the osallaloi - ^ Vk/m The eigenfunctions 




( 6 ) 


leic 7J, IS the so-cdllcd llcimilc polynomuil of older », 

i mofat compact icpicacntalion of which is 




df 


( 7 ) 


Tho final fundamental postulate of quantum mechanics says that 
len Q syatun is in the blalc (haioi tcn/cd by the eTpcctcd avciage 
an obeci vaUc p from a scnca of mcasurciiiLnlB la given by 


P~ 


J 



( 8 ) 


2re siB umal la to bo inLoipicUd as the icsulL of opciating on ^ 
th the opoiatni P and iL must Ixr lecaJled Lnat ^ netd not be an 
Sonfllatc oi tlir syitini foi Liu ol)Stival)k p The mcnL duLCt ^ignifi- 
ace of the state funtlion ^ is found in the quantum mechanical 
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theorem that 0*(Xi • ♦ ' X/)0(Xi • » * X/) measures the probability that 
the system in the state 0 will have its coordinates ’ 2/ equal to 
Xi • ‘ » X/ respectively. More strictly <jl>*(Xi • * • X/)<;>(Xi • • • X/)^^!' ■ * 
dq/ is the probability that the system will have its coordinates in the 
range dqi • * • dq/ in the neighborhood of the values Xi • * • X/. In order 
that the system shall not be found at this place it is essential that 
^*0 vanish there. 

In order to understand quantum statistics it is necessary to consider 
N identical, indistinguishable physical systems forming an assembly in 
the Darwin-Fowier sense. Since the systems are identical the Hamil- 
tonian has the same form for all, though each will be a function of the 
coordinates of the particular system in question. If all the coordinates 
of the jth system including the spin coordinates® are represented for 
simplicity by and if each system is considered isolated from all the 
others, we shall have for the description of the energy behavior of the 
assembly the N SchrSdinger equations 

where the sequences of the eigenvalues £/ * ■ * are really the same 
set in every case. The same is also true of the eigenfunctions ' r 

except that each is a function of the coordinates of a single system. 

If now we think of the assembly as a single system without however 
contemplating the mutual force interactions between the individual 
constituent systems, i.e., still envisage them as relatively far apart, 
the resultant Schrddinger equation will be 

(Hj + + • ■ . + • Sat) * EHQu ' • ' Qn). (1°) 

where ^Piqu * * * ^n) is the eigenfunction for the assembly and E the 
corresponding eigenvalue. On examination eq. (10) is seen to be satis- 
fied by 

== (hi) 

with 

Ei + Ej+ +Eic. (12) 

This may be interpreted as meaning that ^ is the eigenstate of the 
assembly in which the first system is in eigenstate corresponding to 

* Cf. Lindsay and Tvlargenau, op, cU.t p. 478, 
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avalue etc « and £ at the total cner^ of the aatembly la the sum 
le eigenvaluiCfl of the individiiiU eyateiiiB Suppote wa interchange 
eyatBins of the flaacmbly 00 that eystem 1 now hat eoeigy Ej and 
em 2^ energy E^ Ihe total energy E la unchanged but ^ beoDmet 

(13) 

ih in gienerai la a diffeient function from f in (11) Thus we ba've a 
rent eigenfunction for the a«embly coiieaponding to the aame 
nvalue Thia coi rofapondfl to what 10 calkd degeneracy in the state 
he asBembly The dcgicc of the dcgcnciary la tho numbci of 
•rent eigen functiona with the same cigcnvaluo Geaily in the 
ent case this numbci le N^, aincc Ihcic aic ways of permubng 
N Beta of Goordinat&fl of the indiYidual Bystema If we denote any 
of the functionb obtained by euch a permutation by ^p, it follows 
n the hnearUy of the equation (10) that the linear combmation 


^ • Xap^P 


(14) 


Iso an ugenfuncQon of the aaiembly concaponding to the cneiigy E 
uming that the coefBuenta ap aic so chobcn that ^ is noimalized,^ 





1 ) 


Wc now intioducc the Pauli Lxdusion punuplc which cuts the 
fiber of posiblc ^ functions in (14) to one by means of the following 
lulalc 

If tho individual byslciiiB arc elemental y chaiged pai tides (m par- 
ilar electrons 01 piotons) the only combinnUons of the foim (14) 
i/cd in naluio ajc ankiytnmeirual with icspccL to an mtei change of 
cooidinatcs of two systems, ic , such on inlcichange pioduces a 
nge in sign without changing tho value Of all possiblo combina- 
is of the form (14) theie is only one which is anlisymmetiical and 
» may be wntten in the foi m of the dLlrrminant 









(15) 


ere £ 18 a Gonslaiil An interchange of two q'b is equivalent to au 
*Cf LimU^y bikJ Maigenuu, op <-1/ 1 P 413 
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interchange of two columns of the determinant and this leads merely 
to a change of sign. It is an interesting consequence of the Pauli 
principle^ that if two of the charged particles are in the same state, i.e^, 
if i ~ for example, two rows of the determinant become equal and 
the determinant vanishes with the concomitant vanislung of 'F. This | 
may be interpreted to mean that it is impossible for two such cliai'gcd ; 
particles in an assembly to be in identical states. This is often pre- | 
seated as the statement of Pauli's principle. It is to be noted that llic : 
principle allovvs two elementary charged particles to be cha^acter^^cd | 
by the same n, and nt values provided the spin quantum numbers are j 

different. There are only two possible values of the latter and their i 

difference is interpreted physically as an opposition or antiparaUelism \ 
of the direction of spin. It often happens that the numerical value of \ 
the energy depends very slightly on the spin and in that case the Pauli ; 

principle allows us to think of two elementary charged particles iji \ 

practically the same energy state, their spins being opposed. I 

Suppose in (15) we interchange two pairs of q's, i.e., qi with and \ 

with 53 * Since each interchange involves a change of sign with no ^ 

change in magnitude, the two interchanges will leave the sign unaltered- 
The state function ^ is symmetrical with. respect to interchange of two 
pairs of elementary charged particles. If then each individual system 
of the assembly consists of a pair of such charged particles or indeed 
a3iy even number of them, the wave function of the assembly mUvSt ho 
such that an interchange of two systems leaves it completely unaltered. 

To represent such an assembly of composite systems we need a sym^ 
metrical stBte function in place of the antisymmetrical one in (15). If 
the in (15) are still interpreted as representing the eigenfunctions 
of these composite systems we can easily get such a symmetrical func- 
tion from (15) by changing all the minus signs in the determinant 
expansion to plus. It can be shown indeed that the symmetrical 
eigenfunction thus obtained is the only possible symmetrical one. An 
illustration of a composite system of this type is provided by thu 
deuteron, the nucleus of the hydrogen isotope of mass 2. Many 
neutral atoms are also of similar character. 

2. DISTRIBUTIONS IN QUANTUM STATISTICS 

We are now ready to apply the quantum mechanical ideas of t!ie 
preceding section to statistics and statistical distributions. We have 
just seen that the state of an assembly of elementary charged particles 
is given by the one antisymmetrical linear combination of eigenftinc- 
tions for the individual systems corresponding to the particles. How 



2 ] 


DISTRIBUTIONS IN QUANTUM STATISTICS 


189 


H tliiB efiiect the statieticdl weight attached to the BBoembly, i e , (1) 
Chapter VII7 For oonvenience we rewiite Lhie heie, vi 2 , 


No'Ni' JV,i 


(16) 


rt this IB juflt the total numbei of independent state functions which 
1 be formed by takiDg the pioduct of all the functions for the 
hvidual aysteniB with all possible pcrmutationB of coordinates To 
‘ this, note that a pioduct of the kind in question is like (11), le , 

lere are possible pioducts of this land obtained by pei muting 
' ^ ffy in the individual ^ functions If the mdandual eneigy 
Ltes, however, are themaelvea degenerate and tlw degiee of degen- 
icy of the ith stale is etc , so that thete are g, independent state 
ictions coireaponduig to the ith eneigy value, the numbet ^1 must 
multiplied by the g's where, moieovcr, each g ib raised to the power 
the Dumbei of systems in the cotiesponding staLc This alone would 
m UB foi the numbei of btatc functions requiicd 

( 1 ?) 


ith Nq BystLms m the /cioth btatc, Ni in tbo fliet state, etc, a 
oduct like (11) bccomts, foi cKamplc, 

jw the ATo' pcimuUUons of Ihc Qi, q^, qn, among the finjl Nq 
:toib do not produce new and difTcicnl states As a icsull (17) must 
divided by 

No^Ni^ Nr\ 


CHdei lo get the actual numbei of independent state funcUons lepro- 
ntifig the slate of the a«^mbly Iih a given value, A, nl the cniigy If 
were not foi the Pauli CMlubiun punuiilc wc should cxprcL to Utf 
lO statislLcal wiught (16) m oui btalislHal C€ilculcUiunb fni quantL^ 
'sLems Ilowtvei, the piinciplc uisistb that actually the numbers 
0 , Ni Nr cannot exceed unity foi any assembly icali/cxl in 
1 Lure, find that foi any bet of \.ilui s Stilislyiiig this uiLii inn 17—1, 
hei wise W must vanisli It is dcfu then, that Uic i xclusion principle 
noes UB to abandon (16) as an cxpiission foi (he st<iUsUcal weight 
he new situation may lx cx[>icbfacd in llic following way 
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For an assembly represented by an antisymmetrical wave fuiiclioil 
the statistical weight PF has the following values 

TF = 1 for iV'r — 0, 1 (any r), 

PF ==* 0 for all other values of Nr* (18) 


With this we can now proceed to derive the corresponding distribiilion 
law. The average number of systems in the rth state is (cf. e(j. (4) of 
Chapter VII) 


r = ^. 


{ 19 ) 


We shall first calculate the denominator which we recall is tlie sum of 
all weights of the assembly subject only to the conditions (2) and (-0 
of Chapter VII. We can avoid the analytical complexity intnHiur* <1 
by these conditions by noting that SPF may be expressed as 
cient of in the expansion 

M ^ V (2U) 

where in the summation the Ns may be any positive integcu's and 
no longer restricted by the conditions mentioned. Now M inay Ih^ 
rewritten 

M = E n ( 21 ) 

Na, Ni- ' *Nr^• ' j 

In the evaluation of the product, if in any factor Nj is difTerent from 
or 1 the whole expression vanishes since IF = 0 unless Nj is (‘(piat l<i t> 
or 1. Consequently (21) is the sum of all products of the form 

3 

where = 0 or 1. This sum itself, however, is most simply w: itl{‘n uh 
a product, namely 

= (1 + a ; z ®'’)(1 + + xz ^^) • • • 

= IJ(1+j:z®0- (22) 

; 

Thus the extreme terms in the sum represent respectively llnil id 
which every Nj = 0 and that in which every Nj = 1 . All other j xissiblt' 
combinations are represented in the intermediate terms. 
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In Sec 2, Chapter VII we showed that the ooeffiaent of f* in 


eipanaon 


^ iVr' 




J_ 

2nJc7^ 


dM 


Hence by the uae of the eame leoeomn^ the ODefikiGnt of in the 
erpanaion (20) foi M will be given by 


f ly f f Mdxdn 
\2rJ Jc ’ 


(23) 


wheie C and C* aie cloeed contouis about the oiigin in the complex 
plane and both x and a aru coneidei td to be complex vai lable^ 

We next get the expieasion foi the iiumeiatoi in fT, Let ub cal- 


culate 1/logB 


6M 

— Fiom (21) difieientiatjon yielda 

oMf 

7 -^^- Y. 

log -J OBr JjJ- 


(24) 


But juBt the cocfBcicnt of in the expaaaioa on the right 

of (24) and theicfoic the ccxDiucnt of the wme powei in 

log a 


Conacqucntly 




bhl d\ ds 


(2S) 


Wc can put the tci m ; 

log a 


dM 

, - inln HDincwhat more suitable form 
ditr 


by wilting 


M 

whence 

OK 
log a Oh, 




■lUva*'- 
I +'x?^ 


jl/T--log (1 

d\ 


+ V') 


(26) 

(27) 


The method of slei fxsL ck^sionls mav now lie apiilii d In the intcgial in 
(2S) by taating llie iiili gitilions wilh uspttl to b and x s'^paiatcly 
Let the uddk ixniiL along Iho ii il axis foi vcoiiispund to* % ^ Mand 

* rtK rciclu sliouUl Ia. lar^fuL not to (onfu^«. iln >i of tbib chipUj wilh thit d 
Ck^pter IV 
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the saddle point along the real axis for ^ correspond to 2 = f*. Then 
since the function in the integrand can be shown to satisfy the require- 
ments of the method we can write at once 

(28) 


This is the distribution formula for an assembly of elementary charged 
particles. If we identify {* with as in the classical case of 

Chapter VII, (28) becomes 


Nr 


1/m + + 1* 


(29) 


Assemblies with this distribution law are said to obey the Fermi- 
Dirac statistics. This should then apply to an assembly of electrons. 
We note at once the difference from the classical statistical distribution 
law (31) of Chapter VIL The quantity ii appears as a new statistical 
parameter in addition to f • Its significance will be discussed shortly. 

Before investigating the application of (29) we ought to notice that 
there is another possible quantum statistical distribution law. This 
will hold for an assembly whose eigenfunction is symmetrical. Here 
the weight to be attached to the assembly is also equal to unity for 
there is still only one symmetrical state function associated with the 
assembly, but now all values of Nr are possible since the symmetrical 
function does not vanish no matter how many individual systems arc in 
the same state. Thus we write in place of (18) 

(30) 


In eq, (21) we must therefore now remove the restriction tiuit iV> cari 
have only the values 0 or 1 in order to avoid a vanishing product, d'luis 
M can now be written as the sum of all products of the form 




ill which Nj may take on any values; but this itself may be expressed 
the form of a product of sums, viz., 

M = (1 + . .)(! + 




,nE; 


i n-0 


in 


(. 11 ) 
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ConBequently unce Jt and ■ ore both Icae than unity in absolute value 

"-n(r:b:) 

The evaluation of Nr piocoedfl picuficly os in the piecedmg cbbo with 


1 dM 
log3 


1 - 


— Mx — log(l — atf*') 
dx 


(33) 


The [eeult la 


(1 -ri'') " (1 /m -r*') 


(34) 


ThiB 10 the diBlnbuUon law foi whal ifa usually termed the Bose-‘ 
Etnsletn ilaluttcs With the usual bubstiluUon foi C it becomes 


" l/M 

The only mathcfnalicdl dilfeicnce between (IS) and (29) is the sign 
befoie the 1 in the dLnominaLoi Ihib kads to a veiy fundnmcoUil 
liffeiencx in the phyucal meaning, howrvLi , as wJl npjxai shoi Lly 
1 1 la matt ucUvl to obsci vl tliat the exptesaion foi tho dabaiLdl 

;:aae of Sec 2, ChapUi VII (iq 21 oi 31) can albo be obtained directly 
by the method ol ihib bccUoii For wc can wiite 


in Uie foi m 


I 

ji/ - ivi^jTT 

Nj ' 






(36) 


Fujtlicrmore the sum of all tlu products indicaUd in (36) may be 
e\pnb6cd ab the piudml of sums, \i/ 


AI - 



Ab bcfoie wc foim 



(37) 


J:_ 

lug B OEr 

and finally get 

Nr 


Mer^', 

Mgr 


(38) 
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This is in the form of the distribution formula (24) in Chapter VII if wo 
set 




N 

Zii) 


m 


This helps to make clear the physical significance of the distributioh 
parameter jjl in the general quantum statistical case. It must be so 
chosen that X Nr = iV, the total number of systems in the assembly. 
This will serve to fix it in terms of N and The evaluation of jj. will 
be carried out in the following sections. Independent justification of 
the association of f with temperature in the quantum statistical case 
will also be given* 


3. ALTERNATIVE TREATMENT OF QUANTUM STATISTICAL 
DISTRIBUTIONS 

Before proceeding to apply the distribution formulas (29) and (.hS) 
for the Fermi-Dirac and Bose -Einstein quantum statistics to the 
properties of gases and solids it will be worth while to present an altei*- 
native method of derivation. We shall here revert to the metliod of 
Chapter IV and shall not hesitate to use Stirling's formula. Moreover 
we shall derive the distribution laws for all three types of statistics. 

We wish to distribute an assembly of N objects, e.g., material 
particles, into energy states in such a way that in the states iK'tvvetMi 
JSj and Hj -f there are Nj particles, etc. To make the disciissioji 
more pictorial we visualize the energy interval as a region in pliaso 
space, a kind of energy shell containing all values from Ej to Ey -f- dEf. 
In classical statistics this shell is conceived to contain a conlinuoux 
range of energy values but in quantum statistics it is necessary to givt- 
it a structure and to suppose that it consists of cells associated willi 
each one of which there is a definite possible state of a particle of I he 
assembly. Let us suppose there are Uj of these cells in theith 
shell. We shall shortly derive an expression for the dependence of uj 
on Ey and dEj. 

We proceed first to distribute the particles in accordance with a 
suggestion of Brillouin.® Each cell is assigned a capacity depenclcnl on 
the number of particles in it. In particular for a cell with p occupaii Is 
the capacity is assumed to be 1 - pa, where a is a real parameter which 
may assume different values, to be discussed later. The weight 
attributed to the jth shell is the number of ways of assigning Nj par- 
ticles to the «y cells in the shellsubject to the above capacity Jinutation. 

*L. Brillouin, “Lcs Statistiques Quantiques,” Vol. 1, pp. 167 fT., PariK, 
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The first paitide may be placed in Hj ways, but the second in only 
Uj — a ways, Binoe the cdl already occupied haa now a capacity of only 
1—0 The number of ways of assigning all Nj pat tides will be denoted 
by W;p where 

- *j(«3 - «)(»i - 2o) (h, - {N, - l)o) - (^) 


It iBf of courae, aasumed that — (Nj — l)o > 0 and that algebraic 
iKaning can be associated with (nj/a) ^ etc The weight con espond mg 
to a distribution of the whole assembly m which theie aie particles 
m the eneigy shell about Ni in the energy shell about Ei, etc 

(with ZNj « Nt and E - constant) is then the number of 

ways of asBgnment of the N pai tides to the shells multiplied by the 
number of aiiangcmenls among the cells in every shell The total 


weight then becomes 

ts >1 


TT a^»{nj/a) > 

11^,1 j (Vo-J'fj)l 


(41) 


t 


Wc now follow the procedure of Sec 2 of Giaptei IV and mquire 
for the distiibution cui responding to maximum w subject to the uaual 
oondiUons on the total numlxi of |)«u tides and the tulaJ cneigy Using 
Stirlmg'b foimula and muLing bomc icductionbi wi have 


\Qgw - NiogN- N- SA^,logArj + 1/a Sfijog '— 

Sj — QIj j 

+ SW, l«if - aNj) (12) 
Wc now set 3 log 0 - 0 subject L to the cnndilioas mciiUoncd and gel 


subjcel to 


S3Ar,Iog("-^-^)- 0 


^6Nj :^Ej6Nj - 0 


Intioduang the uiuleU i niinid muldplKMs yj and 7| and ptooecding 
pieuaely lUi in hi e 2 of Chaplet IV wi an fiiiaJly knl to 


Hj a + e 


Nj/n, is IIkj dvcingp nunilx*t of pai tides pci cvW in the jtli shell foi the 
disUibuLion coiiosponding to maximum »» i e , that whuh wc Lcinxd 
the CBnonicjl distiibulion in davucal Maxwell-BolUmajiii statistics 
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Coupled with a knowledge of eq, (45) constitutes the quantiiiii 
statistical distribution formula analogous to the classical formula (25) 
of Chapter IV. If we set 


72 =- 


kT 


m 


the distribution formula becomes 




(.17) 


We naturally seek a connection between (47) and the distribution laws 
(29)^ (35) and (38) already derived in the previous section by the 
Darwin -Fowler method. Let us first look at the matter from the jHirely 
formal mathematical standpoint. If a = 0, (47) becomes 

Nj = (hS) 

Here Nj has precisely the same dependence on Ej as Nf on Er in <'(|. 
(38). It evidently is the classical distribution law. The two forrmilaH 
become identical if we identify in (38) with in (48), Wliat 
physical significance can we attach to the choice = 0? It ci(‘af ly 
corresponds to a constant capacity of unity for every cell independetil 
of the number of particles in it. But this is just the classical assumption 
that every cell has the same a priori probability. The weight /»> is 
then simply the number of cells available with energy Ej and cornv 
s ponds to ny. The parameter ^ will finally be associated with 

In looking for a connection between (47) and the quantum sta- 
tistical formulas (29) and (35) we are naturally led to try the assiun|v 
tions a — + 1 and a — — L The form of Nj/nj in (47) with a ^ \ ihen 
looks much like that of Nr in (29) and there is a similar rcsenihluiic r 
between (47) for a — — 1 and (35), particularly if we agree to jet 
stand for /x. Unfortunately we should naturally wish to associale Nf 
in the one case with Nr in the other, whereas the appearance of in 
(47) appears as a sort of stumbling block. This difficulty is clearcxi up 
when we reflect that the Nr and the Nj do not after all refer to ihe 
same thing. The rth energy state in the Darwin-Fowler method (d 
Sec. 2 is a genuine microscopic energy level to which tlie spx'c’iiic 
energy value Er is assigned. In the Fermi-Dirac statistics only zei o oi‘ 
one particle may exist in this state. On the other hand in the ai tcrjia- 
tive treatment of the present section Nj is the number of particles inn 
whole range or shell of energy values ranging from Ej to Ej + clEj and 
ttj represents the number of possible or allowed energy states in lliin 
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range Conaeqiiently the valutB in (29) iifci btricLly lo the energies 
naaociated with the Viinou <3 in a paiUiulai bhell m the BiiUouin 
loetbod, while the Ej value m (17) lefcib to the awidgo cneigy over a 
whole ehcil of etalca If wo like we may thii k of (29) as defining a 
microeoopic disUibuUon and (17) as defining a maiiufau>pic disliibu- 
tion« That the dibUncLiun doca not appe cU lo be necessoi y m the case 
of claBBicol BUUfltica where, aa we ha\c jubtecen in llic ptCLcding pora- 
gi aph, wo aie able at once to idciUify foimula (48) with (^8), ib not bo 
B urpnBiiig when we oonsidei tlvil m claaaicol bLiLisLicb Ihcie ib no n;al 
jieceBBity foi subdividing cncigy bholls into di>»c.iile orllb; tlicic ib 
indeed no piCBCribed lowci linuL to llie sl/c of the cncigy interval and 
no leoBon why wo should not idc iiLifv in the one LcIbo with E, in the 
othei A Binulai etaU fncnl holds foi tho idc nLificalion ot gj with 
llowevct we aic naluiolly nioic inlxusud m tlic qutUilLim eUiLuitical 
cnae With the disUncLum Ixtwi i n the tw o alu i native points ot vww 
held cicaily m mind while we ualiAs that tlicie ib no csscnluU incon- 
BOBtency involved, wc c<m pioa cd to use whichevi i foi m of dustiibuUon 
formula etenia muic con>cniont Loi the piu>Lnl we bhall lontinue 
our discuhflion on the basis of cq (47) 

It IB dobiiabk, howcMi, lo piiy a little alLenliou lo the physical 
Bignificnnce w hit h c an lie aLLac ht cl to t he t hoiu s a = + 1 and — 1 in 
the Bi illomn point of Mtw The assigniiKiit a » 1 implies tlint the 
enpoaty ot a cell is unity when no |Ui tn It is m iL hut di ops to rcMO as 
Boon 08 one piUtuk enU ib CouhciuliUIv on tins choice a cell nmy 
hold at most one 1 U 1 U( k , the le aic? only two ix>isil)iliLn*s, one oi /iio 
Tlie connection lx Iwcc u I his anil llio Pauli i \t(iision principle, which 
led to the Fcimi-Duac sialishcb from quaiilum nx chanu s, IS (Jem If 
on the olh( 1 hand a ^ — 1 , the capic i(y of a ic II w iLli p otcupanLb is 
1 + 1 c » till' < iiixu ily of the tt II me j i ast s w illi the iiiinilxn of ocru- 

pants Hie cuiiiui lion with the* Host -Kiiiskm sliUi'ititfil assumplicm 
c\pKss(din ()0) iS not indeed so cleat as in (he coiicsponding case of 
a ^1 and the I'll mi-l >11 ac statistics NiMtllHliss Iheic apix^ais to 
be no csbcntbil ineonsisteiKy lx twii ii the two points of vkw More- 
over wc aie not iistiictid to tiu values of a *= + t mid — t Koi 
example, 0 <a < t would implv a I(miv 4 ning of the Kn mr iisU rction 
though at the sinie liiiu' allow un^ Itss Itiidom of CKLUfxuicv of eelle 
than the eKissuai iheoiv CcrttUii aiiahUc il dilficullus with fiat 
lional a would nick ( (I a[)|x ai to ansi' fic nil tin fact Ih.iL in (U>) must 
he 111 U gill Closii nis]K(tion shows tliil tin st can lx ovticome, 
though we bhall not putsui this ]M)ssil)ilit v Ik n ^ 

*Cf R 11 TiiuKini Pkil Mar \1\ 17, 2h\ (1QM) \\^> ]) S Kl}(h 1 ^^ PkU 

ifdX IB, 192 (19U) 
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The next step in the exploitation of the distribution formuJa (47) 
is to establish the connection between the parameter 72 and the tcnv 
perature in a straightforward fashion. We shall use the elenieiitary 
statistical thermodynamical analogy (cf. eq, 68, Chapter IV) 

Mlogw = ^, (49) 

where dE is the change in internal energy due to flow of energy, e,g,, 
heat {not change in internal parameters), Since (49) holds for equi- 
librium states only we must use the maximum log i,e,, that corre- 
sponding to the distribution law (45), The change in log associated 
with changes dNj in the number of particles in the jth shell due to the 
inflow of heat is 

log w = 2dNj log • (50) 

1 ”” oN y T-' T T 

But log r- ~ -** T2-£'y* Hence 

■IVj 

d log w - - S(7i + y 2 ^j)dNj -- y 2 ^EjdNj =— y 2 dE. (51) 

We note that though the number of particles does not cliange when 
heat is added, the total energy changes by XEjdNj since the effect of 
the energy flow is to alter the number of particles in the higher energy 
shells. Hence the analogy (49) leads to 

1 


in agreement with our assumption (46). 

We shall conclude this section by a brief reference to the more con- 
ventional method of discussing the Fermi-Dirac and Bose-Einstein dis- 
tribution formulas in order to point out certain differences with tlio 
Brillouin method just described. 

Let us first consider the Fermi- Dirac case. The problem to Ik; 
solved is still the distribution of N identical objects in energy shells 
with Nj in the jth shell and the number of available ceils in the jth 
shell being equal to wy. It is assumed that no more than one object 
can be put into any cell. The number of ways in which Nj objects 
can be placed in nj cells so that no cell contains more than one objeiT 
is equal to the number of ways in which the wy cells can be divided int(j 
two groups with A^y in one group (those which contain one object) and 
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nj — Nj in the othei poup (ihosL which uintain no object) From 
Chaptei II this number ib 


Consequently the total numbci of ways of diBlnbuling all A^objoetB is 


n 


N/{n,-N,y 


(410 


On ihiB iriew thib (Jiould be Lhe sULisLiuii piobability oi weight aseoa- 
at(d with the diBLibuUon It will bc^ nuUd at once that iL is not 
cTacCJy the value (41) obtained aliovc foi a » 1 Rnthei , it la equal to 
w/N\ 

We proceed next to the Bose -Einstein disliibution by a similar 
dll Let method We now wish to distiibuU. Nj objects among ny energy 
cells in such a way that no icbtiicUon is placed on the number of 
objcctb in any cell Thu> is clcaily the numiKM ol comhinations of n, 
things Nj at a time with all possible icixUtions allowed Fiom Lhe 
algebraic ihcniy of combmalioiis, this numU^i ia equal to the number 
of combinations of ;/j -j- IVj — 1 ol ji c ts Nj at a time iPUhoui u pe Li tions 
Consequently the icquiied loLiJ statistic, U piobability ot woight 
bcooniLs 


n iyjJ 

A/Oo-1)' 


{41") 


Now if nuq (H)) we li l ri — — t, w huh should cone sjjoiicl to the Bows 
EinsUm disliibutioii in ,ucoidanci with oui j icvious absumptiona, 
the value of lx ( unu s 


w = 



fAT^ + Hj ^ 

- 1 )' 




which agcun is just A ' Linits the \aliu (11") obUmed by dnecL counU 
mg 

lhe qucbUoii ,nisis Wlial is lo \k cIoim alxmt the iaeLDi which 
occuibiii tlie lliillouin nicLhtxlof conipulinv ihi slatislical weights but 
Lb alxstnl in llic diit ( L (ouiiling si Ik nu i* It will Ix^ ii called that tins 
same f,L( U)i (Kdiis in lhe cNpiissioii fi>i w in the classical Maxwell- 
Boll/niaini sUlistu s ni ( liapU i IV 1 hi ic w( Inuiid ilb pir senee of 
no ixiilKulai niomi iit as Jai as tin divh ibulion funcLion is (once incd 
IL incivid imUiil c mlui i issing iii coniic c limi with the btatistical 
delinition and i\tilu,LlKm oi the ciitiopv and Fill iiuigy, we found 
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it necessary to use w/N\ as an “effective statistical probability" in tlie 
definition of entropy. If we use the Briilouin expression (41) for w tlie 
same situation will prevail in quantum statistics. We could, of course, 
redefine the statistical probability to bring it into agreement with 
(41') and (41") and this will be the more logical course if we consider 
the quantum statistical distributions to be the fundamental ojies.® 
However we shall find it simpler to continue to use the Briilouin w and 
define entropy in terms of w/Nl All applications will then be per- 
fectly consistent. 

4. EVALUATION OP nj FOR AN ASSEMBLY OF FREE PARTICLES 

Before we can apply formula (47) to concrete cases we must have 
71 j or the number of cells in the jth energy shell. This is the same as the 
number of possible energy values lying in the interval Ej to Ej -|- rfAY 
Its value clearly depends on the nature of the assembly. The inelluKl 
of evaluation will be quantum mechanical which is reasonable since 
we are talking about quantum statistics. We shall confine our atten- 
tion to an assembly of free particles all having the same mass, the 
statistical analogue of an idea] gas. The problem is to determine the 
a llowed energy values of the assembly. Since the particles are assumed 
to exert no forces on each other, these values can be readily calculate<l 
by direct summation from the energy eigenvalues for a .single particle 
confined to a closed vessel. Suppose for convenience the ve.ssel is a 
rectangular parallelepiped with dimensions /i, I 2 , h. The Hamiltonian 
for the particle is {pi + pi + since, as the potential energy is 

constant it may conveniently be taken equal to zero. The correspond- 
ing quantum mechanical operator becomes (cf. Sec. 1) 

_ J!_ /"il . 

dz^J Sir^m 

The appropriate Schrodinger equation then becomes 

+ = (52) 

This may be solved by separation of the variables, i.e., by writiiiK 
y, 2 ) in the form of the product of three functions ^v{y), fiCs) 
depending respectively on x, y, and z alone. Thus 

i = ix'I'v'I'z- (5d) 

® Tills, for example, Is the view of Mayer and Mayer, ''Statistiad Mcchniiies." 
pp. Ill <T. For another discussion of the problem see Briilouin, op cil , Vol 1, 
pp. 171 fl. 
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Equabcn (52) beconefl consequently 

<“> 

when 8ir*jfLE/A® haa been icplaced by Let — «i+i*j+«S 

Then we merely ha\e to solve the individual oidmaiy differentifll 
equations 

^ - 0. ^ “ 0. ^* + - 0 (55) 

*nie Boluqona are 

« (S6) 

These eoluboiu are subject to the boundaty londiljone 

" 0 at t ™ 0, /i, 

- 0 at y - 0, /,, (S7) 

f - 0 at « - 0, 

if we suppose that the coniiunet is placed with one conic r at the ong^ 
and has the cooidinate planc^b fot thicc* of its facxb 1 hrbc buuncLoiy 
(}onditiona CTpicbs the lac I Uiat the p«ii tide is confiiu d to the vcsbcl, 
1 e , there is no piobabihly of its c vci being found at oi ouLbide the 
walls The oundiUoiib (57) lead at oiicjc to 

bin t^i/i - 0, bin Kj/j - 0, bill <cj/i - 0, 


or expeessed moiecTplicilly 


/tjr 
M - -- 


where Si, Mg, and n I dll any itiUgi is, p(K»iUve ot ntgilivt butnot/cio 
The energy eigenvalues of the fice pailiele m the \{s«al tin le foie aie 


E - ("J + 


Corresponding to evLi> set of in tip is /i], /ij, fit, e (i (S9) gives a 
pomble energy value Ihe eoiiesiioiidiiig eip iifunLLion ib 

Hirx 7t2TV n,wa 

f — C sin - - sm sin - , (60) 


where C is a consUiiit deteiimiKd fiom the noimaliyaLinii eondilion 
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expressing the fact that the probability of finding the particle some- 
where in the vessel is unity. This takes the form 


I I I dx dy dz - 
Jo Jo Jo 


Application of this yields 




(61) 

(62) 


where r is the volume of the vessel. Inspection of (59) now discloses 
that because of the small value of in absolute units, if r is large, 

i.e. the vessel of macroscopic size, 1 cm^ or larger, the energy eigen- 
values are very close together. In fact they may for practical pur- 



poses be considered effectively continuous.^ In any case our problem 
is to determine from (59) the number of values of ns) 

the interval Ej to Ej + dEj, For this purpose we set up a three- 
dimensional rectangular lattice (Fig. 8 - 1) in which the sides of the unit 
ceil in the three coordinate directions are l//i, l//^, and 1/4 respec- 
tively, Every point in the lattice is given by the three integers tii , 
and the distance of the point from the origin is 


^(ni, 112, n») 



( 63 ) 


With each point in the lattice there is associated an allowed energy 
eigenvalue nj) by (59). Since change in sign of ni, ^ 2 , 

any one of them, does not produce a new energy value nor a new 
independent state function we limit the lattice points under consiclera- 


^Cf. Lindsay and Margenaii, op. ciL, pp, 42S ff, for a discussion of this 
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tion to the first oclanL of the lattice apoLc, i c , that foi which Hi, 
are poutive integers Ihe numbei of eigenvalues lying in the eneigy 
intei vbI ated lb then equal to the number of laltiee points lying between 
the octant of the aphcie of ladius r, coMUiix)nding to Ej and the octant 
of the epheie of radiub Tj + dr^ coi ic spending to Lj + dEj Now each 
lattice point can albo be ObbocLitcd with a lattice a 11 like that shown in 
Fig 8 !• Coneequently the fiumlK.i of lattice pointa in the sphcncal 
shell octant juaL mentioned will also \x equal to the iiumlxi of latLico 
ocIIb GontHined in it and thib m tui n w ill be gi\i n by the volume of the 
shell octant diMdcd by the volume of the unit all, nairuly 
I/t Obviously the apptOTimaUua involved m the last atatement 
uupioves as r becomce laigei In intabliiig that r be moaoecopic in 
EL/o we ate insuimg a veiy good appiaumation The volume of the 
octant m question m the lattice space la 

T-?*' 

Bot from (59) and (63) 

f, dr, - i (64) 

and thciefoio the numUi ol ciuigy values lequiicd, which is juat the 
Mj value wu have been looking foi , is 

i2myL,^dE, (6S) 


'Ihc quantum btatistiial dibUibuLion foi inula (17) then lake*] the 


form 




4irWiT//i * f d Kj 

a + 


( 66 ) 


Oucc more we emphasLA. that in this foiniula a <=3 4- 1 coiicaponds to 
the Fcinu-Duac sUtistics and a = — 1 to tin Hosc'-Einstcin sUUsUcs 
Foi Liaiticlc^ with a spin quantum numU 1 ^2 which the iiuigy ib 
pcdctically the same foi both spin diiu Lions (cf the uniaikb nctir the 
end of Slc 1) jL is muss.iiy to multiply ihi light bide of (60) by 2 to 
get the coiKCt value of Nj Loi 111 this cast* we can cffcctivily have 
two paiUcloa (with op[)osi(e bpiiib) foi cadi luinuiual value of the 
LDcigy IhiBWilllx Uuc with ficc c Uc tioiis hoi niulrcukb without 
a spin, (66) bhoukl as iL st inds On the ollui hand ^ foi niolc- 

ailcs with nuclcaj spin ciuantuiii iiiiiiiUi t, Nj must be inulLiplied by 

2s + \ 

^Cf M i>ci inclMi\itpOp cit f p\i MS f 
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S. QUANTUM STATISTICS OF A WEAKLY DEGENERATE GAS 


We have still the task of evaluating the statistical parameter ■yj 
in the distribution expression (66). This can be done by utilizing the 
condition 2Nj = N, the total number of particles in the aggregate. 
In this connection considerable interest attaches in tlie first place to 
the special case d = 0, Then (66) should reduce effectively to the 
Maxwellian distribution of classical statistics. From the way we have 
expressed nj we must write SiV,- as an integral and have “ 


° . kT 

The integral in (67) is a well-known one and is equal to — V irkT* 
Hence the parameter 71 is given by 


Nh^ 1 


m 


Substitution into Nj, now rewritten as dN for greater consisLenry, 
givee 

.E CO., 

for the number of particles in the assembly having energies lying in lb<* 
interval from £ to £ + dE, This can be readily tTaiiaformed to give 
the distribution in terms of velocity by writing E — mv^/2. The r<*sul L 
is 

dN = 47riV (7l») 

\27rkl / 


which, with allowances for difference in notation, is identical with tin- 
Maxwellian distribution in eq, (53) of Chapter V. This at any rau? 
indicates that the general distribution formula (47) includes the* 
classical distribution as a special case, viz,, that for a — 0, 

Wc must now consider the general case where — 1 a -h C wit h 
a - + 1 (Fermi-Dirac) and a 1 (Bose-Einstein) as the interesting 

“This is really a matter of convenience justified by the fact already ciiiphaHizci! 
that the differences between successive eigenvalues are very small coniparcd with 
the eigenvalues themselves. To handle the matter by means of a summation would 
involve using (59) directly, leading to a rather difficult problem in algebra* 
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imiting castt The evaluation of piocecda aa beforcp the condition 
ZNf " N now taking the form 



\fBAE. 


s 


C71) 


TheiB SB a oeilam convenience in intnxlucing the traiiBfoniiation 
BJkT ^ u Then (71) becomet 





y/ndn 

+ fl 


JV 


(72) 


We ehall ael — yi ^ 7 Lonfine our Bitcntion foi the test of tbia 
eection to the caee in which t > 1 but ib not Bufhuently large for u% 
to be jufltiiied m neglecting a compaicd with eV Now we con tiana- 
form the integral m (72) in the following /aahKin, letting a B=b b, 
where b Is elwaya pobiUvc, though a mny 1x5 positive oi negative 
For the Fenm-Diiac and Bose-Linslcin sUtisUcb ft — 1 Foi otliei 
mterinediale brands of ataUstics 0 < ft < 1 Wc shdl coiry tbiough 
the general caoe The intcgiol in (72) then beenmeb 



^\/T(du 
+ a 


1 y/Hdit 

ft Jo ± 1 + 


Call ^ 

integral 


The foiegoing intrgial is a special form of the 



with a > 1 and p lational and jxisilive Since can expand the 
dcnomiiuLtor of the inU^giand in llu foim 


1 


it follows that 




) 


[I T fl 




] 


(73) 


Introduce the IranBfoi maLion jn « / and uUli/t (In fact that 

r - - \ , (74) 

Jq J */0 J 
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The result is the convergent expansion 

mp, 


, a) - “ =F yf+T + T j r(p + 1). 


(75) 


In the particular case of (72) p — 1/2. Recalling that r(3/2) — •\/t/2i 
we finally have 


iV = . 


(linnkT) 




-2rt 


-(n + l)tf 


+ •“ +(=Fl)”'- 


+ •••). 


A3 b V ' 2» ' ' ^ ' («+l)’' 

From this the firsl approximation to a is obtained in the form 

h^Nb 


e - 


‘(2TrmkT)^'^ 


(76) 


(77) 


It is interesting to observe that if we set ^ = 1, this is just the expres- 
sion for in the classical statistics distribution formula. The second 
approximation to is 


h^Nb r h^Nb 1 


(78) 


This approximation introduces a distinction between positive aiul 
negative a. In (78) the plus sign corresponds to positive while tho 
minus sign corresponds to negative a. In tlie limiting cases in which 
a = ± 1 we have 6-1. The value of for the Fcrmi-Dirac and 
Bose-Einstein statistics respectively is given to the second approxima- 
tion (recalling that now by 

•V. _ , h^N 




^ Bose-Einsteln 


h^N 


*(2ir;«&7') 




h^N 


2\i2Trmk 


(79) 

(80) 


For 1 cm® of hydrogen at room temperature, the expre.ssioii 
h^N jr{2t!7nkT)^^^ has a numerical value of the order of 10“'^ Hence 
or is considerably greater than unity and the approximation in (78) 
is a very good one in this case. For reasons which will appear more 
clearly in the next section a gas for which this is true is said to be 
weakly degenerate. For the present we shall use the term degeneracy 
as an indication of the deviation of the properticrs of a gas treated 
quantum statistically from those of an ideal gas treated by classical 
statistics. The measure of the degeneracy is the value of For 
hydrogen under the conditions just mentioned tlie degenei'acy is indeed 
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eo mak that laducea for all practical purpoaea to tho value for an 
ideal gaa tn Hnwacal etaiiaticB the temper atiue is lowered^ 
incroasea and the degeneracy becomes gieatei. Howevei foi hydiogen 
ewn at its ci lUcal point s'" is of the ordei of only 10”® 

The distinction between quantum and davicol statistics will be 
farther brought out by a calLulalion of the total aveiage energy of the 
gps as a function of the tempciaturu This is given by 

kT{2mkT)^J^ 7Te=^ 

We again make use of the integral U(j>, a) in eq (75) with p » 3/2, 
and can finally wnte 

„ 3 t hT{2*mkT)*'* 

^" 2 ? 4 

/ If-*" \ 

(<'"‘=F^+ + !)■ (« + )■ (82) 


whete the upper sign icfeni to poaiUvc a and the lowei aign to negative 
9 Combining this with the expiesvion for N in (76) gives 



If IS Bufliucntiy small wc can appioxunate tins Buccesarully by 

£ j^l “ jr) ]. (84) 


when! the upper sign now refcis to positive a and tho lowei sign to 
negabve a If wt set fui bicvity 


( 78 ) With ft - 1 bcLorms 


I 

.-.k(i±5^) 


We can then substitute into (84) and ohUin foi the approximate 
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expressions of the energy on the Femii-Dirac and Bose-Eitistein 
statistics respectively 

^ - p! + • ■ •] (37) 

r IC 2 1 

= ...J. (88) 

These may be considered as correct approximations as far as terms of 
order K'^ are concerned* It is plain that for a weakly degenerate gas 
the energy differs but slightly from the classical value. 

We now wish to obtain the equation of state of a weakly degenerate 
gas* This involves getting the entropy and free energy. For the 
entropy we have agreed (Sec. 3) to use the definition 

^ = (89) 

By inserting the value of Nj/itj given in eq* (45) into the expression 
for log w in eq. (42), we are led to 

S — k — yiN +* ^ ^ 71J log (1 + * (90) 

From (65), replacing the summation by an equivalent integration, we 
have 

i iij log (1 4* 
a 

= ~ log (1 + dE. 

Partial integration of the integral leads finally to 

+ (91) 

The free energy is 

- jE ^ - hxNT ^ I jE. (92) 

The equation of state then becomes (eq. 12, Chapter III) 



From (78) with h ^ 1, we can evaluate 71 (recalling that ^ 
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dB 

and from (84) ve can get — , being caieful to keep temu of appro- 

OT 

pnate ordei in each caae The final result ib 

2E 

(94) 

3 T 

It la worth noting that ihja icsult, which we have already deiived in 
the daaNcal kinetic theoiy (cq 12 of Chaptei V) holde foi both bianda 
of quantum Btatmtics It is theiefoic a veiy general foimula 

The equation of slate foi a weakly degenerate gaa m the two branda 
of Btadatica then appeaib in the appioxunate foim 

( K. \ 

1 + ^ - -p;- + ) Fermi-DuaL (95) 

pT — Wikr^l — ^ ^ Bose-Ematein (96) 

As a conacquenoe of ihefao cquntioiis, a weakly degcneiate Boac- 
Emateiii gas ib more oompicBsil)k th<in an ideal gas, while a weakly 
degenerate Ftrmi-Diiac gas is kss compicssiblc than an ideal gas 
Actually ibc dilfeicncos ate so slight that they die cntiicly maeked in 
leal gaaes by the diiiai tuic^ fiom idealilv owing to the foices between 
the particles Thcbe an. of unusi iiegli tied in cqs (9S) and (96) It 
IS only at veiy low Umixialutis that the turns in K and become 
appreciable and bcic the intermoleeulai Toiecs bccumr paitieulaily 
agniiKant 


0 WEAKLT DEOBHERATB GA3 BT THB DAHWIH-POWLBR MBTHOD 


It wiU be worth while to toiihidei how the piobkm of See 5 tan be 
attacked from the btandpoint of Set 2 hoi this puiixise wc need 
cxpiesmoiia foi N <inA h analogous (o iqs (71) and (Bt) in Set 5 We 
qIbo need an eTpitssion foi the c iilropy 

We pioceed by analogy with lh« ckvilopment in Chaptei VII 
There the sum of all Uu wc ights, '^Wt was shown to lx* equal to the 
oofitoui integral 




J_ 

2tJc ’ 


where Z — is the ]i«iili(Kin iuiietion Ihi tYpicssion foi the 

energy in lams of the ikiramtUi f (latti asscKialtd with the* tem|xia- 
tyre by f ■■ wasobLiinctl by c\pit*ssing Lht fatl that 
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has a minimum at 2 = f on the real axis. This led to eq. (2Q) of 
Chapter VI 1. What is the analogous equation in the case of quantum 
statistics? In eq. (23) of this chapter the sum of weights is given by 
the double contour integral 


XW 



Mdxdz 

;^ivTT7Ti* 


We expect to find the connection between E and f in this case by 
expressing the fact that has a minimum at 3 = f on the real 

axis. This demands that 


Sz 



at 3 = r. 


(97) 


The differentiation yields 

If we introduce from eq. (22) the Fermi- Dirac expression for M, whicli 
now takes the form 

MM =•• IJ (1 + (Fermi-Dirac) ('><>) 

} 

the energy expression (98) can be written 

The parameter m is the value of the complex variable x along the real 
axis where has a minimum. The condition for this is 

4 - = 0 at x; = (I IM ) 

dx 

When the differentiation is performed the result is 

where again we are of course employing the Fermi-Dirac M. Tlu? 
reader will observe that i¥(f) in (99) is not quite the same M which wo 
used in eq. (22). We have incorporated in it the exponent the 
number of cells associated with the energy shell Ej, The reason for 
this step should be clear from the discussion in Sec. 3 where we com- 
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pared the Darwin-Fowlei diblnbuUon formulaB with those obtajned 
by the alternative method The Ej which we are uainj throughout 
our pre&cnt development refcia to a whole bhcll of values and not a 
angle energy state To it muat theicfore be attached the weight fij 
The exjHtaaiona for -E and N in the Bose-Einstcin Btatistica are 
obtained by tlie same leaaoning aa (100) and (102) The only difference 
Jb the function -i/, which is now 


A^(f) “ n (Bosc-EinsUm) 

(1(U) 

The rraultB aic 


■Em “ - r^^«,log(l - Mf'O 1 

(104) 

//n.* ” - M— ^ If, log(l - ^1) 

(105) 


Let U8 go kuk and evaluate (102)^ using for this purpose the 
cxpiobsioii foi Hj already obUuned m (6S) and icplacing, as usual p the 
aummniion o\ti j by an inlcgiation o>ei the eneigy Wt tdso set 
f Then (102) beeonKB 

Nt,n l«R(l ( 106 ) 


Dificicntiation undei the inUgi.il sign is hue tillowcd and (he josult is 

s/a dh 
/o 1 + •/>* t 




//ii 


(107) 


Dill this is piLiisely out ch| (71) with a ^ + 1 vilh l//i iii plait of 
In similai fashion 

^>-u - I (2m/)' I.«{1 + Mi') VVSrfi 


The cliirciiiiliiition kads lo 


Ji 


I I) 



■“ /«' dj' 

1 + 


(108) 


With the liansfoi null ion u ^ E/kJ , this is ulentital with out pji vious 
tq f81J whin n - + 1 

Ihe Ktidii nuy |H(K(*(d to show lhat simil u iisulls an obLaiiud 
^Jth the llo<4 -LinsU 111 st itisiu s It is ekai that llu sttaLghifoi waid 
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application of the Darwin -Fowler quantum statistical formulas leads 
to all the results of Secs. 3, 4, and 5. We should, however, examine the 
entropy. In Chapter VII, (eq, 86), we saw that in the Darwin and 
Fowler method the entropy is defined as 

S k\og^W - klogNi 

This was found in the case of classical statistics to lead to 


6- - kNlogZiO - kE\og^ - klogNl 


(109) 


What is the corresponding expression in quantum statistics? This 
will presumably be obtained by replacing the partition function Z 
by its quantum statistical analogue. Actually to be rigorous one 
would have to evaluate the multiple contour integral (23) by a general- 
ization of the method of steepest descents used in getting the expres- 

-^^dz of Chapter VII. 

This has been done by Fowler. We shall not repeat it here but merely 
point out that 

, . / 1 V r f 


/C^C" » 

= k log M(ju, f ) - kN log fx — kE log J* 


( 110 ) 


to the same approximation wliich led to (109). The reader who has 
followed through the evaluation of (28) in Chapter VII will see tlie 
plausibility of (HO) though for the rigorous demonstration Fowler 
must be consulted. Incidentally (110) shows that the quantum sta- 
tistical analogue of the partition function Z is 




qni 




( 111 ) 


If now we apply (110) to the Fermi-Dirac statistics we get, using (99) 
and 


S = (1 + e<'e - - /feiVTi + 1 . (112) 


which is exactly eq. (90) with a — + 1. The reader can proctu^d to 
derive the corresponding expression for the entropy on the Bose- 
Einstein statistics and again obtain agreement witli eq. (90), this 
time with a = — 1, of course. 

** "Statistical Mechanics,” second edition, pp. 47 (T. 
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9 TBBUI-DIRAC STATISTICS 09 A BTRONOLT DBOKHmATB QAS 


We ehsll ncnr return to the general quantum statibtical diBtnbutMm 
law (47) and conadei ihe coiie of Feinu-DuacaLatistiCB (o — 1) when 

Yi IB positive end s'" so Imge that foi a conmdciable range of values of 
w have 1 In line with tlie dificuBBion in Sec S we 

flhaJI refei Id this aa a case of stiong degeneracy, since il necessarily 
implies a considerable deviation of Nj/n^ fiom the dassical diatribu- 
tioG formula (48) 

As before wc evaluate 6^ by ublizing the cxpi ewon for N m terms 
of yx and T. i e , eq (72) For o — 1 this becomes 

(113) 


The integial m (113) u a spLiool uut, of the intcgial 



“ H*du 
1 + e-"«“ ’ 


(114) 


where Yi ^ 1 Bnd p is lalionnl and poulive Let 
traubformation tiy * — 7 i + « <uid obuuii 


y'(p. Ti) 


yf 



(1 + yydy 

1 + 


ThiB may further Ik viiUcn 


UB intioducc the 
(115) 





(1 - yVdy f* il + yydy ' 

I + t" ^0 1 + . 


The liret integial on thi light bccomie 


Vi hence 
I/'(f.7i) 


1 _ /'* (1 - yy dy 

(p + 1) ^0 1 + e*'* ' 


•rf 


_i /‘(l-v)^dy f il+yrdy l 

(p+1) Jo l + e'*' Jo l+fl^ J 


(116) 


Now binu* 7 j 3>1,1 +«■'“' IS sii largL that llu iiiUgiaLion from 1 
to M adds \ii> liiUc lu tin valui of Uu si'tond inUgial in Uic biackct 
Coiwequcntly, ml can miiu lo <i giHid aiipiOMinalioti 


V’ip. Ti) 
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SincG ;y < 1 wo can expand the numerator in the integrand by tlte 
ordinary binoinial exjjansion and obtain for the integral 

The binomial coefficients are written in tlie form ^ ^ 

p)t Chapter 11. The integral in (118) can further be Written aS a 
double sum by the expansion of 1/(1 -p viz., 

The next step is to let ^ -f. l)7iyf wJience the above integral 

becomes 

This suggests the gamma function, gave that the integration linnls 
are from 0 to {k -|- I)-)-,. However we again use the fact tlint 71 is 

very large to assure us that for any j the H ncf?- 

1; >1 , ... •'(t'+Dvi 

figibfe compared with the integral in (120). Hence we can safdv alter 
the upper limit in (120) to 00 and write 

y 


Finally we have for V'{p, 7,) 




u'(p, 7i) = -vr' 
where we have set 


l/(p + 1) + 2 ^^ - 


E; 




C2/+j(^P^)r(2j + 2) 

■ 




IT’ C* + 1)' 

Using (122) in connection with (113) enables us to write 

i y^o 


(121) 

( 122 ) 

(12^^) 

( 12 '!) 
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^or moat applicationa it will be eulSctent to confine our attention to the 
iiBt tei m in the Bummation m the bracket m (124) end write 


''low 




(-1)‘ 


+ ir 


“ ” ^ 2® 3* 4® 


12 


(125) 

(126) 


lonaequcntly to thie appioximatian, the equation oonnectuig N and 
fi becomee 


if - ^ (2m*r)’*'rr [1 + (127) 


Recalling that 71^ 1, the hist approxiiiialion to fiDm (127) is 


3N\ ^ 

.4rirr/ 2mkr 


(128) 


rhe second approximation piovea to be 


ri 


WV- r _ (2irmhT)^ ' 

W \4tt/ 12ft^ . 


(129) 


The total encigy is gi\cn by tq (81) wth a ■» 1 In Lerms of the 
{encial integral 71) in (111) it le given by 

i = kr ilrnkf)^ t/'(3/2,7i) (130) 

To the ^kiine oidci of appioximatiun as Uiat Ubcd in eq (127) the 
csulL lb 

E - (2mkJ y 7i»' [1 + 5 t®/87?] (131) 

5//’ 


Dn dixiding (HI) by (127) and using thi second approximation for 
7 li 1 c , (1 29), the ciicigy may be cxpict^d in Llic foi m 


E 


3 WVlif\«r. . 5r®m®JH/3ArV*‘^j . 



Ihc inUiebting dilTdincc IxL^ctn thib icbult and that foi an ideal 
gas on clasbical btalislics ib at once apiiaicnt In the lattet case we 
havi simply E =- 3/2 Nkl , and as 7 approaches zcmo, E also ap- 
inoaclufa Alta Toi a stioiigly degenerate gns, on the other hand> 
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the energy approaches a non-vanishing value at the absolute zero* 
This is known as the zero-point energy of the gas. Its value is 


3 Nh^(3NY 
® 10 m \47rr/ 


(133) 


The form of E in its dependence on T in (132) is also very dilTei'ent 
from that for a weakly degenerate gas, given in eq. (87)* Of course, 
we cannot let 7" 0 in (87) because the approximation whicli enables 

us to write (87) no longer holds for very small T, 

The existence of the jzero-point energy is of sufficient importance 
for us to look upon it from another point of view. Of all the cells in tlie 
phase space associated with the gas only one can correspond to the 
energy value zero. On the Fermi-Dirac statistics there caJi not be 
more than one particle in this cell, if it is a particle without a spin. As 
we have seen in the discussion at the end of Sec. 4, there may be two 
electrons of opposite spin in each cell. For the moment, however, wc 
confine our attention to ordinary gas molecules. Now at the absolute 
zero of temperature we should expect to find all the particlea in the 
lowest energy states, i.e., all cells filled up to a certain maximimi 
energy value. Consequently the total energy in this situation cannot 
vanish. This crowding of the particles into the lower energy statca nt 
r ~ 0 is another physical interpretation of the degeneracy of the gas. 
At r = 0 the degeneracy is complete, As the temperature rises some 
of the particles leave the lower energy states and are transferi'ed to 
higher states; the degeneracy decreases. When the distribution of 
particles with respect to energy has become Maxwellian the degen- 
eracy has effectively disappeared and the gas is classical. 

The ideas of the previous paragraph can be used to give an alter- 
native calculation of the zero-point energy. We recall from Sec, 4, 
eq, (65) that the number of energy values for an aggregate of free 
particles lying between Ej and + dEj is 

^ (2m)» VEjdEj. 

If all energy levels from zero to some upper limit are each occu- 
pied by a single particle and the total number of particles is N, the 
maximum energy value is given by 
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The integration yields 

Sm»M 


2m \irr/ 


(135) 


The Mf/eneixy of the whole degeneiate aseembly then beGomes 


Eo 


^ (2m)** 

3 m‘/3NY 
10 HI \1tt/ 


(136) 


in precke agreement with the value givtn in (133) and computed from 
(132) 

We can alan calculate the entropy foi a degenerate Feimi-Dunc 
gaa We have already noted that cq (91) Us genet al and doea not 
depend on the degiee of degeneracy Subatitubon of yi ftom (129) and 
E from (132) into (91) yields 

S — \4i^/ termfl involving higher poweia of T (137) 


Aa r — ^ 0, It followB that 5-^0 and the enti opy of a btrongly degener- 
ate gna vaniahca at absolute /cio 

The remaiks immediaUly above about the phy^ial intcrpictabon 
of atatisLical degeneracy gam even more sign iHi ante fiom a plot of 
as a function of vcloaty magnitude hoi the non degenerate 



gas (eq, 48) this, of cour&Ci is just the pioliability cuivc alrearly shown 
in Fig 2 1 of Chaptei 11 The c ni i csponding plot foi a sUonglv de- 
geneiaieFcinii-Diiacgaflisgi\cnin Pig 8 2 Foi a voiy conaideiable 
range of values of the vi locity Vj flora ro up, JVj/hj icraains pi no 
ticallyconbUntat the value unity, indicating that all the lowest cneigy 
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cells ai'e occupied, each with its single allowed particle. As the higher 
velocities are approached, however, Nj/uj drops more or less rapidly 
to zero, the rate of fall depending on the actual value of 71 and there- 
fore largely on the temperature. In this part of the curve the classical 
Maxwellian distribution is simulated to a certain extent. The value 
of the velocity at which Nj/uj = he., half the cells are occupied on 
the average, is 



(138) 


wherein we must use the value of 7i given in (128) or (129). The 
result of the substitution from (128) is 


Vo ^ 



(139) 


The average energy per particle at T = 0 is, from (136), 
N 10 mKatt) 


(HO) 


This leads to a root-mean-square velocity at absolute zero of 

Vm^V^Vo. (HI) 


8. fermIhDirac statistics of a degenerate electron gas 

In the preceding sections we have not specialized the assembly o( 
free particles to which the quantum statistical distribution for mu I as 
have been applied, save in so far as we have assumed them to lx; pnr - 
tides without spin. In the present section we shall consider sped I i- 
cally an electron gas in which the mutual interactions are ncgleclrd. 
To make the problem more specific we shall assume that the 
of electrons per cm^ is of the same order of magnitude as the Lnscli initi t 
number for an ideal gas. For example the gas might consist of tlic 
(hypothetical) free electrons in a metal in which on the average at 
room temperature there is one free electron per metallic atom. Tliis 
will indeed form an interesting and important application of tlie thcoi-y 
of this section. The first thing we must note in the present discussion 
is that iVy in eq. (66) must now be multiplied by 2 in order to take 
account of the electron spin. This factor will follow through all tJic 
significant formulas. The easiest way to take care of its introduction is 
to replace t by 2r wherever it occurs. 
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Tho next question to eettlc ib IhiB la the aeacmbly of electrons 
degenerate or non-degoneiata at loom tempciature? Going bock to 
cq (H), we lecall that if e~“ — s'” (6 le equal to unity, of couiae) la 
very email compaicd with unity, the degcnciacy la exbemely weak 
This b true for actual gaaca over a wide i ange of temperatuiee For 
the electron gas, howevci , auch as we might expect to find in the metal 
adver with one fiee eleebon pci atom, bubstitution of fn » 9 X 10*^ 
gram, N/r — 5 9 X 10“, T - 300® K, into 

' “ 2T(2ir«*7)’‘' 


gives of the ordei of 2,330, which is far fiom being small Evi- 
dently for such an assembly even at vciy high tcmpeialurcs will 
etill be much gicatei than unity, indicabng that below tempeiaturea 
of the order of 10,000® K, an electron gas of the kind coniadercd will 
be Btiongty degenerate and mubi bo tiialed by the appropiiate form 
of the Feimi-Dirac atabebes The foimulos (129) and (132) aie the 
ones wc must apply 

It IS inleicBling to calculate tho bpoafic heal of buch a degeociate 
eleebon gas The epcufic he at pei i kction at constant volume is from 
(132) 


Ndl ” A* Wt/ ^ 


(142) 


Pfcr gcBOi atom wc havL foi iht litaL caiucily 

— i^krr) 


(IH) 


whcloListhe Avogadioiiumbol and/^ LhogasconslanLpoi gram atom 
If now wc compute tin i ighl-hand bide of (1 H) foi 1 — 300® K foi tho 
case of bilvcr, olicady mentioned, wt git appioximatcly 

Cp - 2 4 X 10”“i« 

The lulcresbng thing about tins icsult is that the dassical cqui- 
psrtitioQ pimuplc when applied to an election gOb gives Cp 3/2/2, 
independently of the tcmixtatuii , which is a much laigei value than 
that abcR'e at room tempeiatuic 11 we aic coiihideiing an election 
gas m a metal with appioximatcly one ficc olcc lion ]ici metal atom, 
the couUibutioa of the fico clei lions to the sixc ific heat of the metal 
at room tempeiatuie is tlicicloie iclabMiy \ciy small Piacbcally 
all the ohseived specific heat ib due to the atoms thcnivlveb 1 his 
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solves a fundamental difficulty that has always plagued the classical 
electron theory of metals. This difficulty was the one of allowing 
enough free electrons to account for the observed electrical properliea 
of metals and at the same time keeping the specific heat down to the 
experimentally observed value which at ordinary temperatines is given 
very closely by Cv ^ (law of Dulong and Petit. Cf. Chapter IX, 
Sec. 3). In the classical theory the two requireinentB seemed (|iute 
irreconcilable. Quantum statistics appears to solve the problem vety 
nicely. 

9. BOSE-EINSTEIN STATISTICS OF A STRONGLY DEGENERATE GAS 

We have discussed weak degeneracy from the standpoint of Inuh 
types of quantum statistics and strong degeneracy from the staiidjxunt 
of the Fermi^Dirac statistics. What constitutes strong degojieracy in 
the Bose-Einstein statistics? The fundamental distribution formula 
for the latter type is 

^ 

For weak degeneracy is negative so that > 1 and the first 
term in the denominator outweighs the unity even for small valucH of 
Ej. For strong degeneracy in the Fermi-Dirac statistics 
Evidently such a situation is meaningless jn the Bose -Einstein case as 
it would lead to negative values of Nj for a considerable range of 
values of £y. Consequently we are led to the conclusion that Ibe 
strongest degeneracy* i.e., the greatest deviation from classical sta tin- 
tics, possible for a Bose-Einstein gas corresponds to - 1 or 7i 
This has some interesting consequences. In the first place, the to till 
number of particles in such a strongly degenerate Bose-Einstein gas in, 
fromeq. (76) 

CQ 

iV = ~ {2vmkTf • X) i {Umkrf, ( 1 1 5) 

where the factor 2.61 is an approximation to the summation indicati-d. 
For a given volume of such a gas with a given number of partiedra, 
eq. (145) prescribes the temperature at which complete dcgenerac'y is 
attained. A glance at (76) shows that if the gas were slightly Hosh 
degenerate, i.e., < 1 slightly, N would become smaller. By no 

change can it become larger than the value given in (145). Conse- 
quently we can make the statement that for a degenerate Bose- 
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uiotem gBfl tiha number of particlea per unit volume has an upptt 
lut whicb at temperature T u 

— - {IwitikT)^ (146) 

hia GorreBpondfl to a maximum equilibnum density for any particular 
mperaturey a ailuation very different from that holding for an ideal 
II Any larger density than that given by (146) will neoeesanly oor- 
Bpond to a non-equilibiitim elate 

We can evaluate the energy foi the can of complete degeneracy by 
•verting to eq (81) and computing E for 71 — 0 The leault la given 
/ (82) with a — 0 and tlie choice of the lower sign throughout, 
hua 

(2t«)»‘(*D»‘ (147) 

■ 

1000^^ !/>»**■ 1 34 appioximately, the expression for S takee the 
pproxjiimbe form 

E - (2t«)’‘(*D»* (1470 

be equation of state in the completely degenerate condition can now 
e found at once fiom eq (94) It is 

p - 1 3t (AD»* (148) 

n other words, the presbure la dependent on the lempemlure alone 
his IS, however, the situation one encountete in the pressuie of sat- 
ratrd vapor and buggcfalb Uiat the etiongly degenci ale BQ 0 e-*Ejnatem 
as belidvea like a gob below lU o itical point, bo that when the temper- 
lure la reduced to a low enough value a cei tain kind of * 'condensation" 
■da a place, removing from the highci energy stales a ceitain number 
f parlidcs and Uanhfciimg them to the lowest energy state where 
hey make no cuntiibutinn to tlie pic^uie of the gas, a possibk effect 
n the Bobe-EinbUin btatistiLb that is of couise not present m the 
■ermi-Dimc ataliflUCB Ihis "condensation'* phenomenon hai been 
ludied m deUui by t London and possible applications diacuaecd, 
uiUcularly to the intcicsUng propcrUeti of liquid hcliuni near its 
ransitun point at 2 19° K 

“ F Undon, Pkyi 54, 917 (19M) 
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Equation (H7') cannot be used to derive the expression for the 
specific heat at constant volume. For this purpose we inust iijmi llic! 
closed form expressions (72) and (81). From (81) we have 






{m 


where the integral certainly remains finite as 71 — > 0, The factor 
/0y\\ 

I — ) can be evaluated by differentiating eq. (72) (with a — — 1) 
with respect to T, We obtain after conducting a partial integriilu>B 



3N/2T 



{m 


However, as 71 0 the integral in the denominator appi'oarfirH 

infinity and hence in the completely degenerate state the s()eciiic heal 
is given by 


C. 


/^\ _^SE 

KotJ, 2 f 




From (146) combined with (147') we then obtain the approx i male 
result 


- 1,9F. 


( 152 ) 


10, STATISTICS OF A PHOTON GAS. RADIATION LAW 

Perhaps the most interesting application of the Bose-Ein,s{(‘(ii 
statistics of a strongly degenerate gas lies in the field of radiation. I.ct 
us consider a radiation field in physical volume r to be equivalent lo a 
collection of light particles or photons corresponding to a wide ivutge t»f 
frequencies. With a photon of frequency v is associated energy a nr I 
momentum hv/Cy where c is the velocity of liglit in free space. 
desire the distribution formula for the photons with respect to fic* 
quency, i.e., for a radiation field in the equilibrium state correspoiulirrg 
to temperature the average number of photons with free] iknic)' 
lying in the range from to + dv. We shall assume that the pbolnii 
gas is effectively a collection of free particles obeying tlie Bose-Einslein 
statistics and in a state of strong degeneracy at all temperatures. 

Obviously we cannot apply directly the distribution forimila (Ml) 
with 71 «= 0, since there is no meaning attaclied to the mass afaj)hoL()ii- 
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(owever, we can rewntc (144) in terms of the momefltum p, m place 
r ener^ in the numeidtor and bo get nd of m Foi a free paibcle 
e have at once 




A 

2m 


ooseqiiently the dietnbution with respect to momentum (with 
1 - 0) becomes 


If, 


4tt 


(153) 


now we net P; — h,/c and B, « ht>„ the above CTpreuion becomes 


et us make the furthei assumption that the photonSp like electronSj 
osKSB a spin Thui effectively doubles the number Nj (cf the corre- 
xkodmg situation in the case of electrons which wo lake account of 
y multiplying r by 2 whcievei it ounirs) When we leave off Bub- 
ibicnpts and denote hy dN the number of pboLonb in the frequency 
uige from wi.of +dw,w have foi the average mimbcr of photons per 
nit pliyBicol volume in the range mentioned 


dN ^wi^dy 


(155) 


mce each of these photons has tncigy Ar, the average energy denbity 
i the radiation held foi frequency f becomes 


dE, 


SwAp'Vf 

1) 


(isd) 


hia IB the ladiation law of Planck which has been found to be in sub 
tnntml agreement with cxpciirmnUl obbcrvations Iu> derivation 
onh[ me that a photon gas may be considered to behave like a strongly 
egcneiatL Bose-Einbtcin gas 

Foi vciy low fiequcncKb or high temperatuicB (156) can be very 
ccuiatcly approMmated by 


dE, 


^rLJp^dy 


(157) 


^ It shoiiid lx stiLul Lint jn the ca«^ of i photcai gas ti * 0 foUo«i at cxice 
ruen iliL Mmplc f u L that t he number of p u LkJli !*• not fi^cl uid hcou. the condiUon 
6Nf ■ 0 hLb iio kMigcr a nunmng Ibc piU’anicLLr 71 then really dots not Later 
ht proUem 
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or in terms of wavelength interval (X ^ c/v) 




^irkTd\ 


(15H) 


Equations (157--158) are equivalent to the Rayleigh -Jeans law^ wlin h 
describes the distribution of energy in a radiation field rather ace urn tidy" 
for long wavelengths. On the other hand for high frequencioH or low 
temperatures (156) takes the approximate form 

dE, = (159) 


the well-known distribution formula of Wien, 

From the historical point of view it Is interesting to jecall that 
Bose’s original deduction of Planck’s radiation law was the HiariinK 
point of quantum statistics. This is reason enougli for I'cvirwiiig 
Bose’s method here, even though it is, of course, somewhat off the 
track of the systematic development of this chapter. 

In considering the distribution of objects in boxes or cells let uh for 
the moment focus our attention on the cells rather than tluj ubji’ctH. 
Thus of a total of Q cells we let Qo be the number which contain 
objects; Qi, the number containing one object; • • » Qj^ the manlH^r 
with J objects, etc., with 

N 

= (IW) 


where N is the maximum number of objects per cell. The niunl«‘r nf 
ways of selecting the Q cells so that Qo contain no objectH, 
object, etc., is 


n = 


Ql 

OolQil QnI 


(irii) 


We now proceed to make 11 a maximum subject to the conditioiiH ihat 


/V 

EjQj- = ^ = total energy = constant, 

N 

Qj ^ Q total number of cells — constant. (ki2) 


j-O 


Here Rj must now mean the energy associated with the cell wliii li 
contains j particles. Proceeding as usual in the case of a canon iraj 


Z, Physik, 26, 178 (1924); 27, 384 (1924). 



Sic 10] STATISTICS OF A PHOTON GAS RADIATION LAW 223 


diitrjbution (Sec 2, Chaptei IV) and calling the parameter 0 — iT, 

y, - 


(163) 


The average energy per cell appeare ae 


<i«) 


Nov if the partidea being diBtiibuted in the cells are photons we must 

(165) 

Hence 


£ 






But 




a-jir/ir _ ^ , , , 


(166) 


(167) 


sod if the maximum numbci of photons pei ceU ib large, as we have 
reason to suppose will be the cav, wc can leplocc the finite bum m the 
denominatoi of (166) by the infinite bum in (167) If wo diUeienUats 
(167) with respect to T, the leault ib 


1 

kT^ 





kf/hl' •"*"'**' 

■(TTr^ 


Crocn which (166) can be wntten in the form 


E 


hv 


(168) 


If tbc photons aie cnnsidcicd to foim a gab of ficc partidc^i m a volume 
T With momentum values h^/t, the average numbci of ccllb in the 
energy interval Up lohy + d{hp) will lie, fioni See 4, 


SrrP^dw 
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We have here assigned two photons to each energy value. Sinrv I he 
average energy per photon in this range is given by (168) it foIIoAVH Ui.U 
the average energy density of the radiation in the frequency l ange fHMii 
r to + ^ 1 / is given by (156), i.e., the Planck law again. 


11. APPLICATION OF QUANTUM STATISTICS TO ATOMIC STRUCTURK 


One of the most striking applications of quantum staluslics is (In* 
determination of the average distribution of charge in an atoiiu 1 1 will 
be recalled that in the nuclear atom model an atom is assuniHHl tn < nn- 
sist of a nucleus with a positive charge and most of the mass r iiu- 
atom surrounded by an aggregate of electrons equal in iiumli'er (fc^r 
the neutral atom) to the charge on the nucleus. It is the probiriii tif 
atomic structure to determine the possible energy values of Hiich a 
system as well as the average distribution of charge considrn li m 
effectively continuous. The solution also provides the poUuUial lie hi 
in the neighborhood of the atom, which is important in many applica- 
tions of atomic structure. The complete formal solution is iiHh’i-d 


possible only occasionally, i.e., when there is but a single eieclrf >ii , e.g., 
hydrogen, ionized helium. Various approximation methods ha>'(‘ 
devised to solve the problem for polyelectronic atoms. One of ilu* 
most interesting of these was proposed by Fermi, and iiid<qnuMU'iiity 
by Thomas. Their assumption is, in effect, that the elect rons in a 
polyelectronic atom behave as a degenerate gas obeying the IVr tni* 
Dirac statistics. If we assume that the electrons in an atom a 

sphere of radius approximately 10“”® cm, the density of the eirrti nu 
distribution will vary from 10"^ to per cnvl From the cousin lr-f .i- 
tions 0 Sec. 8 of this chapter, we see that such a gas will indrrcl in* 
degenerate for all ordinary temperatures. 

The problem now in question differs from that previously <lisriisM'rl 
in bees. 7 and 8 in one important respect, namely that vvherca.s th.-i.- 
we considered the electrons in the gas as being free and ilicrrf.nr 

porang only kinetic energy or at most existing in a field of const. in i 

potential, we must now think of them as moving in a variable fid. land 

^^Idition to kinetic energy, pon-nii.il 
onlv point. It will be seen, however, ( lia ( i in- 

Stion 1 ' f distribution a fun<-, ion of 

bw (eq T y distriimt io„ 

the added ootenK l"”^ ^ ^ incorporating witli the ene. 

added potential energy -.F, where V is the potential of the ib-ld 

rroc, Cambridge Phil, Soc, 23, 542 (1927). 
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and a funcUon oi x, y, b Thus we can now wntc for the number of 
electnms having lotal momentum lying m the intcival [p, P + dp) at 
the pomt (y, y, f) 


jJN , . 


(170) 


Thia follows readily fiom cq (66) with the appiopnatc lepieaentation 
of m terms of momentum SUicLly speaking it ib ncceesaiy to 
generali/e the denvation of Hj in See 4 to include tlie constant poten- 
tial energy teim When this is done, cq (170) follows The total 
numbei of electrons pci unit volume at (v, y, s) then bccomeb (using 
the Arat appioximation foi Af in cq (127) with r leplaoed by 2 t to take 
care of dho sfun and yi icploocd by yi + eV/kl) 


It IS now found convenienl to si t 


V - 



(172) 


wheiG V thus appcois as the potential of the atomic Acid cxpiessed to an 
aibibary additive eonbUiil klyi/6 Lxjuation (171) lIhmi becomes 

« ■= (2ir»ie)’'p'' (173) 

The equivalent ehaigr densit>, which we shall designate by p, is equal 
to —/IS If Ucal (his as a loiUinuous bLiLic distiibution, it must 
babbfy Poibson's equation, vi/ , 

= — 4|xp — — (2rw/f)^ eu^ (174) 


Asa fii si appioximation wc shall take tlu disLiihution to be bpheiieally 
symmeii icdl, so that i> is i function of r unl>, vherc r is the distance 
from tlic nucleiib 1 lie n 




dhf .2dv 
dr^ rdf 


Cr*' 


(175) 


vith 




llic bolulion of ( 17 S) must lx loiiiid suhjKt to the I xiu n dai y condi- 
tions , 

Inn rv ^ Zi , I tidr ^ /, (176) 

p 0 J 
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where Z is the number of positive charges on the nucleus, i.e,, 
atomic number, and the integration is to be extended over all 
The first of the above conditions expresses the fact that when an 
tron is very close to the nucleus its potential is practically that due 
the nucleus alone. The second condition expresses the fact that 
total charge in the distribution corresponds to Z electrons, for 
neutral atom. This will obviously not hold for an ionized atom, 
the necessary alteration is fairly obvious and introduces no fund^"' 
mental change in principle. 

Equation (175) may be considerably simplified by the substitutio*^®^ 
« r/{Ze) and f = v/(Zey^C^^, The equation then become^ 


dx^ X dx ’ 


(177> 


subject to the boundary conditions 

limA:| ^1, f == 1. (17^^) 

® Jo 


Finally we set <j>(x) — and reduce (177) to an equation without 
first order term, viz,, 


d^<l) 

dx'^ \/x 




The boundary conditions (178) take the final form 


/ OO 

■s/x(l>^^dx = 1 . ( 180 ) 

Eq, (179) has been solved numerically by Fermi and the solution is 
tabulated in the accompanying table. 


Table of Values of < f >( x ) m (179) 


X 


0.0 

1.000 

O.l 

0.882 

0.2 

0.793 

0.3 

0.721 

0.4 

0.660 

0.5 

0.607 

0.6 

0. S 62 

0.7 

0.521 

0.8 

0.485 

0.9 

0.453 

1,0 

0.425 


X 


l.S 

0.31 S 

2,0 

0.244 

2.5 

0.194 

3.0 

0.157 

3.5 

0.130 

4.0 

0.108 

5.0 

0.079 

6.0 

0.059 

7,0 

0.046 

8,0 

0,037 

9.0 

0,029 


X 


10.0 

0.024 

11.0 

0.020 

12 0 

0.017 

13 0 

0,014 

14,0 

0.012 

15.0 

0.011 

16.0 

0.009 

17.0 

0,008 

18.0 

0.007 

19,0 

0.006 

20.0 

0.005 



Sxc 111 

APPLICATION 10 ATOMIC SFRUCTURK 

229 

We can use this wlubon to obtain the potenbel e end the chorgn 

density p 

Thue 1 ^ 1 




(181) 

and 

C (Zo)^ „ 

(182) 


Thifl Bolves the fHoblem of the BtatisUcal diarge diBtnbution in the 
atom We ebouJd expect the resulting potential field to be a fair 
approTunation to the acluiU field, and mdecd one which impiovw aa 
the nombei of electPons inaedscs Aa a matter of fact the approxima- 
tion iH found to be a very good one for all atoms, except in the outer 
resions of the electi on distiibution It is a vei y u^ful epproxiination 
in vanouB applications of atomic bljuctuie, particularly thoee encoun- 
tered m the Btnicture of metallic cryblal lattices 

PROBLEMS 

1 In a cobo of gokl, 1 on on a ude, aMumc UuL ihc number of fm (.kUrofiM is 
equal to tho niunbei c£ abomb Cdlcubtc a few ( OLigy viluui foi the cJedmiu for 
■mall viKioi of ai, aij m m cq (59) and do the bami foi soiue Urger valuer of Ullbd 
ifitregari, e g , of tho order of nugnitudL of 10* Compare tho ^paung of ■uolhbvo 
onergy kveU in both caaj 

2. If the fru. cicLtrons of the cube of gold in Piobkm J form i dmcncrite gaa at 
abaoluto sera with all energy kvck filled, caUulalt tho niiximum lanctic energy 
Also caJcuLilB the total kinolic tiuigy of iHl ckc trocii 

3* Calculate tho toUl energy of ono innk of oxygen at it*> crilral tempcratuie, 
treating it u a Boee-CinalLin gaa 

4 . At wliat toinpcraiunL (oidcr of magnitude) doe^ the electron gai in metallic 
gold ccav to be degenerate? 

0 Prtnro that tho number of oombmaliom of i»j objicts il a time with all 
posaiblfl rt^etiUmifl allowed ih equal to the number (if lombina lions of ffj + 1 

objects at a time viikoai rcpcLitionii iknte derive ihc Roac-l inutin btaUatical 
probability (41") 

d. Show that the ixothcrm'il compn«Mbility (^ in idcil gis is iqiial to the locip 
meal of tho prtuure Find (he ciqircssujns foi the mil (omiircssibdity of a 

mcoldy degenerau. Doec-Cinktcm ami i wiakly dimmer itc r(_rmi-DirK gna 

y Uxceq (94) to find the ipproximitt equal ion of sUlo of a stior^l> devenormto 
Fcnni Dn-iic gai> Compile the ibothcrmal eompn siibilitv with that of a wudJy 
degonodte Fermi Duai g^s 

B Duive the cxijrission for the enUopy of a blrongly dcgiiierato Fermt Dirac 
gas out lo terme of the order 

P At what tnnpcraliuL dues the itomieheal e ipieily of lb( strongly dege dot iLe 
electron gnb in mclillK silver become equal lo Ibe value pietlulrd liy the cHMeil 
eqiniiATtiiion pnneiplo? 

10 Compute IQ tibulai foim the Fermi Ihomis UitistKal charge dtsuibubon 
in the Dcmlial aodium atom in its norm d st ite 
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SPECIFIC HEATS OF GASES AND SOLIDS 

1, SPECIFIC HEATS OF AN IDEAL MONATOMIC GAS 

The two specific heats at constant volume and constant pressure 
constitute important characteristics of a gas. In this chapter we dis- 
cuss in systematic fashion their theoretical evaluation for certain types 
of aggregates, They have already been defined in Sec. 4, Chapter III 
and discussed in preliminary fashion in Sec. 2, Chapter V. If the 
average total energy of the aggregate is E and its total mass is A/, ttie 
specific heat at constant volume is 



and that at constant pressure is 



In this section we shall be concerned with an ideal mo n atomic gas 
consisting of N free mass particles of mass m and eacli possessing three 
degrees of freedom. We shall follow the Darwin -Fowler metlioci in our 
discussion and use the energy expressions obtained in Chapter VII 
and Chapter VI 11. For a classical ideal gets, we have 

£ = AY ^ log 2(f), 
where Z(f) is the partition function 

m ( 3 ') 

j 

and f = e The J£j in the sum are the possible energy vahio.s of 

any particle in the aggregate. If we transform from f to T, (3) becomes 

E = mT^^JogZ(r). 
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( 4 ) 



1 ] 


IHB IDEAL DIATOMIC CAS 


231 


J tbe bpeaHc heat at oonatant volume la 

m eq (100) of Cbaptef VIII we can wiite the coiieflpondinKexpra- 
n foi an ideal gaa olx^ying the Fermi- Ehi ac fltabBUca ^ 

10 ooriLoponding epeafic heal al coobtant volume foi a Boae-Emstein 
“al gaa (from 104 of Chapter VIII) 

e have alieody used (6) or its equivalent m evaluating the Bpecific 
ol of B degeneiatc election gab (See 8, Chaptei VIII, eq 142) We 
ve albo Been that foi an aetiuil gab compoBcd of neutral moleculea 
I which tho Bose-EiiibU^m staUbtiea la mdicalrd» the modification 
le to the Ubo of the foi mii m place of dasbieal stalibtiCB is so amall 
L(ki noimnl conditions as to be negligible Consequently m what 
llowb we bliall u*^ the elaasital BtatibUcal foimula (5) foi apccific 
at calculations 

The pioblem icduccb essentially to the d( leimination of the paiti- 
>n functinn /(/) giM n in tho classual slaListicb by (3') For an 
eal gDs this la given by Li\ (77) ol ( hapUi VII We write it again 
r CDuvenicnee,’' cxpicsbing it as a funi tion of T 

Z{1) - ^^,{2rmkiy (8) 


he applieatioii of ( 5 ) yields al oik< the familiai icsult 


Cy 


3 * 

2w ' 


( 9 ) 


lid the ae&ociaLcd \ alue of ^ p also folloi^ s dii ( etl> 


2 THB IDEAL DIATOMIC GAS 

The niial diatomic gas consists of an aggicgaU of fieely moving 
lokcuks, each ol whuh is eonijiosid of two bimiLii atoinb The 

* It ■ihoukl pcjtidfBi be sbcssLil th il m |6) iihI (7) only the difTLr<.DtiaLK>n of thi 
ruVcl IS to bt umdurlLci al (onslanL \oluitiL 
[fi llu^ ehaplu WQ uttL K fui voluim 
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determination of the allowed energy values of a diatomic molecule is a 
problem in quantum mechanics which we sliall not work out liore. We 
merely remind the reader that the energy of such a molecule is made up 
of three parts, viz., (a) energy of translation of the center of (^) 

energy of rotation, and (c) energy of vibration. The possible energy 
values for translation have been worked out in Sec. 4, Chapter Vfll 
and are 




h^(ni ,4 ,4\ 


If we simplify by assuming that the molecules are confined to a cube of 
side I and volume 7 the above expression becomes 


Here ^/ 2 » and can take all integral values. 

The possible energy values for rotation for a two-diineiisloiiiil 
rotator are ® 


Er 


j(j + 


(ID 


where j takes on positive integral values and I Is the moment of iiUM'tisi 
of the molecule considered as a dumbbell. I is taken about an axis 
perpendicular to the line joining the atoms and passing through the* 
center of mass. If indeed the molecule consists of two different uloniH 
of masses mi and m 2 respectively separated by an equilibrium distinct? 
c, we have 



III the special case being considered in this section, nii = ni^ = w and 




~ 2 " 


(Id) 


The possible energy values for vibration are taken to be tliose f<u' n 
simple harmonic oscillator of frequency namely (cf. eq. 5v3, Chapter 
Vll), 

Ev ^ {j + l)hy, (14) 

where; takes on positive integral values including zero. 

>a, for example, Lindsay and Margenau, ‘‘Foundations of Physics.'' p. 4J5. 
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The total energy of the molecule will then be expressible as the sum 
of the energies and The wnting of the partition function 

(S') might appear to oiTer some difficulty because of the presence of 
the weight factors gj These can be omitted cxpliatly, howevefp if we 
inoorponatfl them into the eneigy levels ihemaelveB by agreeing to 
repeat m the aummation terms which have weight greatci than umty 
We then write 


Z(r) - 

(15) 

the aum being taken over all valuea foi all Lhiee energy lypea 
of ibfl exponential fotm, mmphficabon i*i possible 1 hue 

Becauae 

Z(r) - Za-*/" 

(16) 

or 


z{T) - z,(r) ZrU) z.(r) 

(17) 


We can then determuie the pai tition functions foi translation, rotation, 
and vibration separately and find the total function by mulUplication 
Let us fiist investigate the paitiUon function Zr(T0 Fiom quan- 
tum mccbanicB it develops that each lotational energy atata j has a 
weight 3;; + i aesociated with it Hence 

m 

Zr(r) (2j + (18) 

It turns out ^ that (18) with j allowed to take all positive integral values 
la the paititHsn function foi lotation for diatomic molecules composed 
of different B tome If, however, the atoms aie identical, i e , the mole* 
culc IB that of an element, not all values of j aie allowed in the summa- 
tion , 1 athcr only the odd values oi the even values are permitted The 
ixason foi this IS connected with nuclcai spin end le adequately 
explajoed by Mayer and Mayci in the refeience just given We shall 
denote the partition function foi which j is allowed to assume even 
mtfigrol vnlucs by ^rt(7) and the one foi the odd values by ZrJX) 
The evdluabon of tlie sum in (18) is a mattei of approximation, the 
ease of which la determined laigcly by the value of which, 

following Mayei and Mayci , we call o* for brevity The values of cT 
for CXI tain molecules ojc taken fiom Mayt i and Mayer and presented 
in the accompanying table Foi most diatomic molcHnilcs o- « 1 for 
room tcmperatuie and indeed o' < 1 foi temperaturea m the neighboi 

*Cf Msjw and MAyu, Station d Mechanas" PP 150^ 173 
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hood of the boiling points, the only exception being providrd * ^ 
hydrogen. 

Table of o-r Values for Diatomic Molecules 


Molecule trT (in degrees C) 

H 2 

84.97 

I 2 

0.053 

N 2 

2.85 

O 2 

2.06 

HCl 

14.95 

If cr is the order of 0.5 or greater 

ZriT) = 1 + 

+ Se-®' + 7e~ 

a sufficiently good approximation 

. For smaller ' 


have obtained the approximation, convergent for cr 1 


They also find that for small <r, i.e, less than 0.2, 

2r,(r) = 2„(r) = iz.(r). (U) 

The contribution of the rotational energy states to the spccil'ir 
can now be obtained at once from eq. (5) with the result thal 

L / -2 \ 


m\ ^45 ^ 945 


)45 / 


for a ^ 1.0. This holds for small <r independently of wIhmIh'i ih*' 
atoms of the molecule are the same or different since tlie r i'f 

the logarithm of Z^e or Zrois the same as that of Zr (from 2 j), I j • 
tion (22) possesses considerable interest. It shows that for ti ro * 
perature (for which cr Cy-^hjm, As a matter of fiui. 
iting value is closely approached even at room temperature for u 

and oxygen and is reasonably well approximated even for hy( lrnj;''ri , 
For these gases under these conditions, then, the total cantril)ui inn u* 
the specific heat from translation and rotation becomes (3/2 11 
(5/2) This confirms the conjecture in eq. (32), Sim*. 2 nf 
Chapter V, which is well substantiated by experimental ahsrr\ .ir inn. 
It suggests that at and above room temperature the vibration a I comm y \- 
states contribute little to the specific heat of a diatomic gas. U'o jJial) 
look into this theoretically presently. In the meantime wo nntr i h.u 
as T grows smaller, <r increases and the contribution of the roLii inn.il 
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energy to the speofic heat increaaca Howevci with fui iher incieaBe of 
at 1 e beyond ututyi cq (22) cca^ee to hold anil a new exprcbsion 
on (19) IS indicated, buL it is unnecesaoiy to dinive tins in order to see 
that as ff mcieaaee, ultimately Z, approaches the constant value umty 
and cy approaches mi o We ihi icfoic cvpei t at vei y low temperaluie 
little contribution to the speabc heal from the roUUonal energy states 
This agrees with the expcnmenUl obsei vation that the specific heats of 
diatomic gaaea at constant volume dcauase oii the temperature 
decroaeee 

We now investigate the pai Ution function foi the vibrational energy 
states Fiom (14) this bccomrs 

(23) 


Here the clementdry weights ^ dll reduce to unity 
we can wiite 


Z,(D « 


ji 



Since < 1, 


FfDfQ thlB 


i _ g-Or/L 


log Z.(T) - >- - log (1 - 


(24) 

(25) 


ondeq (5) yitlds, dfU i C(Ui>ing out the indutiUdopLialions 



as tlie contribution of the vibi iilioiial i in t gv si.iUs to the bpcafic heal 
At very high tempi idtuics licconu s loiisiclei ably Icbb than unity 
and inspection slioi^b lliat umlii lluso (ondiUuns ty-yk/m How- 
evcrdtroomtcmpiraluiL and IkIow, > l,cg,loj lIjdt300^K, 
hp/kT — 20 Undti these ciicunislanas * 

w ' 

^For data ai viIuls uI ihi fuqiMmy w fin tlidlunm molcLulon, no John C 
Slaicr, ^IntroduaioD to C lumii d pp 132, 141, MtCjiaw Hill, Now Yor^ 

t939 
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fCn. IX 


or a very small fraction of kjm. Compared with the contributions of 
the translational and rotational energies, that of the vibrational energy 
at room temperature is negligible. This of course finds confirniation in 
the experimental results already referred to. The increase in spt^cific 
heat at very high temperatures due to the vibrational energy corHribu- 
tion is also borne out by experimental measurements.® 

So far as the use of statistics is concerned the same method oiitliTie<l 
above for the determination of the specific heats of diatomic gases is 
also directly applicable to polyatomic gases. The quantum mechanical 
problem of determining the energy states of rotation and vibration in 
of crourse much more difficult because of the greater number of degrees 
of freedom involved.’ 


3, SPECIFIC HEAT OF A CRYSTALLINE SOLID 


A crystalline solid is an aggregate of atomic particles whose po.si- 
tions of stable equilibrium form a regular three dimensional array or 
lattice. The atoms do not remain at rest in their equilibrium positions 
but move about them in vibratory motion with frequencies dctCTniiiied 
by the nature of the forces acting between them. Specifically a solid 
Crystal consisting of N similar atoms has iN degrees of freedom, and 
rom the classical mechanics of vibrating systems it follows that smJi a 
system can oscillate m 3iy harmonic modes, Quantum mechanically 
c possible energy values of the crystal are given by 






(27) 


t*'® frequencies corresponding to tin; 
valiiL f 'if ° lation and % can take on all positive ii)Cogrt)l 
values for each Equation (2 7) is the generalization of (1 4), 

The partition function for the crystal becomes 


2(r) 


-^n/hT 


h=0 


n,-*-0 


(2HJ 


' ?h;'fe7drS Slater, op. „V, p. 14S. 

PP- 179 ff. n an a equate discussion in Mayer and Mayer, o/.. cil., 
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ho exponoDtial can be wiit±en as a product and henoe Z can bo 
4>Teaeed aaa pioduct of aunifl 71108 






io second step being equivalent to that taken in (24), Further 


log Z{T) - \%f,/2hT + log (1 - ( 30 ) 


We now make the aeaumplion that ibe aamc atabBbcal mediod 
hich we have applied to gaeea should al^o hold on {pUitable modifica 
on for the ZN paiUdes of the eolid ayatal Examinabon. of the 
mdamental poetulatcs in Chaptci VII shows that this ib a justifiable 
rooedure C^ly one slight modihcation ib neccssai y In our previous 
iM^ufloon of ideal gasce the paitition function lefeiied to a single 
article of the gas Now the pai tiUon function in (28) refers to the 
hole assembly of oeallatora Consequently we must alter the fun- 
■mental formulas (3) and (4) giving the energy of the system in tet ms 
f the partition function by leaving out the factoi JVp bines it alicady is 
icluded m Z Thus we now have for oui cryatal in place of (4) 


£ - *r*^iogZ(r) 


(31) 


lie corresponding sficcific heat expicssion becomes 

^or die crystalline solid this takes the form (from 30) 

The result of the carrying out of the indicated operations la 


cy 


JVw ^ - 1)^ 


(34) 
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Let us suppose that the temperature is high so that for every 
hvjfkT « 1. Each term in the sum in (34) becomes practically unity 
and the result is 



(35) 


A more accurate approximation is 



36iV ^ \kT/ ^ J 


(36) 


The gram molecular heat capacity at high temperatures should thus 
approximate for all monatomic crystalline solids 


Cy — 3R « 5.96 cal /degree C. (37) 


This is the law of Dulong and Petit, For most monatomic crystalline 
solids it is in excellent agreement with experiment even at room to lit- 
perature. 

At low temperatures (34) approaches the asymptotic form 



(m 


indicating that as the temperature approaches absolute zero> the 
speciHc heat should approach zero. This is in general agreement widi 
experiment though the precise rate of approach to zero is not in accord 
with the exponential law (38). 

The endeavor to render the theory of the specific heat of a crystal- 
line solid more exact necessitates the evaluation of the sum in (3-1) 
and this in turn demands a knowledge of the frequencies vj* The most 
important attempt at a solution of this problem is due to Debye.* 
Debye replaces the sum in (34) by an integral over the whole frequency 
range from zero to a certain maximum frequency and seeks the dis- 
tribution of the oscillations among the various frequencies by find i rig 
the number of possible modes of oscillation of the crystal lattice in 
each frequency intervaL 

Let us suppose that the crystal is replaced by an equivalent clastic 
solid medium taken in the form of a cube with side equal to h Tlie 
assumption was made by Debye that the actual lattice vibrations are 

der Physik 39, 789 (1912). Cf. also the discussion of the Debye theory 
in Slater, op. ciL, pp. 222 ff. and Mayer and Mayer. ‘‘Statistical Meclianiea/' 
pp. 248 ff. 
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the same as the allowed modes of elastic wave vibration (atationary 
etastbc waves) in the equivalent oonUnuou? elasbc medium The 
latter are solutions of the wave equation for the two types of elasbc 
waves m a solid medium subject to the boundary coDdibons at the 
faces of the cube The two wave equabons are respeebvely • 

and 

(«) 

Heie I la the dilatation in the medium and eq (39) represents the 
propagation of ^ as a longitudinal wave with veloaty 

. ,ji±^ , ( 4 .) 

\wheic h 18 the bulk modulusj n the shcoi modulus, and p the density 
In (40) ( IB a iransvarBe displacement propagated with veloaty 



We assume that the solid cube is tiavLised by plane harmonic waves of 
both longitudinal and tian<ivene tyix's Such a wave will correspond 
to a dibplocenHmt in the foim ^ 


wlicre A is^thc amplitude of the displacement and a, fi, y are the direc- 
tion cosines of the noimal to ihc plant wave fiont The impoeibon 
of the boundaiy condibons ossuics that thise piogicssive plane waves 
will becDfne stabonaiy plane waves with space pai L in the form 

2TrF 2 ti' 2tp 

Bin — ere am — /3y sin — 7*1 
6 c c 

• Cf , for exBDipRi Su^irt Jncl I irnWy, "AlousIils," pp 328 ff D Van Noi 
traod Co, New Yoik, 1930 

WCI SUter inil 1 unk, “ Inlroductioa to Thcw^lical Phym," p 25^ 
McGraw-IIiU, New York, 1933 
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where not all values of the frequency v and the direction cosines 
y are allowed, but only those which satisfy the boundary condi- 
tions, expressible in the form 


c* 1 

Sin — al — sin 

c 



. 27rr , 
sin — yl 
c 


0. 


(«) 


These are satisfied for 


va 


fliC 




fljC 

21* 


vy — 


n^c 

21 


m 


where Wi, Wa, «3 are any three integers. Since b, 

(46) suffices to fix the allowed frequencies of plane stationary waves 
in the solid as 


nj, n3 


-VmJ + mI + «3. 


(■ 17 ) 


To each triplet Uit 7 i 2 t ^3 corresponds an allowed frequency aiul n 
direction for the associated plane wave motion. The problem to 
solved is to find the number of allowed frequencies in the givtm fre- 
quency interval p, p -t dv. This is mathematically identical with tim 
problem solved in Sec, 4 of Chapter VIII and we shall not nootl to 
present the analysis but shall merely give the final result, remarking 
only that for each direction we shall expect to find one longitii<liiial 
wave and two transverse waves. The total number of modes of f)latlc^ 
wave harmonic vibration of the solid for which the frequency Vws in 
the interval mentioned then becomes (with V ^ ^ volume of the 

cube) 

Niv)dy = iv. (•!«) 

Cl / 


We now follow Debye in the hypothesis that to a first approximation 
we can replace the real discrete distribution of frequencies in tin* 
actual crystal lattice by the continuous distribution (48). Since 
total number of allowed frequencies is 3A^, there must be an upper limit 
to V in (48). In fact we can compute this p^^^^ from the condition that 


/' 


N{y)di> « 45rF 


S'jU' 


v^dv = 3N. 


(-i'J) 


This results in 


9N 

4irVi2/cf + l/cf)' 


( 515 ) 
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We can use (50) to e n pre a a (49) m tbo form 


^(f)d>> 


9N^ . 


(51) 


The apeofic heat eicprenun in (34) can now be written in the mtegial 
form 


Cy - 




(52) 


Let UB abbreviate by wnting ts — h»/kl, wheicupon (52) bcosnub 


9k . 

mw^ Jq («■— 1)^ ^ 


(51) 


It IB uaiml to introduce the ao-callcd Dtbye dioiOLU-ubtic tLmpcialuic 
defined by 

00-^. (54) 

SO tKat 


Vhn^ 


©D 

r 


(55) 


Equation (53) eTpicsBCB cy aa a function of //©/; I he iiiUf^alion 
will not be undertaken However we can one intLiUiUng nbull 
at once by noUng that 



wVi/w 
- 1)" 


4r* 

IS 


(S6) 


Hence foi low bcmpciatuics whcic 
the apedOc heat is given by 


Cy 


12 ir* k 

5 ni 


may Ik cxpcc U cl to lx‘ lai gi*, 


y* 

Bd 


(S7) 


Thia dependence of the speofic heat on llii ihiicl power of f foi small 
T u well BubatantiBtcd for a numbci of suI)sUiuls 

The acoompanyuig figure (Fig 9 1) give s a plot of t \ as a fuiu Iron 
of T/Qjj This should of couisc Ik? the sunc fur all (.lysUlliiii solids 
Tho dntmction between vai wus solicU conu s in the value of ©d I Ins 
characteristic tempeiatuio has been compiikd fui bc viral cknunls 
both from observed apccific hc^al data and from the cxjx.iinKiiLal 
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elastic constants (by means of 50). The values obtained by the two 
methods agree rather well.^^ For example, the value of for ahiini- 
num calculated from the observed specific heat variation is 398^ K 



and that obtained from the elastic constants is 399’^ K. Another 
possibility is to obtain Qn by fitting the low temperature range as 
accurately as possible and not considering the higher temperatures. 
If this is done for aluminum the value is 385"^ 

PROBLEMS 

L Use eqs. (6) and (7) to derive the explicit expressions for the specific lu*at at 
constant volume of an ideal monatomic gas on the Fermi-Dirac and liose-Einsirin 
statistics respectively. Show that to a first approxiruation the classical liiriiiiih' 
cy *= results. Estimate the magnitude of the correction lor oxygen at iin 

critical temperature, in the Bose«Einstein case, 

2. Derive the approximation (20) for the rotational partition fijitctioii for an 
ideal diatomic gas, 

5. ^rove that a plane harmonic wave of frequency m progressing in a direcumi 
with direction cosines a, 7, has its displacement in the form 

i 5= '>'«))_ 

Find the expression for the displacement in the stationary waves which arise from tlic 
reflection of plane progressive waves of the above type in a (Cubical vessel of wicle h 

4i Calculate the Debye characteristic temperature for copper, silver* «uid aUiiiii' 
num from the observed elastic constants. Compare the results with the rliur- 
acteristic temperature for the Same metals obtained from the observed specific heal 
values at low temperature* 

''For details, see Slater, op, ciA, p. 237, 

i®For a discussion of recent attempts to improve on Debye's theory by a nmre 
careful evaluation of the actual frequency spectrum of the crystalline solid, coiisulL 
the book by Mott and Jones, 'The Theory of the Properties of Metals anti Alloys,” 
pp. 6 ff., Oxford, 1936. 
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0, Smv that the entropy of a cryatAllme nlid can tx. wntten in tbn fonn 

Fmd tlM reiult to which Ihu roducci if 3N frequonac^ of the crystal am awmed 
to bo KtsDtical and equal to p Find the corrupooding ruull on the Debye theory 
of frequonpy diatnbutno Show that on the Delyt Lhiory at Lcmpcraluree low com 
pored with thn charactenatx temperature the f nirop> c in be wnlLcn approxiiTUtd> 

^-"“(1?©'+ 1 

d Denw the expctaion for the free energy of a crysLillira. eolid on the Debye 
theory and ahow that at temper ntuna high eompaicd with the cheraUeribtic tom- 
perature tho value ib appiexuiiatLly 



CHAPTER X 


QUANTUM STATISTICAL THEORY OP ELECTRICAL AND 
THERMAL PROPERTIES OF METALS 

1. THE LORENTZ-SOMMERPELD THEORY OF ELECTRICAL AND 
THERMAL CONDUCTION 

The most elaborate classical statistical theory of the conduction of 
electricity and heat in metals is due to Loren tz.^ He attributed both 
effects to the motion of free electrons and treated the electron gas in 
the metal by the classical Maxwell -Boltzmann statistics. Sommerfeld * 
modified the Lorentz theory by the introduction of quantum statistics. 
We have already noted that an electron gas such as the Loren t/* 
theory envisages in a metal with approximately one electron per iiieluU 
lie atom, must be strongly degenerate even at very high temperatures. 
The distribution law to be used will therefore be that given in cq. (47) 
of Chapter VIII with a = + 1, and with 7 i given by eq. (12U) of 
Chapter VIIL We find it convenient to express it in terms of veiori t y 
components rather than energy. This makes it necessary to rewrite 
the expression for 7ij in terms of the velocity components w*, v^,, Vg in 
place of energy. To revert to Sec, 4, Chapter VIII we see that i1k‘ 
possible energy values of a free particle in a closed vessel, given in 
eq. (59), are really equivalent to saying that the possible kini^ti<- 
energy values corresponding to velocity components Vxt Vy, Vg along 
the three coordinate axes respectively are 

(k‘>nvl)n^ 




^ H. A. Lorentz, "Theory of Electrons," pp. 261 ff., New York, 1916. 

«A. Sommerfeld , Physik 47, i (1928), See also "Haudbuch dcr IMiysik," 
second edition, Vol. 24, p. 333. Springer, Berlin, 1933. 
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nlh^ 
Sw/I ’ 

nih^ 

Sw/i 
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ThiB should be dear from eqa (55) and (58) of Chapter VIII Hence 
the niunber of energy values for which Vm hea between and 
mmply 


dill 

2 



with umiler expressions foi the y and § direcUons The total numbei 
of energy values for which ib iti the interval v^, + dv^ and Bunilaily 

for Vp end then becomes * 


dnidngdn^'' 

8 


jjrdvgdvpdvM 


( 1 ) 


If we assign two elections to each enetgy value to take care of the spin, 
we have foi our new n, the expression 

n, - ^ (7) 


atxl the distribution law to be u^ied in oui disemaion takes the form 




2 riii^/A^ dvxdVfdvg 


(3) 


For the sake of convenience wc shall mainly employ 

.. . 2m^ 1 ,,, 

V., Pm ^ t c; . 

The function /o is writtt n as a function of x a<j well as r,, v* bince we 
are auuming that the metal in qucbiion is in the fciim of a lod diiccled 
along tho x axis Wc wish to i\pic% the fact that the lod may not bo 
homogeneous, whence will depend on x Moieovii if a tuinperaluia 
gradient exists, T will be a function of x ilcncc the diblj ibutiou funo 
tjon will in geneidl depend on t 

If the metal ib subjocted to no external innuenoes the distribution 
function /o will remain uni hanged at an> pai tiuilai placo in the metal 
We must indeed expect the cleiiionb to sulki tiKigy changes by col- 
lision with the metallic atoms, but on the aveiage ob many elections 
will be expected to gam as to lobc incigy and the /o should not be 
aiteied by ihis cITecl Howevei , the situation will be diflcienl when an 
etectnc field ^(r) is applied to the metal 

' Wb rewt to the luc of r for phymtal volume 
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Consider the electrons at a given instant i in a small volume dr of 
the metal at the point Xy z and with their velocity componeiUs in the 
interval Vx + dvx, etc. At the time i + dty if there were no coJ- 
lisions, these electrons would be displaced to the same volume around 
the point {x + v^dty y + Vydi^ z + v^dt) and their velocity compcMUMits 
would become Vx + eS jm'dly Vyy Note that we are assuming that 
the applied field acts only along the a: axis. Now because of collisions 
with the atoms of the metal a certain number of electrons having 
velocity components in the interval in question at time i will have 
passed out of this interval by / + dL Let this number per secoinl l)e 
denoted by 

adrdvxdvydvz> 

Similarly we shall assume that 


hdrdvxdvydvz 

have their velocity components brought into the interval per secoiul- 
If there were no external field acting, equilibrium would be inaintaitiucl 
by 

a — b. 

However in general we shall have when a steady state is establislu'cl 
fix + v^dl, y + Vfidt, z + Vx + — dl, Vy, vf) 


= Six, y, 2 , Vx, Vy, Vx) -I- {b - a)dt, 




where /is the generalized distribution function in the presence iif tli«- 
external field. When the field vanishes / reduces to /q. Equalioti (,?>) 
leads to 


h n - df 

u Q, — y* — ' . 

dx m dVx 




Because / is a function of .v alone, and “ are absent in (f>). 

oy dz 

n order to utilize this equation it is necessary to obtain an cx(n‘i'ssi<iii 
or ^ — a. This involves a study of the collisions of electrons wilK 
atoms. Let us assume that the atoms are clastic spheres of radhiH 
and that the number of atoms per unit volume is equal to T’hr 
collisions of the electrons with the atoms are then elastic. In l^ig. I () ■ I 
we have indicated such an atom with center at 0. Construct lh(‘ si>l u\ 
angle do at 0 subtending the surface element dS = R^lo at the surf act* 
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of the atom Coimidei the clecdons with vcloaly v in the velocity 
interval Vxi Ua + etc The numbci of the^e which sti ike dS pci 
aecood u the nnxnbei m a cylinder of lon^ v and base aica ooe p, 



wheie 0 ift the angle liclwcon v cIikI the inwaid drawn noimel to d& 
CoQBcqucntly the numlKi i)ci uml volumo is 

cos fJ ® /( V, V, 0, Vr, Vt)dvj]Vg(lVg 

Hence the avei«igt niimlxi ol uiUisions |ki uniL volume jxi bccnnd 
siiHerod by tiic elections in Uio given vchxitv in(< i Vid would iippCiii to 
be 

cos 0 /{t, y, a, Pj, Vy, (7) 

Tins assumcB that all the collisions an iHissiblt , but this is Uiu only if 
the gds IS one olKvnig llu <1 issic al M*ixwc 11 Holt/nianii sULisLics In 
the Fcrtni'Diiac gas, which wc au' consukiing Iuk, only Uiosc 
colliBiona are posubk foi which Ihc liiial si iK wis onginally empty 
ConBcqucntly wc must toiictl (7) by wiilini? il in llic foim 

***'»*', J'^l - cos J{x, y, i, r„p„,p,)ti|(i» 

ifthcic Vy, p' .lie llu coni]NJiKnl m IcKilus afu i collision llic* nuiii^ 
ber of colliBions foi which f{\, \\ a. a') » 2wV^* become?! 
Acro I he inU^idl in (7') is Llu cs[iicssjoii fen a in (6) 

Since wc an tuisuming th it the collisions aic clastic wc t.in calculate 
the vclout> comiionciUs ,ifUi collision by the law of rtllccljon on 
dofltic impact Fhub, Uic \tloeity .ifUi imiucl Ixmg y' with com- 
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ponents Vg (where | v' | = | v | ) the projection of v' — v on the 
normal to the surface element dS is 2v cos and hence if tlie diioctioii 
cosines of the normal are X, ju, v, we have 


Vx — vl ^ 2v cos /5‘X 

- y' - 2vcos (8) 

Vg — i;' 2v COS 


This assumes, of course, that the atoms of the metal are stationary. 
Since they are so much more massive than the electrons, this assuinp- 
tion^is reasonable. Similarly if the original velocity componejits are 
Vxi Vyt Vg the final ones after impact will be Vxt Vg as given in (8). 
Hence the expression for b in (6) is simply the integral 

T t 

^/(*| y, Z, Vx,Vy,v,) cos & ■ f{x,y,z,v^,Vy,v,) (ho (9) 



ij3 

where the coefficient [1 y, z, v^, Vy, Vt)'\ is inserted for Ihe 

same reason as in (7'). Let us now assume that the distribution function 
as altered by the field can be expressed in terms of the original clistvibu- 
tion function /o by means of the relation 


/ = /o + Vx-X{x, t<*, Vy, Vt), (10) 

where x, Hke/o, is assumed t o be a functio n of the velocity compoiioiila 
through the magnitude + d” only. This assuniptioii is 

rendered plausible by the recollection that the field is directed alonK l lm 
* axis and hence should be expected to change / principally through Vx- 
Equation (6) now takes the form 



+ X + r'® 

SVx/ 



Vx) COS p do), 


(H) 


if we assume that x(x, y', Vy, y') = x{x, Vx, Vy, Vg), i,e., the total energy 
of the electron remains unchanged by the collision. If we considci' x an 

a sort of correction function it will be proper to neglect Vx ^ 

with ^ and X + i’® ^ compared with Moreover we shall writu 

GVx 
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Finally we uac the fiiat equation in (8) Then eq (11) 

OTj V OW 


beoamet 


+^~ ^ - 2»2CVx(i. p) y* XcoB*Pdoi 


Wq mufit now evaluate the integral on the light aide Let a be the 
angle between the normal to the atomic suifacc at dS and the r aTie 
Thin X V ooB a We now take the vclouty v as the polai ana of a 
ayetBin of aphencai coordinates m which 0 ib the co-labtude angle 
and ^feiaa usual, the longitude By the application of the usualiule for 
the oouue of the angle between two lines we have 


cos a • — cos + 

V 


ffi + ti 


Bin /9 COB 0 


^ un 0d0d^ 

G)iiBequently the intcgiol in (12) bccomoa 

y^Xcoe* /Jd« ■■ 


'riT? 


Sin j9 COB 4^ 


vheie the upper limit of the 0 inU gi.iLion is t/2 in^itead of r since we 
BTC deaily entitled to oouiiL in oui ciiku Kihon tin solid angle foi a 
hemtspherc only The trim involving V^i/i + ei goi's out in the inte- 
gration and we aie hnally left with 




The rcBul ting diSeicnlJal cquatum foi 7ti them iKcnmrs 

^ + (13) 

6x ntv dv 

Inline with oui claracal luncLic ihioiy discussion in S(( 3 of Chapter 
V, Lt IS plausible iodefiji^ iIiocIIlc ti\c mean free path of tin. ikctioiib, as 
far BS coUiuons with the atoms of tiu nu Uil au conui lud, as 


( 14 ) 



250 ELECTRICAL AND THERMAL PROPERTIES OF METALS (Cn. X 


With this definition we can write (13) in the form 

V \dx mv dv / 


(IS) 


It should be pointed out that it is unnecessary to take the definition 
(14) too seriously. VVe could carry the quantity l/irnR^ through our 
analysis without giving it a special name if we chose. As a matter of 
fact, the theory being presented here is a formal one in the sense that 
we shall not attempt to calculate Hn a precise manner. The quantity 
has the dimensions of length and indeed if we insert reasonable 
values of n and e.g,, for silver, w = 5.9 X 10^^, 10“® cm» I 

conies out of the order of S X 10^^ cm, which Is not unreasonable, 1 1 
will later prove possible to deduce formulas from which I disapi^ears by 
cancellation. We shall naturally be able to attach greater significance 
to such equations as tests of the theory. 

We are now ready to evaluate the electric and thermal cu[']‘ont 
densities in the direction of the x axis. The electric current density or 
rate of flow of charge per unit area per second is by definition 





Vxf dVg. dVy dVz* 


(16) 


The thermal current density or the total rate of transfer of kinetic 
energy per unit area per second is 


+eo 

=!///-■ 


<xf dvx dvy dvt. 


(17) 


Substituting / « /o + t>*x and recalling that /o is an even function of 
V*. Vy, Vx, we get 


J = 



dvx dvy dvx* 


(18) 


Similarly 


-fco 

-iffp- 


dvx dvjj dvg. 


(19) 


When we proceed now to spherical coordinates, we replace dv^ dVy dvu l>y 
sin Odv ddd^i^ with + vl 0 the angle v makes with the Vm 
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axu and f the angle ita piojecbon on the plane TnaVMi ^ith the 
aw Integratugoutthe^and^parlBgivea 

J ■ *** *• ( 20 ) 

- ?ir« /'j ^ 

C - “J~ jf (21) 

The next step u to Bulntitute x trom (15) into these expreamons The 

An integration by paiU performed on the Kond integral in each 
expinuLon yiclda 

-T[fr ‘'^4 <“> 

It IB ocmvcnicnl at this point to introduce the change in vanable» 
J»tf*/2ir » u Then the opeiator becomes 

OT 

d tHV 8 

oi^kfeu' 

. 9 . « 

do— ■■ di* — 
do du 

kT 

Now for convenience let lo® ^ i, whence fa® " — Ldu Moreover 

ffi 

2k T 

fa* - — icL, etc , BO that the expreaeionB (24) and (25) now 

m 

appear as 

(«) 

3 L m ^0 •/o J 

3 L fJi m Jo 2 \ ff* / Jo J 



252 ELECTRICAL AND THERMAL PROPERTIES OF METALS [Cii. X 

fo given in eq. (4) takes the form 

2m® 1 

~ ' 1 + 

Hence on the assumption that in general both yi nnd T vary witli x 


dx du 


/£7i , « 

\a* Tdx)' 


We can integrate 


Ldu by parts and find it equal lo 


dL , 

Jo integrated part vanishes at both limits. 


Similarly 




Finally, if we abbreviate by setting 


fL rd{uL)^ 

I ■fo~du = Ai, f fo—~du = A2, 

•/o du Jq du 


/ OO 

fo 


d(u^L) 


du » i4g 


the two current densities become 


J-*^A 

3m 


_ 4rkT ^ 
C = — — A2 

67n 


L dx 

A^le^- kT- 
L S 


dx dx A 2 


We are now ready to apply the formulas (30) and (31). If the niediuiii 
is homogeneous and there exists no temperature gradient, (30) retliKXfa 
to 

, iire^^Ai 

The electrical conductivity is defined as the reciprocal of the specific 
resistance, which is the ratio of the electric field intensity to the currcii t 
density. Hence for the conductivity, <r, we have 

_ J _ 4TreMi 
3m 


( 33 ) 
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From (29) 


m L dit 


(34) 


Wa must mume Lhat 2 u a fimcbon of v, though wa do not know the 
pmise depandence Let ue expand i4(ti) in a power aenca 


atid 


m 




(35) 


(36) 


Substitution into (34) yields 

ip ^9 

We reoogiuTe A^/2m* j /qvMu as identical with 17' (j, yi) in eq (122) 
•/q 

of Qiapter VIII The first approximation yields 


. 2*r 


which from (3S) becomes 


2hr 2m‘ 

A\ “ Ti»(7i)i 

Ifi 


(37) 


where l{7i) means the value of /(«) with 7 i inscitcd foi u The con- 
ductivity to the first appioximation takes the fotm 


I6rnu*kr 

3*^ 


7lf(7i) 


(«) 


Note from eq (138) of Chapter VIII lhat 1 ( 71 ) is the value of the mean 
free path corresponding to the veloaty i\) 1 he utility of this foi mula 
for electrical conductivity is severely refatnclcd by our ignorance of the 
dependence of I on the velocity By Ubing the Griil approximation to 
the degenerate form of 71 from (128) of Chaptci VIII witli 2 t in place 
of T wo can rewnte (38) m the form 

8»e® /3NY 
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In this formula the temperature no longer enters explicitlyi The 
temperature variation of conductivity must therefore be sought in that 
of N/t and of the mean free path /(ti). Since the change of N/ r with 
temperature is a matter of thermal expansion only, it is extremely 
slight and scarcely competent to account for the change in a. Hence 
the burden ia laid on /(ti). Calculations based on (39) using the 
experimental values of j indicate that for copper, for example, on the 
assumption of one free electron per atom I will vary from about 
7 X 10“"^ cm at 1000*^ C to about 4 X 10^® cm at —200® C. These 
figures are larger than the value 5 X 10"”^ cm computed from the 
simple formula 

I = 

with 10“*^ cm for R, This is an indication of the formal character of 
the theory developed in this section. The assumption that the atoms 
are perfectly elastic spheres is clearly not a particularly good one, 
unless we are willing to assign to the radius of such spheres a smaller 
value than 10 cm. This is, of course, a possibility; the effective 
radius of an atom for a collision may be much smaller than the diiuen- 
sions of the core of the atom from the quantum mechanical standpohU- 
The variation of / with temperature is another matter untouched by the 
formal theory. 

Let us next proceed to the thermal conductivity. In cq. (30), 
suppose that 7 0, i.e., zero electric current flow. The result shows 

that there must still exist an electric field intensity as long as a iviu- 
perature gradient exists or the metal is non-homogeneous. Its value 
is given by 

+ (Ill) 

dx dx A 1 


We substitute this into the expression for the heat flow (31) and ol)taiii 




3m 


L /1 1 -d 2 J 


(■u) 


The thermal conductivity k, which by definition is the ratio of C to the 
negative temperature gradient, becomes 


47rPr , 

K — A2 

3m 


L^i A2 


( 12 ) 
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To evaluats this we must compute A% and From (29) we have 








(43) 


We now fall back on the e\panaion (35) foi td By the uae of this, (43) 
becomea 

We now revert to the expteaaion foi U' in eq (122) of Chapter VIII, 
and can write to the second approtunabon 

“ V (Si) J] 

Nertwe must get dg as 


By proceeding aa be fort, wc have In Lhc second appioximallon 




\V( are now nacly to ivaluaU k In Lht lalio Aj/Ai wr need to 
coftadtp ojdy the fust approMiTuiLion to i4i, iiamtly^ tli iL given in 
(37), Since simple insiKc Qoii Miows ill il the Uiiiis m llio iilyL appioxi- 
maUon invol vedciivciUv IS of {only, which wi shiill lu ^h (. L thi oughouL 
However, m and A \ v^c mil'll cuhskUi that |iaiL of Ihe flecond 
approMmation whuh duis mil involve lht dtiivsilivi^ We Gnally 
obtain 
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^3 ^ 4“ 12^271^71) 

^2 7ll(yi) + 4 c 2 /( 7 i ) 


. 8c2 

7t i ‘ 

7i 


Consequently the heat conductivity becomes (with 7r^/12 for C 2 ) 


J 6vk^T%t 


3li^ "Vi/hi)— - 
Let us now take the ratio of k to a7\ The result is 

3;, 3 ^2 z,2 


4co 


7lf(7i). 


K _ 16 ^^ k^T^m 

Tf"" 9A* 


\6irine^kT' 


IT" 

T /' 


(-n> 


OIK) 


We have thus derived the well-known Wiedemann-Franz law ccmnect- 
ing the electrical and thermal conductivities of metallic coiichu'tors. 
If we use the electromagnetic unit of charge for e, the value of the 
constant on the right side of (48) turns out to be approximately 


3 e* 


- 2.44 X 10® 


ergs® 

(degree C)®(eiuu)® 


(•I'J) 


At room temperature (293* K) we have 


- = 7.15 X 10‘“ 

cr 

in absolute units. This agrees rather well with the mean of the i- 
mental values for such metals as AI, Cu, Ag, Ni, Zii, Cd, Pb. Sii, Vi, 
Pd, Fe. The following table (taken from H, Frohlich, ‘'JLlcklmru'ii 
Theorie der Metalle/* Springer, Berlin, 1936) shows the nat:ur(5 of iJu* 
agreement It gives the experimental values of k/(tT for two difft^reiit 
temperatures. 


Metal 

Cu 

Ag 

Au 

Zii 

Cd 

ri) 

201^ 

2.2S 

2.36 

2.43 

2.31 

2.42 

2,45 

zir 

2.32 

2.37 

2,45 

2,33 

2.43 1 

2.51 


Of these metals, iron is the only one to deviate notably from (lie 
theoretical value (49). In general the values for various stvc'Ls sIk.w 
considerable increase with temperature. There are indeed mon- 
notable exceptions to the law. The constant for rhodium, for e.'cample, 

Established taken to Im wi-SI 
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It Bhottld be pointed out that though the daB^cal etabatical 
tbeory of LorenU also Icada to a law of the foi m (48), the value of the 
constant oomeB out to be l\?l^ in place of i^/3 Thifl la in 

definite disagreement with the exiiciimenUl voluoe for most metals 
meaiured and constituLcb a eiciioub ohjiction to the Loicnt/ theoiy 
The reader may show thaL, as might bo expected, the LotenU icsult 
can be obtained from the qu«mtum slalisUcal thcoi y above outlined 
if one ai*LLmfj a goe This makes clcoi the eeeentisl 

failuieof the Loren tr theory fiom the Btandpointof quantum aUUstiCB 
At the borne time it mubl bo emphasized that tlie Sommerfeld 
appheabon of the Fcinu-Uiiac BtaUsliui la liy no means a complete 
picture It dodges entiicly the fund<uucnUl question of the mean fice 
pith of the electrons and trcals the inlei action between the electrons 
and the atoms of the nu lal in a puicly supcificial fashion Only a 
thoroughgoing application of quantum mcchamca can oveicome these 
defects As a fiist approMmabon, at any i ale, the Sommerfeld theory 
must be viewed as a sucu^saful application of quantum BtatisUcB 


2 HIAT PRODUCTION IN A CONDUCTOR TUB THOMSON BIPBCT 

The work dono pci bccoiid by the ckcliic field an elechic 

current Z flows thiough the Icngllidt of a condiicUu ib fflUx ■=« 
where 5 b the oica of u lion Ihc ixiwci c\[)ciidid per unit 
vdamc is Iherefoic Zef Denoting, aa usual, by C llic laLo of flow of 
heat per second per unit aica, the lale of incicu^ in heat coiiUnt pci 

init volume ifl ” Iloncc tho nc L i ale of heat j)i oduction pti umL 
Tohime M 

( 50 ) 


Frara eq (30) wc can boIvc fni ^ m U r ms of Z, i Ic Tlius substiLuling 
foi Ai m terms of the cIccLncal conduclivitY o' lioin i ([ (H), wc have 


^ - Z/<r + - - - — H -- - 

0 Ot ilj e dx 


(51) 


Ihe next step la to subslilulc this expression foi ^ in that for C 
(cq 31) The result is 
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From eq. (42) we can solve for (~ — ~) in terms of k and got 

\A2 Ai/ 


Az -^2^^ 3m/c 

^iFta2 ' 


(53) 


whence eq. (52) can be written 


MiTeJA2 

Sma 


H 


dx 


The quantity Q therefore becomes 


dx 



4irekJ d /TA 2 \ 
hn dx \ (T / 


or, using (SI) again, 





+ 


JkT 0 / ^2^ 

e ^ aJ 


(54) 


(55> 


(56) 


This is a very interesting expression. We recognize at once the ti-rin 
J^/cr as the Joule heat production rate per unit volume. Tliu srccnul 

term, ‘rr ( ^ )» of f^oat production per unit volume diu' l* > 

OiC \ ox / 

heat conduction. It is clear that we must attribute tlie last Um'iii in 
(56) to the thermoelectric effects, Let us review these briefly. 

We consider first the Thomson effect. If a current flows in 
conductor in the direction of the positive x axis and if a ttuiqx'JMtnro 
gradient dT/dx is maintained in the conductor, it is found that Un‘ 
certain metals in the part of the conductor in which the temin^raturt- 
gradient is positive, heat is absorbed by the metal, while in tin* part 
where the temperature gradient is negative, heat is evolved by (In* 
metal. This is true, for example, in the case of copper, which is sahi 
to exhibit a positive Thomson effect. On the other hand, tlici c? ai-f 
metals in which positive dT/dx is accompanied by the evolipioii cif 
heat and negative dT/dx by absorption of heat. Iron is an exajii] >h' of 
this, and the effect is known as the negative Thomson effect. In lc;i< I 
the effect is so small that it is generally considered negligible, 'Tin' 
Thomson heat, unlike the Joule heat, is reversible. 

Lord Kelvin (for whom the effect is named) discovered by 
ment that the thermoelectric heat energy evolved or absorbt*<l poi' 
second per unit volume of the conductor, i.e., the heat additional tr> I lit- 
Joule heat, is directly proportional to the product of the cmrrut 
density and the temperature gradient. The coefficient will be clcnnt ot] 



Skc 2] 


nEAT PRODUCTION IN A CONDUCTOR 


259 


by it Bod called tbeThonuon thermoelectric coeffiaenl Thus if wc denote 
tteThoinBcm heat by Qt, ue have ' 

dT 

(57) 

From c<| (S6) it folknvB that foi a homogencouB metal 

^ ^ (ti - (SB) 


SubsbtBtu^ the value for A^/Ai given just iftei eq (46), we obtain 


M 


3 dl X')!/ 


m 


Wo must nov lasert the value of 71 for a dcgcnciatc tkction gaa 
given in eq* (L28) of Chapter VIII (ihe fiist appioximatiaii Ixing 
auffiaent) We replace r by 2r, aa Ubuai Caii>uig out the diifci- 
entiBtioa yiekla 

I ^ 2r®wlr*r /8irr\^ 

I'l-is-Visj <“) 


The Blight variation of r/N with icmptiatuie is hcie m rIk tL'd Wo 
now dveoBa the compariaon ^ith cxpiiimt^nt If wl bulisLLule 11U0 
(60) the value ol N/r ^ 5 9 X 10^ appiopiiale foi bilvir aiul lakr 
ri-300®K, etc I we g(t apiMoNiniaUly niUKAoUs/® C 

(equivalent to 150 eigs/c mu digiic C) IHl tv|H.iim( lU.il saliu ol tin 
ThoiDion coclhcienl foi silvtn is 1 2 mu 1 o\ulls/^ C , and 111 gi lu 1 al llu* 
evpenmental valuea lun bclvicin 1 and 10 niuiovfills/*’ C lliiui 
them n gcncial orcki of magnitude agiccnunl with o\ih i mu 11 ( '1 lus 

11 intcrtating nnee the ougiual LoiliiI/ tJicuiy, \\hi<h is C([in\ak iiL to 
the present tlicory for the non dcgi nciaU 01 m 1 y wi aUy ck g( lu 1 ilo 
cate, giima much highci valuib, iiukid of the oidii of 100 hikkh 
>o11b/* C In fact, the. itadi 1 can show bv the use of llu non ck gc m 1 
ate fomia of 71 and A2/A1 in (SB) Uiat the niagiuludo ol g on (he 

dajttict! Lorentx thcoiy is the umveibal consUnt ^ , which should 

2 t 

^Tliert are man) aocnllul 1 homson tne (lie u nis, only one ol uhH h is pit ^nltil 
Vie It Hike oiifl nhkh IS mebn inly mi iMiiul For a fulli r tlisi ussion. sit Som 
merfdd and Fcaak, '*SliUstK iL Ihinryuf IhiiiTvi kttiu, (. ih 1110 anti IIkiiuu 
nLiinticPbaiamcnaui MlL I VKi an aop/J/n/cni PA VMfb 3, 1 (1^11) AUuHtitigh 
diObhiDii of the tbu-moLLutiiciflLas fiom tk bl intljMnnL of llu 1 nuvKn mnt s i^ill 
befcMBdmP W DndKniin, " Ik. 11iLimur1>nimH.s of 1 Utlin il PknoiiuiiiiQ 
Metali,” Mnomllafi, 1934 
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then apply to all conductors. There is one in the ointment/* to be 
sure, namely, the fact that the Sommerfeld theory in the simple form 
here presented is no more able than the Lorentz theory to distinguish 
between the positive and negative Thomson effects, i.e., we can cal- 
dilate I IX I only. 

3, THE PELTIER EFFECT 


We next consider a non-uniform conductor maintained at uniform 
temperature. In eq. (56) the term in dTjdx accordingly drops out ami 
the heat production due to the flow of current through the non- 
homogeneous medium is given by the last term with the unders tan cling 
that T remains constant while the medium changes its character witli 
jr. Let us suppose we have two different metals in "contact,” which is 
taken to mean that they are separated by a very narrow transition 
layer. We shall define the heat produced per unit area of this layer 
per second by xinit current density as the Peltier heat. It is clenottHi 
by 7ri2) the subscripts referring to the two metallic media. Therefore 
we have 


7ri2 




(61) 


where Xi and X 2 refer to the boundaries of the transition layer hi tho 
two metals respectively. Utilizing the expression for the bracket 
already employed in eq. (59) we obtain 


7ri2 = 


3eTi 


3eh^ \3/ L\t/2 


(62) 


where (A^/t)i and (A?'/r )2 refer to the values for the first and fiocniid 
metals respectively. The calculation for the case of the copper-si I vtu' 
couple at T = 300® K, yields approximately 100 microvolts. Thn 
agreement with experiment is not startlingly good, since the cxpci'i- 
mental value turns out to be about —30 microvolt, the miiiua sign 
signifying the evolution of heat as the current goes from Cu to Ag- 
Fortunately for the Sommerfeld theory, the result calculated on 
old Loren tz theory is even further out of the way, being arouiicE 9,00f> 
microvolts. It is perhaps well to emphasize that the experinicrUal 
values are not too certain, rendering the comparison between theoj'y 
and experiment rather precarious. 
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4 imOLUOSLEGTaiG ELECTROMOTIVB FORCE 

TH k bsebbck effect 


We next attempt the cdlculdUon of the aclual thcimcxilectiiL emf 
in ao open cucuit 

G^nsider two diflcienL metals 1 and 2 {Fig 10 2) with jimctiona 
Pi and P* Wo wiali to find the poiLiUidl dilkitncL bcLwitn A and B, 
roaintainod at tempoialme I , while Pi and Pi die kept at lempcraluro 


A 1 1 

T X’ - 

Fig jo 2 


P, 1 B 

ipti 2* 


and 1*^ respecbvtly Since no LUiieiil flov^b, i q (10) holds foi the 
fietd mtansiLy and thcioioic ihcio exibtb a dillLicucc m ix)lcnUal 
between A and B which hab the value 

Ja « Ji tiv Ai e Ji dK 

Wo muflt evaluate Uiib foi the dcgcnciatc t abi' cuul hence use A^/Ai^ 
Ti + Thia >iclds 

f" h 

Inte^abon by partsof the Eccund inlcgial >icl(ls / - i\dl , whence 

n. - i‘/”- -fly + /' -] • <«) 

« Ti h 1 Ji '>11 Ji '>ii //» 7iiJ 

where 7ij la the s.iluc of 7j fin tin lust nu lal and ->1^ that foi I he 
aeccmd Ihe Ube of llic fiibL appiuMin Uion loi 71 (iq 128 ol Chaplei 
VIII) fcads to 

'“-srxi 

Furtbcrmoic tf wo neglect to a Inst aiipioMiii Uion the diiKiidcnce of 
t/W on 2 , the appioximali usiill is 


r 


IB 
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This agrees much better with experimental results than the correspond- 
ing formula for the classical Lorentz case which the reader may show is 
in the form 

ydaaskal ^ J J 

Thus for the case of a silver-sodium thermocouple substitution into 
(67) gives for T" — - 1 degree C at 0° C 

Vab == 1.0 microvolt, 

whereas the classical formula yields for the same couple under the same 
conditions 72 microvolts. The experimental value is approximately 3 
microvolts. The reader should work out other cases for himself. 

It may indeed be shown that (67) can be put into the form: 

= S46Jf (i" - 0 [ 1 + ^ • , m 

where / represents centigrade temperature and K is a constant deiieiul- 
ing on the couple. This is in line with the actual form of the ex[)eri- 
mental observations, though the numerical values do not agree in 
every instance. 


5. TRANSVERSE GALVANOMAGNETIC AND THERMO MAGNETIC 

EFFECTS 

Less well known than the thermoelectric effects just discussetl are 
those produced in a conductor through which heat or cdectricity is 
flowing by the presence of a magnetic field. The plieiioinena |>ar- 
ticularly studied are those in which the magnetic field is a])plie<l at 
right angles to the current or heat flow. Chief among them is t he i I all 
effect in which the magnetic field applied transversely to a currcul- 
carrying rod produces a transverse potential difference at right angle's 
to both field and current which is directly proportional to tlie i)i’ 0 (lu(T 
of the intensity of the magnetic field and the current strenglfi and 
inversely proportional to the transverse width of tlie conductor, 'Tlir 
proportionality constant is the so-called Hall coefficient. Th(*re 
three other similar effects: (a) Ettingshausen effect, or the pi’oduclinii 
of a transverse temperature difference by the interaction of transverse 
magnetic field and electric current flow, when the conductor is llier- 
ma y insulated, (6) Nernst effect, or the production of a lransv£‘rs<‘ 
potential difference when heat flow takes place lengthwise of the con- 
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ductOTj and (p) Righi-Leduc tflu t, oi the prtKlucLion of d Udiuiveibc 
temperatUTQ diffeiencc when heal fluwb kngthwific of a IhcMiruxlly 
iDuulated conductor 

All these eflects conatituLc lianapoil phciiomtna which can be 
treatedby the thcoiy of Ihischaptci llic fund«umnUl Lquatioii (10) 
moat be genemliTed to Uikc caic of an additional dimtiision ob wcU 
aa the force on the elections due to the ni^iipic tic (k Id I he 1 1 suiting 
transport form uloaf 01 J and C cue aiudogous to (10) and (U) icsix^- 
tivcty but natui ally lathe 1 niou complicaled Wc shall not im^^nt 
the analyeu or the refaulla hi le * but nu ic ly u mai L that the agi ci me iit 
With cxpei unent is icasonahlv gcRxl and ol the uune gt lu^ial ehiU at Ui 
aa that alieady eneoiinleud 111 tin Ihi imix k( tin plunomciid One 
interesting bypioduet of the si sludicb is ihe ehangi' in eflcetive icsisl 
enoe of a conductor due to the applied magne lie held 

a MOnON OF KLBCTRON9 IN A CRTSIAL LATTICE 
SIMPLE TBEAIUSNT 

The Sammerfeld theoiy cmployi d in tlie pieceding m e turns assumes 
that the conduction elee tin lib aie fiu oi a( any lali movi in a lie Id of 
constant potential It takes account of the inUi u lion ol ihe moving 
etecUoiiB and the atoms oi ions of Liu nutd only horn the elassual 
and foi ma 1 atdJidixnnt of elastic eolhsio us Actiuillyllu |X)Uriluil luld 
m which metallu elections move is by no nu ans unitoim and a nuHc 
thoroughgoing application of slalistus to the tlietii(<d tincl tliuiiial 
pTDpcrbcs of mcUls must take aecounlof thHl<ul Min h u cc nt woik 
boa been done m thi-i Ik Id * but a ihoiougli shim \ of it lu s outside the 
KBpc of the pitsc nl \oliinu llowc vc i a simplilu d s|x i lal c asc nuiy 
pro\c of Bumc inUicbl «ib <ui iiiUckIui lion to llu nicKliin Lhcoiy of 
mitals 

In order to cm])l()\ a suUislu al clisti ibution loi mul i like c cj (17) ol 
Chapter VllI ills esse nlial to know the |m)ssi1»1i nuig\ v dues 7'j and 
the n umbel ol such \aUu s in iin\ givcniiuigN intmal In oiii pitvi- 
Otti discusbion we have used the \aliics ippiopmU to i sc l ol fui 
cJeetioafi A\e now wish to sic how llux ait nuxliludb^ llu incjlionof 
the eke Lions in a fort i luld Iht u lu d lu Id ol ion t i nt ouotc u d in a 
oystdl lattict lb a eoinplic lU tl di in Ni vt i ilu U s^ \[ ilu nu 1 il is in tiu 
fen m of n bingk eiysUil, ihc' icgul u an ingt nunt ol (lu iltmis ^issuus 

M aiaoi Sion «il( fji liiini'l 111 llh uluU of Sum inn ft It 1 uni 1 i ml ilit ulviiUil 

• Cf Mott mil J unis, *lhi lhu)i\ of tiu ISojMiiusof Miiili nul Alims*’ 
fKkid, 1936 AUoif \ U Wilson, “Iht of NUnls,* ( uiilnulrt, 1*»I6 

md I Scil7, “Iht Mwkm I hi lu / of SiiIkK ” MtC.i Mill, 1910 
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that the field will be of periodic character in space. We therefore 
examine the motion of electrons through a periodic potential ficSd, 
The simplest case of this kind is the one-dimensional lattice sl^own 
schematically in the following diagram (Fig. 10*3) which plots the 
variation of the potential energy F(x) with x. In the hollows of the 



square saw-toothed curve the potential energy is assumed to have llu? 
constant value Ko and in the crests the constant value V\. I' or 
simplicity we suppose the curve extends from — oo to oo , T'lu‘ 
widths of the potential energy regions are 2lo and 2li respc'ctiviOy. 
This is, of course, a highly idealized picture but it does provide U sini]ilc 
type of periodically varying potential energy. 

The Schrodinger equations (cf, eqs. 3 and 52 of Chapter VIII) fcjr 
the two regions where the potential energies are respectively Ko V'x 
are 

SjT^w 

— a + ^ VoH = 0 (hollow) (70) 

2^ + ^ 0 (crest). (71) 

If£ < FoaswellasS < Fi, it is clear that the solutions of both equa- 
tions will be exponential functions with real exponents. Such func- 
tions, however, cannot correspond to genuine transmission of olfch cuiH 
through the structure, for the terms in which the exponents are nega- 
tive will more or less quickly go to zero as x increases and hen cc c( n rc*- 
spond to very small probability of finding electrons very fai* to I hi' 
right of any chosen origin, while the terms in which tlie exi)c>tu*n ts ar e 
positive will go to infinity as x increases, which has no n leaning in 
quantum mechanics. We must therefore choose E> at h-ast, 
though it will develop that we can secure transmission uncle r 
conditions if ^ < Fj. In fact the latter situation is more intmt'si ing 
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than £ > Vi 
Let 


Let UB therefore cLbcubb Ihe problem for V\> E> 


(J 2 - 7 o) - *S, 


(72) 


The Bohitiona of (70) and (71) btiomc icspcctively (ti eqs 56 of 
Chapter VlII) 

i + Bob"*'*’ (hollow). (73) 

+ (ucat), (74) 


wbera thfi arbitrary oonatanle £q, Au Bi aic m general complex 
Tba tnnBnuBaion of elections thiough the UlUcc is haiidkd by SLlUng 
up the boimdaiy condiUona evpitbstng umtinuily in ^ and at 

each boundary surlacc DiifeienliaUng and iihing Uii piimo noULon 
for diBtrentiation -with respect to \ w gi I 

(hollow), (75) 

f (titbl) (76) 

Weihall Dcrw denote the midpoints of succcssnc hollows by 1, 3, S 
Qod proceed to expicM the and ^ \alu( s at any |K>nit iii a hollow m 
terms of tlieii vbIihb nl the mulpoiiilb dinoiid by thu sulibcripls 
Ul,5 Thus we get ndof the aibiiiai> coiislanLi by bclUng 


if'i -do + -Bo, 

lAoMo — Bo)i 


wlieoco ^ and ^ for any point lx Iwk n 1 and tlu next boundaiy sur- 
face become 

f COB + y- sill toTi 

A-0 


(hollow) (77) 

^ -* cos kox — ilfo^i sin hi^x 


We now denote quantitiis at llu lust Uiumlaiy at llu K ft by the 
ubscnpt combination 12 (sii hig 10 I) and at llu light by the com- 
butadon 21 Tbercfoic thcic iisuUs 

^11 = ^1 cos Vo f 7 * sm Wo. 

Au 

f II cob Vo — *0^1 sin kjo 


( 78 ) 
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In similar fashion the ^ and at any point in the first crest ^vil1 

be given in terms of ^21 mid ^21 immediately at the rig] it of the Ixmiid' 
ary by 

^21 

f ^ ^2i cosh kix + ~ sinh kiXf 

(crest) (79) 

4'^ — ^21 cosh + ki4/2i sinh kiX. 

Hence (to consult the diagram once more) 

4^23 - 4^21 cosh 2^1/1 + ~ sinh 2kiht 

(SO) 

4^25 - 4'2i cosh 2kili + ki4^2i sinh 2kili. 

Finally, we can employ (77) again to write 

^3 ~ ^32 cos d — sin ^0^0 » 

^0 (81) 

^3 ^ cos ^0^ ^ ^0^32 sin kol0‘ 


The boundary conditions are 

\^i2 ’A 21 
4^2^ — 4'22t 4^22 — fe* 

Our task now is to use eqs. (78), (80), (81), and (82) to exprcHs 4':i 
^3 in terms of and ^5. The resulcing equations should JinJd for llu* 
state functions and their gradients at any two successive iiLi{MHd]ovv 
points and therefore tell the general story of the electron ui 

through the periodic potential field. If we utilize the bounchu y c’ontli- 
tions, eqs. (80) and (81) become 

^23 ^ ^12 cosh 2kili + sinh 2^x^l> 

{HiV) 

^23 ^ ^12 cosh -f- ^i\^i2 sinh 2kilij 


4^2 - 4'23 cos kola + sin kolot 
ko 

4'Z - 4^23 cos kiilo — /jo ^23 sill 
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Elimbiatitig if'ig. and iis fnun the biy equattons (78), (800, 

and (810 yiekla finally 

“ \f'i ^coah 2jfcjl] coa 2jfcoio + ^ 2Woj 

H- ^ j^cobh 2Jii/i Bin2jko7o + MnJ*^*i^^®"*Wo + ^“** Wo^j 

" ' (M) 


- <Ai [ 


coah 2jbil] COB 2kclo + 


1 

2\** V 


Binh 2ifci)i Bln 2A()Io 


] 


— ftoif'i ^coah 2*ili Bin 2kolo “ Binh 2i|I} cob* Ao1o+ ^ 8*n* j 

(M) 


Bccausp the ^tnictuie wc are oon^KieiiDg is BBBUnied to extend to 
infinity m both diroctions the rejaiions (83) and (84) will hold for any 
two BucoLSBive mid-hoUow points and we can therefore write for any 
integral j 


^j+» - + 



(85) 


f;+a “ Ah ~ hCh. (W) 

where the A , B , C are the bracket exprewionb in (83) and (84) Exam* 
ination disc loaca that 

A* + BC-1 (87) 


Hence we inay mliodutt the angle PF auth that 

A - COB PT - coah 2Wi cob 2 ioA» + ^ 2ii/i ain Zi^h 

( 88 ) 

fl-^einPP^, C-^BinPP' (89) 

Then (85) and (86) < an bo wi itten 

i>U 1 - tfj coa PP' - h wn W 


(91) 
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From the symmetrical nature of the infinite structure wc are able to 
write for every j 

- e'%-, 


where 6 is independent of i and is a function of the energy and physical 
parameters of the structure only. Then 


This means that 

(m 

^+2M+2 = 'P's/'l'j 2 1 


where Z is a constant independent of j. If we now divide (91) by (9d) 
we obtain after a little reduction 


(91) 

The substitution of ikoV^^j in (90) then yields 


'l'j+2 ~ 

(95) 

which on comparison with (92) shows that 


0 = W, 

(96) 


If now IF is a real angle, has the absolute value unity and tA/.f a 

\('j differ only in phase but not in magnitude. Here there is conipirii* 
transmission of electrons through the periodic sti'uctiire, sirn*4‘ | 
measures the average density of moving electrons at the J\h niid- 
hollow point. On the other hand, if IF is a complex angle 
from in magnitude as well as in phase and there Is a ch*<'rt‘asr in 
I^P as one goes from one middiollow point to the next, Thi.s [iii'ans 
that when W is complex there is no transmission of electrons tin i>iigh 
the structure. Consequently we can look on cos W as a function 
characterizing the possibility of transmission. For cos W is omI 
(cf, eq. 88) and hence we have transmission when 

|cosIF|:^l, (UV) 

and no transmission for 

|cosIF|>1. (OH) 

If we plot cos TF as a function of the energy E from eq. (88) tlu-rn wWl 
be certain energy ranges for which (97) will be true and elr<Mroiis cT 
these energies will be transmitted through the metal represt^nH-d hy 
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the periodic model m question, these will be scpaialed by other 
energy ranges for which (98) ib true and electioDB of such cneigieB will 
be 6^wfid transmiBBion through the mcLal In othei woida we can 
look upon the structure with the pet lodically v<u yin g poLen bal field as 
a Idnd of fiUer for electrons It is indeed anaJogous to clecUic and 
elastic wave filters which have been studied extensively ^ 

The energy bands for which | cos | S 1 give the allowed energy 
values for eketrons which can actually move thiough the lattice, i c , 
thoK eketrons which aic of intricbl foi coiiducbon of heat and eleo 
tncity 

In order to plot these energy bands, let us go hack to the c xpicesion 
fo r cot y in eq (88) Whin E - Fo, io - 0 and ii - VsTm/A* 
■V^ Yi — Vo LeL ufl suppose foi simpUckty that h ^ lo and indeed 
to ouch an extent that we cjji leplace co^ 2kili by 1 -h and 
nnh Ui/i by 2Ai/t 1° ^ BUlBatnUy cloct* aiipioxtiruliun Then coa W 
becomes 

COB IF - (1 + lliilf) coa 2ko/o + Ai^i (99) 

WhenAo * 0| thisreduoLb to 

COB IF - (1 + 2ibf/?) + 2if?/i/o, (100) 

which B certainly greatci lh<in unity Consccim nily foe c kcUons with 
energy m die ncighboihixxl of Vq Uk k is no Liaiisimssion Lhiough Ihr 
attucture On the olhci hdiul whin tht cntig> luis inucaMd suflTi- 
OEiitiy BO that 2ho/o " cos TF Ix^uimcb 

which can be smallci (luin unity m alisoliiU value Tlius, to lake an 
illustration in which the diiiK^nsioiis au ic asonablc fui a metal crystal 
lattice, let 2Io be of thcoicki uf S X in ajid2/iuf oid<*i 10~^*cm 
Let Ffbe of the oidei of 1 ikiiion volt, wink liisufoidci 10 to 100 
electron volta Then cos TF in (101) will lie muih smalki tliiin unity 
ud trananiBaKmisasBUicdfoi thi ciu riry tom sjx>niling to 2 Wo ^ x/2 
When the encigy is git at enough so that 2Wo * ir, cos W agam 
hecomes grealei than unity, taking tin foim 1 + as may be seen 
from (99) The iceult is Uiatas AinueasLsfium Kq to Ti , cue IF of»ul 

'For elastic i^avc end ocousIm Alius lolh thi Ihinry iiriKH in mTllMmsUcal 
tneklj uith Lhe fongoing, stc R 11 1 inilsiy, " Iht I ilti ituxi til Sauod," Parte 
1 lid 11, Jormdt^ Applied Pkyttu 9, 612 (193b) dad 10, 680 (1939) 
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lates in a manner shown graphically (of course only in qualiintrvc 
fashion) in Fig. 10*4. It will be seen that as E increases > cos W exec oils 
unity at periodic intervals given approximately by 

2Wo - nir, w - 0, 1, 2 • • * . (102) 


For small energy ranges in the vicinity of the values corresponding to 
(102) there will be no transmission. These regions are indicatol by 
cross-hatching in the figure. The corresponding energy values arc 
given by 


Fo 


32w/g’ 


( 102 ') 


It will be noted that the forbidden regions grow progressively nar- 
rower in width as the energy increases. This can be seen on exam- 



ination of (99). The unshaded regions in Fig. 10*4 correspond to the 
transmitted energy bands. The criterion (102) for the non -Iran 
m it ted energy values has an interesting significance connected with the 
possibility of interpreting k(y in terms of the de Broglie wavcOongth of 
the electron. For since the latter wavelength is X — h/niv^ we Sf*e 
from (72) that 




27r 

T’ 


and hence the wavelengths not transmitted are those in the iinnie<Ha<e 
vicinity of 
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If m uied the parlance of clccUiLal and uUsUc wave filiots we ahould 
call the meUd lalUce hue bciiis ctinbidtud a htgh-pais LlccUon fillet 
Of cemraa it la also a band-poas fillLi dh well 

The queatioa may be inisid Wliat happens wluii E > V\} The 
loluhana then become haimonic m both (it sib and hollows Thi«) 
can be readily ocoominodatjed to the solution abovt by niciLly taking 
A] pareitnaguiary Thus wc art 

hi - ik[ 

where is teal and poeitivo 1 lu n wi have 

GOB C09 2h[li COB 2ho2o “nn 2L[li am 2kx^ {104) 

2 Vflo Hi/ 

U 2J^ti li still small, howe^ci, wc uin use the same appio\iniaUon as in 
the previaiis case with the same gt^ntial ainscqunuts Of coiusc^ as 
the energy inacasea vrtv considLiably 2kili will ivinlually 1 m come 
lai^ enough to lead to oscillations in cos and sin 2k[li though at 
a Blower late than cos 2k^Q At the s.imo time ilu ratios k\/kQ and 
fco/tj Will approach unity The ii suit is thatios irajipickiclK^s 

COB - a>b 2{k[li + Wo). (lOS) 

with the tranamiaBion of almost all eneigiis, Ilu iion-daiisimssion 
basda being reduced to negligible width amipaicd with ilu tiarisinis- 
mon bands 

The stiucUiie conudircd in this section is idcali/id to (he ( \(cnl 
thtt it extends to infinity in 1 ) 0 Lh diu I dons ()m might supiuisi* that 
the ntuatioQ would be dilfcicnt in a JiniU laltuc which loni'sjKinds 
more exactly to an actual nu (al ciyslal llowivu tlu analysis 
mdicateb that the cncigy ImiuIs ioi li ansmissum aic not VAiunisiy 
■fleeted by the change to the hiiiu case 

Inordm to apply the ick.isof this sts lion to at lual nu lallit lattices 
it iB necessai V to genet ali/c tlu ni (o lliiic dime nsioiis lliis cumpli<- 
cates the aaalvaiB considi i ably and we shall not inilMik on iL hcip 
The lesults ate bimilar, howevii, in ilu sense thal lluie aie cf itain 
energy bands foi whieh eke lions aie alleiwed lo move fie t ly thiough a 
nfetsl crystal This dexs not nuaii, of coiiise , that an unclislinbed 
TOtil m equihbiium will always have* sonic cuiient Jkiwing tliiough 
It, m cquilibi lum thcie will always lu as many c It e (i ons moving on the* 
average in any one diicc Lion as ui the' ii vi isc due e lion I lowevt r the? 
iBpOBitioii of Bn elect] 1 C fuld oi a lciii]ici aluii gradient will ujiU'L tJic 
eqmlibnum and pioduce amt flow in a ce i lam diiee tiun The thcoiy 
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can also distinguish between good and bad conductors. In a bad con- 
ductor we have to suppose that all the lower allowed energy bands are 
filled with their complete quota of electrons, and that this is true even 
for the valency electrons which are the fastest moving electrons in the 
atoms composing the crystal. In order to produce a current it is neces- 
sary to transfer electrons in lower energy states to higher ones across 
the gap separating the allowed bands. If these gaps ure sufiiciontiy 
great it may take very considerable energy to cross them and tlie sub- 
stance will then act effectively like an insulator. If on tlie other hand 
the energy bands available for the fastest moving electrons are not 
entirely occupied, electrons can be transferred to higher but neighbor- 
ing energies without going out of the energy band and hence with 
effectively little change in energy and the substance behaves as a 
metallic conductor. 

7. APPLICATION OF STATISTICS TO MAGNETISM 

It is well known that an external magnetic field of intensity 
induces in a metal a magnetic moment per unit volume, i.e., an inten- 
sity of magnetization which for weak fields is directly projjortional 
to the field intensity. We can write 

( 106 ) 

where x is known as the magnetic susceptibility. If x > 0 and is a 
constant independent of the field for moderate fiekls the metal is 
termed paraniagnelict while if x < 0, it is called diamagnelic. Metals 
possessing a finite value of in the absence of a field and a suscepti- 
bility which varies with the field intensity are called ferroinag 7 ie/tc. We 
shall not be concerned with this type here and in fact shall concentrate 
our attention almost exclusively on paramagnetism. 

When a magnetic field of intensity changes the intensity 
magnetization of a metal by the amount of energy requirtnl per 
unit volume is the scalar product 

( 107 ) 

When the field changes from 0 to the change in energy density is 
then (assuming (106)) 

(lOH) 

This represents a gain or loss in energy of the metallic electrons AvhicEi 
are responsible for the magnetism. For paramagnetic substances, tlicj'O 
is a loss in energy in the field, the electrons tending to line up tbcir 
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mngpMie momcnlB parallel to aiid in the direction of the held Dia- 
magnetiim ib aaBoaated with the effticL of a magnetic field on elections 
moving m closed orbilB in which the magnclic momenta induced by the 
Geld am antiparalleL to the field 

In quantum mechanics * it is bhown that the magnetic moment of 
the spinning elccli on is 


/I 


eh 


(109) 


wheiesisthechaigeon the election m eau and r !<i the vclociLy of light 
in chi/kc Siiictly bpcaLmg to get the total magnetic moment of an 
electron m an atom one niubt add to (109) the magnetic moment due 
to the orbital motion of the election lhc\ajLnccde<.Liun<3of metal- 
hc atontti boweverp may be cunaidercd free lo a fii bt appi oximauon and 
heme their whole magnetic moment ma\ lie taken lo be that due to 
apia We ahall confine oui attention lo liee clei lions 

If an external magnetic field la impobcd on a metal p it is afabumed 
that the free electron apiiib cuc oi Killed eilhii paialkl ot antifiarallcl 
to the field Hence if E is the cnci gy of an ck c tnm in the alietncc of the 
field, then itaeiicigy will E ft X\[ it lines up paiallil to the field 
and E + pu^fTif it lines up antipat allel lo llii fii Id 

The number of rIecUonb in thi i ncigy lange (Z2, E + dh) in the 
abieatx of the field is taken lo lx the usual hinmi-Duac distiibuUunr 
vu,® 


N{E)dh 


mWlk dt 
1 + “ 


( 110 ) 


TTib followb from eq (Ofi) of ( hapUi VIII with 2t in place of t and 
a - L TTil notation oth< i wibi icmains Lhi ^ame db m CliaplLi VIII 
VKsdiflll find It simple 1 towjjli 


mth 


N(h)dE - D[h)J{h)dE, 


Rrrn;^ . 

D(£) - n 


1 + 


(111) 

( 112 ) 


On ihe average in the absi ncc of a magiielic fit Id half of I hi s« elections 

*Q, lof nEinpk, 1 uidsty mil Murhuu, “I oumlilions uf p 480 

* [Im tnLftUiLuit hire folkn^i in the mun iruhliih “LlLklmnui Ihuxit iter 
pp MS llulin» 10 JO 
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have one type of spin and half the other. Hence when the field is 
applied the number of electrons with parallel spin is 

NpdE = - nyf)dE, (lU) 

while the number with antiparallel spin is 

NadE = + ixJt)dE. (1 1 4} 


In these formulas the D[E) is left unaltered, since D(E)dE is the mini- 
ber of energy values lying between E and E dE and is unaffccled 
by the field, 

Now at r = 0, all states with energy less than the maximum value 
which is equal to (3iV/7rT)^^ (eq. 135 of Chapter VIII with 2r 

replacing r as usual for electrons), are occupied, while all states with 
energy greater than (p are empty, If we agree to denote the maximiirii 
kinetic energy of electrons with spin parallel to the field by Ep and thu 
maximum kinetic energy of electrons with aiitiparallel spin by wc 
have 

(H5) 


It is clear that there is an excess of electrons with parallel spin. I il fad 
we can compute the excess as (note that for 7' = 0, f{E) = 1) 


r*+>‘JtD(E)dE 


X-f 


\TrT7w~ r ^ 

X- 


V 2E (IE. 


(1 U.) 


Since 0» ^^for magnetic field intensities less than 0.5 X tO" giuiss 
we evaluate the integral to a high degree of approximation as 


X — nJ^D{<l>), (117) 

Associated with the excess electrons is a magnetic nioiucnt por unit of 
volume of magnitude 

(IKS) 

T 

Consequently in so far as the magnetic properties of lueLals i:an In- 
considered as due to free electrons, all metals should lx; paraniaKiic-lie: 
and possess at T «= 0 a susceptibility 


X = M^P(*)/t. 


(11'^) 
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Actually this ib not the caae for many melnla are diamagnclK Nevct - 
dielett there are eome metal% e g , the alkalieb» for which the above 
aafluniption appears ]ueti6ed and which peimit a companbon with 
erpernnent The values are not given, of couise, at T* » 0, but an 
nteniion of the analyeis given above eho^s that at low Icmpcratuie 
there Is very little vaiiation of x with tempemtuie and conbcqucnlLy 
(I i9) should apply fairly accurately even when T ^ 0 In utilizing 
(112) we have 


D(*) 


A* 


( 120 ) 


/3^\W 

The substitution of + — I - — J yickls finally for the bui- 

ceptibility \ott/ 

irsiM* 


This can ho further nimplified by the mtioduction of the value of m 
from (109), whence 

X- 19X10-® (122) 

Inhere p is tho density, A the atomic weight and »o the number of clec- 
trona pci atom The following table gives thi tompai ison between the 
experimental values foi the alkali metalb and those eompuUd fiom 
(L22) It should be noted that tlie values in the table aic mas*) bus- 
eeplibihtiea and me obtained by dividing x m (122) by the dcnaiLv 
The values quoted aie jn multiples of 10 

lAULF oi Susci vnBuirus oi Tm Ajilaiiis 


Clhlceo from Mott ind Jonet, **PiopeitiLb of MeiiUb ind Alloys," 1916 ) 



U 

Nq 

K 

Kb 

Cs 


X ^ODfOpulod) 

1 5 

0 68 

0 60 

0 12 

0 u 


X {obsrvtd) 

0 5 

0 51 

0 40 

0 07 

-0 10 

llunxli dnd Owlh (1012) 

X tobeerved) 

— 

0 65 

0 54 

(J 21 

0 22 

I inL (19 


The calculation of the diamagnetic Buaeeptibdily mvolvis a ton- 
iidcration of the effecl of the magnetic fit Id on Uu oibital motion of the 
atomic elections The analysis ib beyond tlu scope of thi pubenl 
volume 

^*Rcfon QCQ may bt imcW, to Mott and Jones, ep cil , pp 201 g 
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PROBLEMS 

1. Calculate values of the electron mean free path for sodium, copper, silver and 
gold from eq» (39) by using experimental values for the electrical conductivity nt the 
temperatures -200“ C, -100“ C, 0“ C, 100“ C, and 200“ C. 

2. Calculate values of the electron mean free path for the metals liste<l in Prob* 
lem 1 from eq, (47) by using experimental values for the thermal conductivity, 

3. Derive the expressions for the thermal and electrical conductivities using the 
classical MaxwclUBoltzmann distribution function for /o. Show that the Wicdcntanii' 
Franz ratio in this case is 2k^le^^ 

4. Derive the expression for the Thomson coefficient a* on the basis of the classical 
Lorentz theory. Evaluate it for the case of silver. 

5. Verify eq. (69) and carry through the calculation for the thermo-electric cinf 
of a copper-iron couple with junction temperatures 0“ C and 100“ C respectively. 

6^ Verify eq. (87), 

7, Show that if the saw-tooth potential curve in Fig. 10*3 is replaced by one m 
which the variation in potential from one region to the next is continuous oimI very 
gradual the corresponding infinite linear lattice passes electrons of all energies. 
(Cf. the acoustical analogy in R. B. Lindsay, J, Aeons, Soc, Am., 12, 378 1 1941).) 

8. Prove that the amount of energy per unit volume associated with the chauKC of 
the intensity of magnetization of a metal by amount by a field of intensity 

dU ^ &e d^. 
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EMISSION OF ELECTRONS FROM SURFACES 

1 SIUFLfi STATESnCAL THEORY O? THBRMIOHIC EMlBSlOIf 

The enuBBion of electiona fiom hot bodu S| Lho eo-called Iheimiomc 
eOect, lb BO mil kno^n and itb impoitancQ m induBby bo well realized 
that jt 18 unnecessai y huic to give a detailed dcM npuon of tho expei i- 
menlol lacbB A good icvicw of ihcBe will bo found in the aibcle by 
S Duahman in “RcviLwa of Modem PhyMca/* 2| 381 (1930) The 
aim of the present diBcuuion la the Btatiatical dei ivation of the Richai d- 
boti cquatx>n giving the thoi imonic cm i ent as a function of the temper- 
atuie of the emitting metaJ 1 he method uu-d le cloec ly allied to that 
employed m Qiapui X foi the study of elcttricai conduction m metals 
and it 18 aaaumed that the emiltc d lIclIi one foi m in the metal a degen- 
erate gas obeying the Fumi-Duac bUtietiCB 

The ermtling metal ib asBuintd to be m a vacuum with the emit- 
ting surface plane and pcipcndiculai to the % axis We further BUp- 
poae that only Ihobc tlectronB aie able to Icavi the metal foi which the 
vtioabea m the * ducttion c xuid the uitual value TIiib corre- 
BpQtids to the kinclicciiLigy 3^ which wo bhall dtbigoalL as It 
presumably will boa choiacUnstK constant foi thcjnLtal Its physical 
aignificance will be discussed lain The thiimionu cuiicnt denbity 
will then, be given bv an expussion Ukt tq (16) of Chapter X, except 
that in the inirgration only the vcUKity componcnla m the y and a 
directKxnfl are allowed to lun fiom — oo to +oo, whLicabUjhdS the 
tower limit «xo Moicosii the giiiiitil distiibution function / ifl 
replaced bv/», since no l\Lli nal lie Id ib applied 1 he cxpieeBion for the 
thcrmiomc cunent dcnsil ^ Lhojefou ib 

The evaluation of the inUgial is ninlLiiall> simplified by the fact that 
E in the integrand cm no longei take on the value a.io as m eq (16) 
m Chaptei X In fact the minimum v^iluc of is It develops that 
for temperatuicfi actually cmplovtd m thermionic cmiasion Ec/kT^ 
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7i S> 1. Coneequently the unity in the denominator of the integrand 
can safely be neglected compared with and J becomes 

/ ‘foo /*4-^ 

/ / dv^j^dvydvz, ( 2 ) 

00 *y — 00 uj-Q 


2m^e 

IF 


The integration over Vy and is immediate from the well-known 
r-V<^ 

integral / du — 's/ir/a^ The result is 

^oo 


J - 




f Vy.e 


or on performing the final integration 
J 




O) 


C't) 


If we were to use the non-degenerate form for 71 (eq. 68 of Clia]>lor 
VIII with 2r in place of r since we are dealing with olec:tioiis)f litu 
result would show the thermionic current density as 






i>) 


On the other hand the more reasonable assumption of the degenerate 
form for 71 (cf. the first approximation in 128 of Chapter VIII with 2r 
in place of t, as usual) yields simply 


_ U^Ec)/kT 


w 


where for convenience we Itave set 

/3iVV^ 


O) 


Both eqs. (5-6) were set forth by Richardson,^ who made the first 
elaborate studies of the phenomenon. It proved rather dihk'iilt to 
decide between the two experimentally, since the temperatui'o d<‘pi‘i l i - 
enee enters much more critically through the exponential term t.lwi 11 in 
the multiplicative coefficient. Nevertheless (6) is the form which lias 
come to be considered the better representation of the effect. 

We must, however, make clear the significance of the f]uanli<>' 
(}>. At first its presence might seem rather anomalous since dCc hiis 

‘0. W. Richardson, “The Emission of Electricity from Hot Bo<lies," l.tni^rii.'ii^s 
(192 i). 
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already been defined oa the nutiijniim kinetic energy for which eleo- 
troim are able to leave tlje metal TTie expeiimental mteipietation 
of the e\poiieiit of e m the emiaaion formula ib that iL lepreaenta (when 
lU mgn changed and it la multiplied by kT) the mrh Juneiton or 
energy neceseary to gpt an eleclion out of the metal Now cleaily Sa 
\^ould actually represent this quantity only if all the emitted electrons 
were ongmally at rest However it ib most natui al to aaRume that the 
electrcoa which get oul arc Ihote with gieatesL kinetic energy and the 
T\ork to get one of them out will be the dilFeience between jEj and this 
maximuni kinetic energy Wc have alicady shown teq 135 of Chapter 
VHI» with 2r m place of t) that the maximum loneLii: energy in a 
degenerate electron gaa lb 




Vsrr/ 2m 


(70 


But the oompanaon between (7) and (70 ahowa us that ^ ^ — and 

our aasumption then appeal a to be juatifi^ The exponent (Bo ^ 
tjkr m the emiaaion law ih conaistent with the hypothesis that it la the 
tBdCBt moving electrona which leave at anv given temperature 

la the derivation leading to (6) we have asaumed that (Bo — i)/hT 
la laigo oompaied with unity It ib now neccsaaiy to jusUfy this 
We Imve just seen that Ec ^ 4^ icprcaenta the work neciasary to 
gpt one of the faaiebl moving clccUona out of the metal, i e i it ib 
the work function Medbuiomenl indicalCB that m oirlinaiy mctala 
tbi iB of the ordei of magnitude of acveial electron volts, but ik? - 
t37 X 10“*® T eigs and, even for T aiound 1000® K, la a amall 
fraction of on election volt Conacquently oui assumption la vali- 
dated Since '> it followe that > vq whcic vq /i/« 

(3N/Btirr)^ (cf 139 ol ChapUi VIII) ib the vcloaty at which the 
distribution function drops to the value Consequently la 
rarthci along on the dibtribution aiive (I ig 8 2) than »o and cone- 
sponda to a pai t of the cui ve where the lattci ib appioximabcly exponen- 
tial For tins leaeon we bce that the disLiibuUon foi thoee elecUona 
Vkhxh are concerned in thermioniL emiaaion is approximately Max- 
wellian 

W ben we conaidei the exact expei imcntal vei ‘fication of (6) we meet 
an inf Cl testing situation Lvaluaiion of the coefficient in 

formula (6) gives 120 4. amjxjn-b/cm'* (dcgice C)* appioximatcly 
riirt lb juflt about double the t xpc^iimental value for a number of pure 
□utaln, namely Ca, Mo, Ta, Ih, and W This dibcrcpancy c:an be 
auxxmtf d for by asBuming that at the sui face of the metal there exmta 
s potential bainer at which a certain percentage of electronB will be 
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reflected even when their kinetic energy is greater than the potential 
energy associated with the barrier. Such a situation is not possible in 
classical mechanics but proves to be realizable in quantum meclmnics. 
To calculate the reflection coefficient it is necessary to review the 
quantum mechanical theory of the transmission of electrons through a 
potential barrier. 


2. TRANSMISSION OF ELECTRONS THROUGH A POTENTIAL BARRIER 
AND APPLICATION TO THERMIONIC EMISSION 

We shall assume as before that the plane emitting surface of the 
metal is perpendicular to the x axis. The SchrSdinger equation 
(cf. 3 and 52 of Chapter VIII) for an electron with three degi'ces of 
freedom moving In a field of force which is a function of x only m\d is 
characterized by a potential energy function V(x) is 


vV + ^(^:- vixW “ 0. 

(8) 

We try a solution in the form 


Hx, y, z) - 

where 

(9) 

,2 ,0 

,f 1 ■ 

(10) 

Here we have set 


E ^ Ex Ey + Ezi 

(11) 


and think of Ex as the kinetic energy associated with the x component 
velocity, etc. If we substitute (9) into (8) the result is 

^ W =0 (12) 


for the determination of yl/(x) 
The question now arises: 


7=0 


7^7o 


How are we to represent the function 
F(rc)? Since we do not know the 
precise variation in potential at the 
boundary of the metal we make the 
simplifying assumption that HCv) = 0 
inside the metal, wliile V{x) — Vo 
everywhere outside the inotal. This 
corresponds to the discontinuous 
jump in potential energy schematically sketched in Fig. 1 1 ' 1. The 


II 


a‘=o 
Fig. 11 > 




region I to the left of the origin corresponds to the metal and the 
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Rgion II to the nght of the oiigin coiiespoodB to the vacuum outfllda 
the luatBi The boundary le choeen alx ^ 0 The Sdirodmger equa- 
tsooB for regiona I and 11 then become respectively 

^ + <f) («) 

+ -Fo)*-0, (11) (14) 

where la of enune pontive The gencial eolution of (13) la (cf eqa 
S5 end 56 of Chapter VIII) 

*1 ^ (IS) 

with iti >■ If IS assumed to bo a harmonic function of 

the time we can inleipret aa a plane harmonic wave pro- 

Krmtng from left to nght while coneapondB to a ainular wave 

m the oppobto direction This intcrpietalion makes foi greater 
pUrturesquenees in the disc uuiioii Ihe eolution ot (14) depends on the 
rebbon between £. and Vo Lot us hist aasume that E^> Vo The 
gieoefal solution of (14) then becomes 

fi - + 5,^, (16) 

with hS " 8 t*i»(E. “ Vo)/k^t where we shall employ the wave mter- 
ptetation ea in (15) 1 he funebons and must sabafy the bound- 
ary condibons 

^i(o) - *(o). (ir) 



la other words ibeie must be conlinuily m both the function and its 
gradient m croumg the boundaiv The use. of (15) and (16) in (17) 
and (18) yielda 

Ai + Bi A% + Bo (19) 

(A^-32) ( 20 ) 

*1 

If Te aaome that the legion II e\icnda indcflmtely to the right there 
be no ^ wave function coiicsponding to mobon in the negaUvo x 
dnoction in II We muat ihctcfoie lake B^ ^ Q With this choice the 
Bohkbon of (19) and (20) leads to the i alio of rellccled to incident charge 
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density (cf. the physical meaning of the \}/ function, Sec. 1, Chaph 

vrif) 


Jiii - IM' = (^1 - 


while the corresponding ratio of transmitted to incident densi ty is 


1^ _ -^2 ^ 

\Ai ^ ^ {ki + 


( 2 : 


To get the relative average rates of flow of charge we must mu I tip 
the charge density in each case by the electron velocity. To the le 
of the boundary this is 


Vl 



( 2 , 


whereas to the right of the boundary 

^ . me . - Ko) ^ 

^ M 2'jr'fn 

If we define the transmission coefficient Z> as the ratio of the avcj af 
rate of flow of charge away from the boundary in II to tiae iivvnxi 
rate of flow up to the boundary in I, we obtain 


{ki + ^ 2 )^ 

Similarly the reflection coefficient R is 


{21 


R ^ 




(^1 + k2)^ 


( 2 ( 


should be expected. It will be observe 

1 ‘nrrpa” ^ some reflection » whit: 

mcreases m amount as Fo increases, in fact as Fo E. k, --> 0 an 

chanirqi« 3 \ n between classical theory and cjuantuni nu 

th. K„ wlTii; ”1“^ “"®'’ >'• t" < 

even in this casn* ^ ''.**®"**'^ mechanics predicts some relltttttitt 
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It 11 left aa a pioblem to the icadci to Bolva the UanBiniB^ion piob- 
lim for S < Vo and to 6ho\^ that 


(27) 


Hmrar, the velocity in II now Lx^corntB unaginary and hence there 
CM be no average flow of diai ge thtough 11 Indeed the wave function 
in II la an exponential function of x with a negative exponent 

Wc are now leady to apply the theory of this accUon to theimionic 
eianon The fundamental eq (1) muat be lewiitcen to take account 
of the trianamisBion cocflicient which la a function of Ibc thermi- 
omc current denvly now becomce 


, to* r*' r*' r*‘ ••w*.) , . , 


(28) 


i^heic la given hy cq (25) If we employ the eame type of 

apfmiXLnialion uaed in the hist pai t of the «xUon, / becomes 


4Tm0a/' 

J - — n — a 


1^* iE^ 


h' 

Tltt traiMforinabon u - (Ej — h^/kF changM this lo 
. irutch^l ^ 


A» 




j* D{jt)$~'‘du 


Now if Vo ™ £## eq (25) yicUla 

Vi'r + 


D{u) 


W ukr + VK+^V 


(29) 


(10) 


(31) 


From \khat has bei.n boid picviously Foi values of 

• > fit/Sr we g(L very Utile contiibulioii lo the integral tn (10) 
because of the expomnUal facloi s'* I hcii foie the evaluation can 
belt proceed bv expanding in power b of ukl /Lo Wc have 

■ It («) 

^0 Jo Vk IV ka; /l, + Vi + sAi/Ej* 


Aftei a Utile reduction this be. comes 
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/ » _ pa 

V" u e~“du = / ue~'‘du ~ I and 

-^0 

/ « e ~ we can finally write to the indicated approxi- 


mation from (30) 


^ Airefnk^T^ /. ^ 

^3 4Vir/£; 


V ir/2 - 2VkT/R^ - — -v/jT • + 


The factor - 2VkT/Ee ■ ■ •] can be considered as 

an effective average transmission coefficient and denoted by D{u)* If 
th^ temperature is 1000° K, kT is approximately 0.1 electron-volt and 
\i 10 electron-volts, kTjEf^ = 0.01, Substitution indicates that 
herei3^(^^) — 0.27 approximately. While this is not equal to tile 0.50 
apparently demanded in order to make the theoretical J agree with 
experirnent for a number of metals, the order of magnitude agreement 
is sufficient to indicate that the method of explanation is at any rate on 
the right track. It is very unlikely that the abrupt potential barrier 
visualized in Fig. 11-1 i$ actually realized in fact. It is much more 
likely that the situation is that depicted in Fig, 11 ■ 2 where the transi- 



Fic. 11-2, 


tion from F - 0 to F - Fo takes 
place more or less gradually. This 
will decrease the reflection for given 
excess energy — Ect and 
hence increase D{u). However, the 
analysis will in general be rather 


complicated. Moreover the exact 
sJiape of the transition curve in Fig, 1 1 • 2 is unknown anyway. How- 
ever^ the value of the amplitude term in the thermionic current varies 
very widely and values higher than 60 amperes/cm^ (degree Cl® are 
not uncommon. 


In the preceding discussion we have neglected a force whose influ- 
ence IS to r^nd off the course of the potential energy function as 
in icated in Fig, 11 *2. This is the so-called image force froin electro- 
statics, ^ t corresponds to an attraction of magnitude when the 
electron is at distance a; from the interface of the two media. Associ- 
ated with this is a potential energy function F ^ - ^V4:c. We shall 
consider its use in Sec. 4. 
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V-F, 

F-K 




^ I- h- 


y»i I 

n 

m 

a. 

«o 

m 


Fig U 3 


4 , TRAHSHlSaiOK OF RLBCTROnS THROUGH A POTEimAL HILL 
AND APFLIGATLOR TO THSUHOmC XUiaaiOR 

It Ifl oodceivablB that if the aurfaoe of a metal la coated with a film 
of soone foreign aubatance the nature ot the potential bamer will bo 
materistly altered from that ahown m Figb 11 1 or 11 2 Indeed it 
maylook rather like Fig 11 3pWheie 
thafioteiitial naea at the BUifaLC of 
tho matal to / » Fq and alter the 
tluclanB ( is traversed, falla to the 
value y ■■ Let ub compute the 
electron tranemiasion thiough auch 
B hump We shall asHume that 
JS, > 7i though It need not be 

gietbCT than Vq, a^ will be been The boIuUotib of the onc-dimensional 
SdtrOdmger equation for the icgions I, H and III aie leapcctivelv, 

with > Fo > Vi ^ 

(34) 

^ - Fo).and*f - - ^i). 

and i], As, and As are ail ital The teim B has been omitted foi the 
UMwl leaeon The facloi {x ^ 1) I'y used iii place of e m f j meiely for 
coiiTcnience The boundaiy condition a at t 0 are 

A\ + Bi ^ -0J, 

b. (35) 


and at ft » I, 




- Ba^ 


A^t 

k, 


(36) 


A, 


The problem is to eliminate Bi, and Bj between (35) and (36) 
and obtain Ag in tcims of Ai We shall find iL runvLnienL to eel 
h/^\ " An and fta/fcj — Aja EliminaUng Bi belwctii the two equa- 
txms (35), we get Ai in Uims of da and Wc can bolvo (36) foi 
^land B| in termb of Aa ThLitbulliB 


A»- 




a + Si)(i + 


(37) 
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On expansion this can be written 


^3 = 

Therefore 

to 

(38) 

(1 + ^ 21 ^ 32 ) COS k 2 l + i(k 2 i + ^ 32 ) sin ^ 2 ^ 

Ma 1^ 

4 

(39) 


(^21 + ^ 32 )^ + 04l - l)(*i2 - 1) COS® ksl 


To get the transmission coefficient we must introduce the electron 
velocities in regions I and III namely 

hih 

^ , vz - 

2i:7n 27rm 


Proceeding as in Sec. 2, and setting kz/ki = k^i gives for the transmis- 
sion coefficient 




4^31 

(^21 + hiY + {Hlx - l)(/4 - 1) COs2 k^l 


(40) 


Before considering Di further, let us examine the case in which Vo> 
■Sa? > Kj. Then since kz is now pure imaginary, we find it convenient 
to set k 2 — k^x - iktu and kz 2 « — ^^32 where ktf ktx = 

and kz 2 = are all real and positive. Substitution into eq. (37) 

gives after rearrangement of terms 


^3 — 

This leads to 


2^4i 

(1 + ^21^32) cosh kll — i{k%i — k%2) sinh htl 


(41) 


Map 4 

Mij^ (I + 4 i)(l + ^32) cosh® ktl — (*2i ~ 


(42) 


The interesting thing about this result is that in spite of the fact that 
-Sa? < Voi there is still transmission through the potential barrier. 
Indeed the transmission coefficient is 




4^32^21 


' (l"+ ^2?) (1 + kll) COsh^ kll ^ (/4l - kt^)^ ‘ 

If we resubstitute in terms of the actual energies, the result is 

r>. 


4V(£, - V^)/E, 


. iM..- r ~ V, jvo -~E,r 


(43) 


( 44 ) 
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The trananiMion vaniAe* for Em < Vi < Voi ^ w evident from the 
tcmarlcB made Immediately following eg (27) Howtvei (44) indicates 
fhit the transmmon coefficient nac^ from zcio to a definite value as 
Em 8oes from Vi to l^o aJ'd thereafter mcieaoeB ae -6* increases A 
nngh pk>t of the behavior of D as a funcUon of £, is shown m Fig 



114 This 1bi of couree, a compoaite of D% (from Vi to 7o) and Di 
from To cm 

The thermionK: cumnt in this example wiH be evaluated from 
eq (30) on siibstitutioa of the eiipiopiiate value of D Thus we seek 
(jikcmg £« Fi) 

D(m) - f D{ukT + Fi)r— du (45) 

^0 


Tha can at once be split up as follows 


D[h) 


■I 


JT 




/' 


Die—du (46) 


VmUIT 




D, 


l\/ukr/(uik/ + ly) 




uU 

\ lo(/i-Vo)cc»> w 

ukr+ h 

l'i~l'o+ukI^ 

■‘■(u*2+rO(«*r+Vi-n) 


( 47 ) 
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while 


^2 = 


4 

7o(Fo-ri) 


+ Vi 

1 +cosh 2lVVo-V\-ukf^ VSTT^mA® 


liV^-V^-ukT) 


(Mifer+Fi) 


UkT _ 

fFo-F,-«Arl 

Fo(Fo-Fi) 

Fo-Fi-rtAr ^ 

ttAr+Fi J 


m 

Now in the evaluation of the second integral in (46) > (7o 

or V\ + ukT > Fq. Hence for most of the way fromz^ == (Fq F|) 
i/kT to 00 , X)i will approximate unity- Therefore the second integral 
becomes of the order of Keeping this in mind we 

examine the first integral- By a slight rearrangement and expansion 
of the square bracket in the denominator of (48) we have 


16 Vi{Vo-Vi- ukT) 

' Fo(Fo - K,) ■ D 

where 


p _ 2 4- V >0 - y 1 - « A 3' • Vi-ukT-^Mn/h-^ 

UuknukT+ Fi) +4(Fo ~ Vi- ukry 

I - 8 VuiefViikT ^F^(Fo - F, - ukT) 

Fo(Fo - F,) 


Evidently the dominant term in D in the range of u involved in tlie 
first integral is the second- If we neglect the rest we obtain 


I 


YiMhT 


D^e ^ drU 
16 

Fo(Fo - Fi) Jo 


f 

Jo 


( 71 - 70)^7 


{ukT)iukT + Fi) 


■ (Fo - Fi - (sq) 


After some expansions based on the smallness of ukT/Vi^ etc., we 
finally arrive at the approximate result that the above integjval is 


\/t 
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5 («) 



^'(Fi-vo/ir 


+ a teim of order 


(52) 


Nov for much of the thermionic range we may neglect the second term 
compired with the fim The thermionic current denmty can then be 
put into the form 

j-^r**-*^**. (S3) 

«tth 

(M) 

and 





(55) 


In a generil way (S3) agrees with experiment For details the reader 
ihould consult Dushman'e arlide on Thermum^c Emuswn previously 
teferred to, parbcularly pp 468 S 


4 XFV5CT OT BTROUQ FIELDS OH BUIB8I0H 

In our discussion of thermionic emission wc have neglected the 
efiect of the electric held actually used to get the electrons away from 
the surface, asBiuning with appaient success that its influence is very 
imall However, as the external field su ength is increased it becomes a 
ligaificant factoi Suppose the inlLnsilv of the applied field is F 
(auumed unifcsm), coriesponding to a negative potential energy 
Talcing the boundary at « » 0, as usual, and including the 
imagib force potential energy (alieady mentioned at tlie end of Sec 2), 
die total potential energy in the neighborhood of the boundary may 
be vntben in the form 

V - 7o - 7- - aFx (56) 

Here Is the asymptotic height of the potential wall outside the 
metal m the absence of an external field ■ The effea of the external 
iM n to lower the potential below this asymptotic level, as mdicated 

*Tne formali, (56) obviouity (nnnot ipply right at the boundary, 0 W® 

lUIL Mime that it holds lo urithin loA oi fio of the boundary 
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in Fig. 11 'S. The first effect is to reduce the effective jump in potential 
across the boundary. The maximum value V in (56) occurs at .vi « 
V^i^and is equal to « Fo " s’’' V^- I*" could aasiinie that 


r 



the principal ^ect of the field really is to lower the effective V l)y the? 
amount i.e.j neglect the portion of the V curv’^e beyond ,Vi, the 

sole correction to the emission formula (33) would be multipUcatioii 
by the factor Thus (33) would become 

J =* C5 7 ) 

corresponding to increased transmission with increasing field iiitcnsUy. 
The experiments of de Bruyne ^ agree rather well with (57). 

As the value of /^is increased to about 10^ volts/cm, the dip of Iho 





potential curve near the maximum becomes so great that the above 
approximation no longer holds. The situation is appi^oNiinntely 
depicted in Fig. 11 -6 in which the effect of the image force, leading to 

^Prcc. Roy. Soc, 120 , 423 ( 1928 ). 
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dw loujided ofi dotlod cuivc, may be neglected and foi the take of 
Bunplialy the polenUol oomee may be lepieaented by the heavy curve 
Thia IB intended to appicramate the aituation at absolute mo To 
the left of the bamer the Schi odingei equation foi the x dependent part 
of the function la 


dV 






0 , 


(58) 


and to the nght of the bai iicr 


dV 8»*« 


(£. - ^0 + »Px)i> - 0 


(59) 


The cx)nipletc solution of the tianamiBBioa problem has been given by 
Fowlei and Noidheim* and we shall meiely quote the result for the 
tranemmon ooefiiacnt (Note E, < ro)i whii^ la 


Z)(E,) 


WE,(Vo - E,) 
T'o 


-I* 

0 


( 60 ) 


By refen mg to eqa (28, 29, and 30) we can now wnte foi the electron 
cm rent density 


/- 


4rm6kT 




dr, 


dS., (61) 


whcie oui picvious foimulaa are modified to a certain extent since the 
energy of the clcctionb cannot excx.cd the nuMmum eneigy ^ ■> yihT, 
corresponding to low tempi i alum In spite of this limitation (61) 
indicnles that a non-VfUUbhing cuiicnt exiata It should be pomted 
out that in (61) i; -> m(iij + ^)/2kT The evaluation of J depends 
first on the inlcgial 



dr, 

Ttn-fj/TT 


+ 1 


Since Eg <4>, (Es - 4i)/kT » laigc negatively Consequentlv we may 
evaluate the integral fiom (114) ol Giaptei VIII using p ■ 0 It will 
be suIRcicnl to tala? only the first term m the lesult (eq 122 of Chapter 


VIII) and wiite 



ds 



(«) 


* Pne Roy Sac 119, 173 (1928) 
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Substitution into (61) with the use of (60) yields 

J -^) (<^-£*)e~‘^ (g3j 

To evaluate the integral, let <#> — JSjp — | a nd expan d (Vq — <!> + in 
powers of For convenience represent v ^Tr^m/h^ by ju. The integral 
then becomes 

. AV'(^ _ j)(Ko - <#. + 

‘>'0 

We expand the radical in powers of f. The resulting integration is 
simple and the final result becomes 

27r/^Fo ^ Fq 

The experimentally observed emission agrees in general with (64) 
being indeed of the form 

J = (65) 

where K and a are constants. The exponential dependence on F is 
particularly well substantiated by experiment,^ 

5. THE PHOTOELECTRIC EFFECT 

An electron emission problem closely allied to thermionic emission 
is the photoelectric effect* When light falls on a cold metal surface, 
electrons are emitted if the frequency of the light exceeds a certain 
threshold frequency J'o* We can understand this situation in terms of 
the preceding sections of this chapter, since when the metal is at n 
temperature near absolute zero the maximum kinetic energy of the 
electrons is about equal to (Sec, 1). Consequently in order that an 
electron with energy E less than </> shall get over the barrier Eo = F© 
it must get from the incident light quantum the energy hv such that 

hv + E^ E,. ( 66 ) 

The least frequency which will satisfy this condition is therefore I'oi 
where hv^ + 0 = -Sc or 

1^0 = {Ec - 0)/A, (67) 

®See Fowler, "Statistical Mechanics," second edition, p. 357 and accompaiiyiiig 
references, 
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V^oCQeleanc UicahoJd thus proven \,o bt, v\wUy veUwd to tirt 
****fni«nuc twA 'tJj'9 jcUtioa to wc^'i by the 

‘p^tpernaenfa] vaiuc« for tnaov metflis a» Uift ttccoJattoTiViOt fAbfe^'WB 

•**» coamderuig tho coitiparthoti \»o mttsVi sA ws\toi> v^uflll that the 
thce^olii u not uBually nuiitoi>i«d J • b (b> 4 ys\,\t to boun^ lo be 
•Wtio Dsmperatujo tfiecl 

T'amjc 0* Tuomiomic Wobx Foifcito'iy akp TtoonuMXJUVi TmiusaoiLii* 


<Fn»in F«ntter, '*Smtntiatl Mudi'wa ") 
TK« valuer in (Jki-Uaa vo)ii 



We bIuK give afl elemeniarv analyse ot Uht wxviaaioti b»«Hi on the 
toWUflvtiticiti -that the photodectnc cuirenV bewwty i»t ut\A light 
intensity to eunply proportional to Oae nnipbev of eiectrona mofent per 
settjnd normally on tho surf/ce of the mevM lor Whnii 


^ + hr > Bj, 

whene £• » the kmepc eneigy aawaated ■with the diteijoun nomael to 
tfw metat burface taken as the x a'o* Htn? the riMtottoi of eleclroiw 
wt{\ z componetit veloaiy Iving between and v, 4- >iwJt 

wen of eurfaee pcj- eeamd to (fi om bee eq V) 



There ta a (%rta»n advantage m traitofonntaig fmm a,, Pn t* to eVhn- 
tfncfti <j3oi duiatea a*, p and 4t, where 


p*">i^ + iS, i0),dvt •>' pdf^ 


Then (68) beoomee 


4irfW*'i j f* P‘‘ 


The rntegration ywlde 

, , 4r(«Vk7 


6S - (t -p e« I*. 


m 

<TI) 
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The photoelectric current density per unit light intensity is then 

I = K- r log (1 + dE,, (72) 

fl JEc-hp 


where is a constant proportionality factor. Introduce the trans- 
formation w - and call ^ The current 

density takes the form 


I 


K-Airmek^T^ log (1 + w) 
}i^ ^ Jo w 


dw. 


(73) 


The integral is a well-known one. We distinguish between two cases, 

i.e., (a) V pQ for which wq ^ 1, and (b) v > j^o» which > 1, 

_ . . , . Aj'o — Up 

For (a) we have, setting — — — = a, 

ki 




I^K 


^- 2 « 




( 74 ) 


For (ft) we write 
log (1 + w) 


/ M 


dw 


w 


= r}2lS}J:J^dw+ 

Jo W Jl 


(1 + w) 


W 


d7V 




1 


[logwo]’* - ;— -I- ^2 + 

Wq 2 Wq 


whence for v > vq 

ATmeh!^T*^{ ^ tt ^ 


7 = fC 




1 , 2 ^ 6 \ 22 + 32 Jj 


(75) 


We thus see that the photoelectric current density 7 is given in the 
general form j 

Y2 ^ ^/(«) (70) 

where A is the constant K'Amnek^jh^ and f(a) is a function to be 
evaluated from the previous equations (74) and (75). We note at once 
the interesting fact that if v ^0, so that or - hvo/kT - (22, - <ly)/k'r, 
the equation (76) reduces to a close approximation to 

7 == (77) 

which is just the thermionic emission equation (6) with the exception 
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of the muldplicative factor K, The higher terms in the expansion 

(74) i.e., e etc., are all negligible compared with in this 

case. 

Following DuBridge ® we examine the form of eq. (76) when the 
surface of the metal is at J* = 0. Here the argument of the function 
/ is + 00 or — CO according as < j/q or v > vo. Consequently we get 
the alternative results 

(■Ot=o = 0 for I' i'o (78) 

i^T^o - " — JiV(i)^(or P S: 

If then we plot the photoelectric current density as a function of fre- 
quency, we find no emission out to the threshold frequency pq; there- 
after the emission is a quadratic function of the frequency. The curve 
is indeed a patabola with vertex at p =« indicated in the accom- 
panying figure (Fig IH?). For T > 0, the plot of (76) using (74) 



and (75) yields cuives of somewhat similar shape which, however, 
do not touch the axis at precisely vq. It is clear that the threshold 
frequency has a precise meaning only at absolute zero. At higher 
temperatures there is no absolutely sharp threshold, as the current- 
frequency curves approach the axis more gradually. Nevertheless it 
is convenient to continue to look upon pq = (Ec — 4>)/h as the thresh- 
old, as it actually would be if we could lower the temperature of the 
surface to 0® K without altering Ec and 0. We are justified in looking 
upon j-'o as an impot tant characteristic of the surface. 

Let us go back to eq. (76) and again setting {Jivq - hv)/kT - a, 

®L. A. DuBridge, “New Theories of the Photoelectric Effect/' ActualileS 
Scieiititique^ 268, f*ans, 1935. 
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take the logarithm of both sides (base 10 is usually the more conveni- 
ent). Thus 

logio(//T^) ^3+ <F(«) (79) 

where J3 ~ logioi4 (a constant independent of and T) and (a) == 
logioif(a). If \ogio{I/T^) is plotted against a, the resulting curve will be 
independent of the metal and the temperature except for an additive 
constant. In other words the curve should be superposable on the 
curve obtained by plotting ^(a) against a by a shift along the ordinate 
axis of amount B, The form of (a) is shown approximately in Fig. 



11-8. Unfortunately a is known for given frequency only when i^o 
is known and this depends on the metal, Fowler therefore suggested 
the plotting of the experimental values of log (I/T^) against A? 7’. 
This curve should agree with the theoretical curve (79) by a backward 
shift along tlie axis of amount liv^/kT and a vertical shift of B. By 
ascertaining the horizontal shift, Fowler was able to obtain tlieoret- 
ically good values of For more complete discussion of the agree- 
ment with experiment Du Bridge's paper should be consulted. 

We next consider the energy distribution of the emitted plioto- 
electrons and examine the case of those electrons whicli emerge nor- 
mally to the metallic surface. Experimentally the distribution is 
measured by applying a retarding potential between the emitting^ 
surface and the collecting electrode and then measuring tlie photo- 
electric current as a function of this potential. The number of photo- 
electrons emerging per second normally from the surface against a 
retarding potential V may be obtained by a slight modification of oq. 
(72). Thus we divide by the charge e and in the lower limit of the 
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integral employ E, + V» m place of E, The number in queation aa a 
funcbcm of Y becomes 

J^(V) - ^ n log (1 + dEm (80) 

^ Jlk\ 

If we call the integrand n(£), i e , 

f»(E0 - ^ -log (1 + 

It foIiowB that 

*(E. - fcf + 7s) - log (1 + (81) 

and thu m the numbei of photoolecti ona emitted per second by light of 
frequency v per umt energy inteival with the energy £I“7e — 
*(>• -' »o) + ♦ - Vs + E, ~ iv It la called the "nomidl" energy 
diatnbutioa (unction At T *• 0, it reduces to 

flo(^ — fe* + 7s) ■< [k(r — m) ~ Y^ (82) 

When plotted aa a function of 78 — b(w — >e)i «o » B' atraight line as 
in Fig II 9,inteiaectingtheaTisof abacisaaaat A()' — Vo) ■ 7s When 
r 0 , the curve tails ofiaaahovm by the dotted line m Fig 11 9 The 
general agreement with expeninent is not too goodp probably because 



of the neglect to account of a tranamiwion coefficient as we did in 
the treatment of thermionic emiwm Foi a complete analysie of the 
expei imental data, consult DuBndge The result is that in the vicim^ 
of the energy - ro). the e ^penmenta check the theory rather well 
Further invtbUgalion of the photoelecli ic effect would ^ 
fat afield The leadei w ho » inltieaUd m the total energy diatnbu- 
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tion of the photoelectrons, i.e., the distribution taking account of all 
the velocity components, will find a thorough discussion in DuBriclge*s 
article. 

6. CONTACT POTENTIAL 

In the immediate neighborhood of the surface of a metal in a 
vacuum there will be at every temperature an atmosphere of electrons 
in equilibrium with the metal. The electrostatic potential of the 
field produced by this electron gas will be equal to that at the surface 
of the metal ; but the latter is a function of the metal. Consequently 
we expect that when two different metals are very close together ni a 



vacuum, a potential difference will be set up between them. This is 
the so-called contact potential. We can obtain an interesting relation 
between the contact potential and the thermionic work functions for 
the metals by the following simple considerations. 

In Fig. 11*10 we represent schematically the two metals 1 and 2 
separated by a vacuum. The temperature is kept constant at the value 
T* The average number of free electrons per unit volume of metal 1 at 
the surface is given by eq. (171) of Chapter VIII 

where Vi is the electrical poten^tial just inside the surface and —eVi is 
the potential energy of the electrons at this place. (VVe are here, of 
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CQutie, treating a bb a posiuve quantity ) Sunilaiiy in metal 2 the 
average denatty of free electrons is 

8 . / bVuY 


Butfrom our study of thermionic enuason we know that 


and 


71 + 


hT 


(8^) 


7i + 


h. 

kT 


( 86 ) 


where and are the meMmum kinetic energies of the electrons in 
the two metala respectively In Sec 1 of thie chapter we used tp yikT 
to denote the maximum kincbc energy of the free electroim of the 
melal. However if the electrons are m a forty held and possess poten- 
tial energy aleoi an extension of the analysiB of Sec 7 of Chapter VIII 
shows that It IB 7 ikr + bVi which corresponds to the maximum 
kinetic energy Hence (85) and (86) are justibed and ^ are 
Bometunee referred to aa tlie tnner work funebons From (85) and 
(86), we have 

<Vt - Fa) - (^ - *1) (87) 

How Vi — can be wntten in the form 

Vi ^ Fi- Fi ^ Fj + Fb - Fi + F4 - F,, (88) 

where Fb ib the electrical potential m the vacuum at the point 3 Just 
outside the metal 1, while V & is the potentiaJ in the vacuum at the 
pmnt 4 ]UBt outside the metal 2 The quantity — s(Fb — Fi) ib the 
Qunimum kinetic enei gy foi those electionfl m 1 which are able to cross 
the surface If we use the notation of Sec 1 we should call this 
Similarly 

^6(F4 ^ Fa) - (Sc)9 

Consequently 

- ♦* - cE.)i - CE.)f + (y* “ 

or slightly rewnttfn 

e(V8 - 7i) - I(£Ja - 

Now (E,)i - *1 ifl the thermionic work function for the Bret metnl and 
(fic)a ~~ that fw the lecond, while (7* — 70 la the difference in 
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electrical potential between two points just outside each metallic 
surface respectively. It is by definition the contact potential. The 
relation (89) connects the contact potential between two metals with 
their thermionic work functions. It has been verified experimentally 
for a number of cases, though exact measurements of contact potentials 
are difficult to carry out. For a discussion of the experimental agree- 
ment Fowler's ^‘Statistical Mechanics,” p. 364, may be consulted. 


PROBLEMS 


1. Evaluate the thermionic current density for molybdenum at T — 1,000° K, 

1,500° K, and 2,000° K using botli forms of the Richardson equation, i.e., (5) and (6), 
Take Ec — — 4.08 electron volts. Compare the results with those obtained using 

the experiinental data listed in S. Dushman, Kev, Modern Phys., 2, 381, 1930, p. 394. 

2. Discuss the transmission of electrons through a boundary barrier in which the 
potential rises from K — 0 to F — Fo continuously and very slowly with a con- 
tinuous gradient. Show that in this case there is complete transmission for all 
energies. (Cf. the elastic wave analogy in R, B. Lindsay, J* Aeons, Soc, Am.^ 
12, 378119411.) 

3. Solve the transmission problem of Sec, 2 for E < Fd and show that cq. (27) 
results. 

4. Find the value of Ec which makes the effective average transmission coefficient 

5(«) 0.50 for r - 1,000° K, 

5. An image force potential barrier may be represented by the equations 

, xSO 


V 


4x + e^/Vo ' 


0 


where « » 0 represents the boundary. Find the expression for the average transmis- 
sion coefbeient in this case. 

6, For a monatomic layer of thorium on tungsten assume that Vq =* 10,3 electron 
volts and Fi = 8.4 electron volts. Take / = 2,85 X lO"”^ cm. Compute the 
effective average transmission coefficient. 

7, Plot the photoelectric current density per unit light intensity (divided by the 
constant K; cf. Sec, 5) for the metals tungsten and nickel at T — 500° K and 
1,000° K respectively. 

8, Plot the normal energy distribution function of the pliotoelcctrons from 
potassium at 20° C, i.e„ cq. (81). 
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Transport phenomena, 89 
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zero point energy of, 59 
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Undetermined multipliers, method of, 54 
Une{iual a priori probabilities, 23 
Uniform distribution of elements in 
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Van der Waals* equation, 97 
Vibrational specific heat of molecules, 
235 


Virial, 70 
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for interaction forces, 94 
theorem, 72 

theorem in Gibbs's statistical mechan- 
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Virtual displacement, 103 
Viscosity, of gas, 81, 83 
kinetic theory of, 81 
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Waves, elastic, in a solid, 239 
Weakly degenerate gas, Darwin-Fowicr 
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quantum statistics of, 204 
Weight of the state of assembly, 155 
Wiedemahn-Franz law, 256 
Wien's radiation law, 224 
Work function, 279 
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What Is Sciencj!:?, 

Norman Campbell 

This excellent introduction explains scientific method, role of mathematics, 
types of scientific laws. Contents: 2 aspects of science, science & nature, laws of 
science, discovery of laws, explanation of laws, measurement & numerical laivs, 
applications of science. iQsjpp. 5*^ x 8. Paperbound 

Fads and Fallacies in the Name of Science, 

Martin Gardner 

Examines various cults, quack systems, frauds, delusions which at various times 
have masqueraded as science. Accounts of hoi low* earth fanatics like Sy mines: 
Velikovsky and wandering planets; I-Ioerbiger; Bellamy and the theory of 
multiple moons; Charles Fort; dowsing, pseudoscientific methods for finding 
water, ores, oil. Sections on naturopathy, iridiagnosis, zone therapy, food fads, 
etc. Analytical accounts of Wilhelm Reich and orgone sex energy; L. Itoii 
Hubbard and Diane tics; A. Korzybski and General Semantics; many others. 
Brought up to date to include Bridey Murphy, others. Not just a collection td 
anecdotes, but a fair, reasoned appraisal of eccentric theory. Formerly titled 
In the Name of Science. Preface. Index, x ^ sS^jpp, 534 ^ 

Paperbound 


Physics, the Pioneer Science, 

L. W. Taylor 

First thorough text to place all important physical phenomena in cultural- 
historical framework; remains best work of its kind. Exposition of phy.sital 
laivs, theories developed chronologically, with great historical, illu.strati\'e 
experiments diagrammed, described, worked out mathematically. Excel I cm 
physics text for self-study as well as class work. Vol. 1: Heat, Sound: motion, 
iicceleration, gravitation, conservation of energy, heat engines, rotation, heal, 
mechanical energy, etc. 211 illus. /joypp. 534 x 8. Vol. 2: Light, Electricity; 
images, lenses, prisms, magnetism. Ohm’s law. dynamos, telegraph, quanlnin 
theory, decline of mechanical view of nature, etc. Bibliography. 13 tiiliU* 
appeinlix. Index. 551 illus. 2 color plates. 508pp. 5.^ x 8. 

Vol. i Paperbound $2.25, Vol, 2 Paperbound 

The set 

The Evolution of Sgientiitc: Thouoiit from Newton to Einstein, 
A. cTAbro 

Einstein’s special and general theories of relativity, with their historical implUa 
lions, arc analyzed in non-technical terms. Excellent accounts of the contri 
but ions of Newton, Ricinann, Wcyl, Planck, Eddington, Maxwell, Loren tz and 
others are heated in terms of space and time, equations of electromagnet its. 
finitcuess of the uinver.se, methodology of science. 21 diagrams. /j82pp. 5^^ x H, 

Paperbound .?2.r>n 
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CriANci, Luck AND SiAiisncb Fui &cieiio or Chazict, 

C Lmnson 

rhcDiy of piobability Bi>d mcnoc. of ^Qitia in mnple, non tecfanical Innguige 
]*ait 1 deaii with iheoi) of probAbilily, c4)Tciing odd nipcriutioni m rcgtid to 
liid," the mcADuig of betting odcli, ihc Iw oE mBtheniBUnl expecUtionj 
gambliDg, and ipplicAtioni in pokei, loulcilej loUaici, ducp bndgc, ind otba 
gamei of chance Put If divusvi the misiuc of itatuua, the oomspc of ititu 
tical piolMhihtiei noinuL and iLe\^ fioquencj diauibutioni, and itatiiLiCT ap 
pbed to vBiioui Qcldi— biitli iBia. itocL spocuUdon, miuitnce itteij advcita 
mg, etc Pi eicntul m an e uy humoioun ityle which I omuuIci the bctt kind of 
Lxpohiioiy wilting Pi of \ C Cishea, Indii^y Quiiity Ointiol Enhigttl 
levued editKHi Foinicily iitlcd The Scunct of Chtnee PicCmx and two new 
appendices by the authoi Inde\. kiv -|- Hbgpp x B I^pabonnd faoo 

DAiir LiiriBONTCB, 

pii.poied by the U \ Navy Jiatniiig Ptifi/jca/ioRf Ctmiet 
V. Uioiough and compichciisive mintiAl on die fuudimentils of eiectionics 
WiJtlen dLBily it ii cquallv useful foi self lUidy oi anii« wink Cbi thme with 
n knoivledgc of the piinuples of banc eiccUialy PbiljaI contuitK Opcnting 
Fiinciplaof the LlcxLion lulic, Inlioducuon U> Iruismois, Povrei Suppln 
for El^iionic 1 quipmcnt, 1 un^ Ciicuits Liection 1 ube AmpltAera, Audw 
Powci Amphfieis, OfctllBlois, IianMiiituis, Tianiiniivaii Lmea, AntamUBrid 
Prupogttiun Inlioducuon to CcimpulciSp ukI lelated lopica Appendix Indn 
Hundieds of illusLiBUon^ dnd diBgiama vi 4. I^ipp x 

Papa bound $1 75 


BaiIC llllOJI^ AND \PPIl(AlION OF IXANBIITOM, 
pi^paied by thf U S DifMfiminl of th& Aitny 
\n iniiodULloiy manual pic]>aial Cbi in timy tiBinmg pogiam One of the 
finest aiailahk siiivcys of (hemy and appUixUon of tianiiktoi deiign and 
opeiation ktiinmal knowledge of phyncs and theoiy of ckclion tubes requiicd 
Suitable foi lc\Llxx>k use com sc supplement 01 home study Qiapieii Inuo 
ducUon fundamental ihcoiy of liuisutnis tinniistoi ampliQci fundamentab, 
liaiamciCM equivalent uieuiis and chaiaclciitiic cuLm» biai stabiluaiion, 
n-uisivijot anal>Mvand companion using chai leteiiviic emves and diiiti, audio 
implifiusi Uinul amplifieis wide band inipliiicis osallaioiSi pulae nnd iwitch 
iiig ciicuiis, modulitiont mising, ind demcxlulalion, and additional senu 
cunductoi devuev Unibiidgod collected edition sdiemauc diawingbp 
pboiogi iphs wiling iliigiams etc a Appendices Gloss 11 y Index idspP 
^ OVi Papa bound ti ig 

OuilM 101111 IlllBAlUai OI MaIIII kl XIICB AND PllVIICS, 

N G Peikr ill 

Ovii lyouo entiles included uiidei appi 0x1 male I7 mnyoi lubjeci heodingi of 

sekxtcd most impoiuni liooks imxiagiaphk pei iodic ilSj articles in >ngliihj 
plus impoiuiit woiks in Ccimanp licnch. lUliui, Spanuh* Riuaian (many 
tuauly aviilible Hoiks) Covcis every hi inch of physirip math idated eogi 
iHSLiing Includes aiithoi (itlci cdiUotip pubbslicip plaec» due, numba of 
volumes iiiinil^ of pages A |opige mtiodueiion on the banc probicmi of 
icseiieh ind study pioMdes useful inloimAlJon on the organiiaUim and luc of 
lihi niLb the |)s>eliology of leaiiiing, etc Ibis lefeiejice woik will lave you 
bouts of Lime and levised edition Indices of authois, lubjeets lb|pp 5}^ \ 8 

Fapu bound liyg 
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The Risk of thk New Physics (formerly The Decline-: of Mechanism), 
A, (VAbro 

This authoritative and comprehensive 2 -volume exposition is iini(|ue in scien- 
tific publishing^. Written for intelligent readers not familiar with higher 
mathematics, it is the only thorough explanation in non -technical language of 
modern mathematical- physical theory. Combining both history aEitl exposition^ 
it ranges from classical Newtonian concepts up through the electronic theories 
of Dirac and Heisenberg, the statistical mechanics of Fermi, and Einstein’s 
relativity theories. ‘"A must for anyone doing serious study in the physical 
sciences/'/, of Franhiin Inst. 97 illustrations. 091pp. 2 volumc.s, 

Voi. 1 Paperbomul $u.isrj, Vo). 2 Pa per bound $2.25, 

The set 

The Strange Storv of the Quantum, an Account for the General 
Reader of the Growth of Ideas Underlying Our Present Atomic 
Knowledge, B, Hoffmatui 

Presents lucidly and expertly, with barest amount of mathematics, the problems 
and theories which led to modern quantum physics. Dr. Hoffmann begins 'vvith 
the closing years of the igih century, when certain trifling discrcpancie.s were 
noticed, and with illuminating analogies and examples takes you through the 
brilliant concepts of Planck, Einstein, Pauli, de Broglie, Bohr, Schrocdiiiger, 
Heisenberg, Dirac, Soininerfc Id, Feynman, etc. This edition includes a new, long 
postscript carrying the story through iqtjg. '‘Of the books attempting an account 
o£ the history and contents of our modern atomic physics which have come to 
my attention, this is the best," H. Margenau, Yale University, in America ft 
Journal of Physics, 32 tables and line illustrations. Index. 275pp. .5% ^ 

Paper hound $1.75 


Great Ideas and Theories of Modern Cosmology, 

Jagfit Smgh 

The theories of Jeans, Ed<lington, Milne, Kant, Bondi, Gold, Newton, Einstein, 
Oainow, Hoyle, Dirac, Kuiper, Hubble, VVcizsacker and many o tilers on such 
cosmological qncstion.s as the origin of die uiijvei.se, space aiul time, planet 
formation, ‘-continuous creation,” the birth, life, and death of the stars, the 
origin of the galaxies, etc. By the author of the popular (heat Ideas of Modern 
Mathemalics, A gifted popularizcr of science, he makes the most dIflictiU 
abstractions crystapclcar even to the most non -mathematical reader. Index, 
xii 27(3pp. 5S4 X Si/i, Papcrbouml $2.00 

Great 1i>eas ok Modern Mathematics: 'ITieir NAruRi-: and Usk, 
Jagjit Singh 

Reader with only high school math will understand main inathemalical ideas 
of modern physics, astronomy, genetics, psychology. ev()liition, etc., better than 
many who use them as tools, but comprehend little of tlieir basic structiiic. 
AutJior uses his wide knowledge of noii-mathcmalical fields in li rill hint e.xjXLSE* 
tion of diifcrential equations, matrices, group theory, logic, statistic.s, probteiiis 
of niaiheiiiatical foundations, imaginary numbers, vectors, etc. Original publica- 
tions, a appendices. 2 indexc.s. 65 illustr. 322pp. 5.^ x H. Ihiperliouiul Ssajcj 

The Mathematics of Great Amateurs, Julian L, Coolidge 
Great discoveries made by poets, theologians, pliilosojihers, artists and other 
non-matJicmatidaiis; Omar Khayyam, Leonardo da Vind, Albrecht Durcr. 
Joliii Napier, Pascal, Diderot. Bolzano, etc. Surprising accounts of what can 
re, suit from a noiiq>rof€ssional preoccupation widi die oldest of .sciences. 5(1 
figures, viii q- 211pp. 5.^ x 8^. Paperhound $1-50 
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Got 1 1 01 Akibra H B Fine 

SumUid college Le\t ihitgi>ei i byiiemBLic rocI dedocthe iUikIhil to algebit, 
oimpreheiunCi conncctcdj with emph lui on thcoiy Diicuuci the arnirautntrrc, 
BflUu.tivc, and diUiibutive law^ of numljci m ouiiiuaI dcuili jnd goes on 
with undcteiinined cocfflucnt% quodiaUc tqiiAttonni piogieMioni< logu ithmi, 
peimutnticHi^ prolMbiliC), powci baioi iind much moic Still nwiL Tiluiblc 
clementiry uildmcdiBLc lff\t on the nacncc and ^lucluic of algrbii Index 
igbo pioblcfiu, all with aniwui x -|- Ojipp 5S4 x 8 Paperfaound $a 

HianEB Maiiiimaiki iob Slum n 11 01 Cuiumni and Pnmcii 
] W hUUo} 

Not Ahtuict, but piActiral building its pioblcOM out of fdmiLur laborauiif 
mataiHl, thii urveii dilTercntiBl tBlculu% cooidinilCj analytiul geometry 
fanctioiiv iniegial lbIcuIui, inAmte v.iic^ iiumciial eqiutioiu, diffaentinl 
eqiiationv rounei 1 ihuncm, piobahihiyi themy of eiioif, oknilui of vBiua 
tiooi, deiennin ints If tlit leadei 11 not familial with Uiia book, it will lepay 
him to eximine it Chem k /ngiiieeMiig Newf 600 pioblenu iSq hgurei 
Bibliogiapfay \xi -|_ hiipp ^>4 x 0 Papaboimd ft go 

TRIOONOMI IRY RiIRIAHLR lOR 1 1 CUNIGAI MLNp 
A A Klaf 

A moda n qutUioii ind Biuwei text on plane and iphu ical ti igonomeliy Pu 1 1 
co\ei I plant li igonomeu y inglci, quadi atmp ti igonomeli ical fumtionii gi ipb 
ic«L repioentalion, inictpolalion equations logaiilhinii, lolution of u-iangles 
ilidc iiilti etc Pait 11 diicuMC 9 applicatMHi^ to na^igauoii, ^i\e)ing eltiUciiy 
aichitcttuiCp and enginuiing Small angles pmiotlic EuiuUDni» \tUois polai 
cDordinalei Dt Moi>ic i Uiooicmp full) tovai^ Pai t 111 ii dt\otcd to qihencal 
li igonomeu ) and the v>lutJon of ^hcucnl liiingltii uiih applitiuraia to 
tmreitiul and a^Uonomic il piohltmi Sptxul timt ia\n^ £di numeiiial calcuU 
uon 915 quuiioni anweitd foi youl lygS pioblems ajuwcig io odd numben 
lt)l hguiei I [ pagei of functions, foimulac Index \ -|- daQPP R 8 

Fapei bound $i 00 


Caecui us Ri iaigiii 1 I OR Iichnicai Min, 

A i Khf 

Not an oidinaiy tcxUxxik but a unique lefiexhei fui cngineeis tedimaani 
and sliidenli \n c\ inunalion of the most impoi tint aipett^ of diiTeicnliil and 
micgi al calculus by me 1111 of key qucitioiii I^i 1 1 an eis vunple dilTuential 
calcului Gonsiinis saiLahlcs, Functions inciemenu, dciivalivci, logaiiihms 
niisaUnc, tu I’lit II Heats fundament il ennapts of intcgiaLtnn Liupectiofi, 
■ulisLiiuUon, iiansIoimaUon, icducuoii, aieag and volumes mean value, iiurea 
Mve and pauial inttgiauon, double and Uiple int^ation StiCMCi piacuotl 
aipecul A page secuon givei ipplicitionx to cml and nauurd engineciing, 
eleciiiut), sticTi iiid lUain, elanuciL), indmtrul oiginreiing and umilai flekU 
7A6 questions answued pioblcms, solutiona to odd numben 3b pagci of 
eonsUnts, foimulae Index v ^ IS'PP ^ ^ Fa[>crbound %boo 

INJIODUCIION 10 1111 rillORY OI GaOUPk OI llMir OIDIR, 

R Cttmichacl 

I xaoiinei fundamental theoiems and Uicii appliatLon Dq^inning with aets, 
S) stems, peimutationb, etc , it piogieskci m e^xy stages thiostgh impoitint types 
of gioups Alielun piime pas\ci, pcimuiatHMi etc Lvcepi 1 ehiptci vlieie 
maliiees aie dehiiablc, no higha math needed 785 exeiahcs pioblemi Index 
+ 1 17 PP bH ^ 8 Papa bound SS Qo 
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FIVE VOLUME •'THEORY OF FUNCTIONS*' SET BY KONRAD KNOPP 

This five-vohimc set, prepared by Konrad ICnopp, provides a complete ami 
readily followed account of theory of functions* Proofs are given concisely, yet 
wit bout sacrifice of completeness or rigor. These volumes are used as texts ny 
such universities as University of Chicago, N. V. City College, and niiati> 

others, '‘ExceHeju introclnclion . . . remarkably readable, concise, clear, rigor- 
ous/' Journal of the Afuerican Staiisiical Associatiofi. 

Elements of the Theory of Functions, 

Konrad Kr}opp . i * 

This book provides the student with background for further volumes in this 
set, or texts on a similar level* Partial contents; foundations, system of complex 
luiinhers and tlie Gaussian plane of numbers, Rieinami sphere of numbcr^i 
mappirig by linear functions, normal forms, the logarithm, the cyclomctnc 
functions and binomial series. "Not only for the young student, but also for ine 
student wlio knows all about what is in it," Mathematical JournaL Bibliography. 
Index, ujopp. 5% x 8. Paperbouod Jufio 

Theory or Functions, Part I, 

Konrad Knopp 

With volume II, this book provides coverage of basic concepts and tlicorcriis. 
Partial contents: numbers and points, functions of a complex variable, iutcgrnl 
of a continuous function, Cauchy's integral theorem, Cauchy’s integral for- 
mulae, series with variable terms, expansion of analytic functions in pmvcr 
series, analytic continuation and complete definition of analytic functions, 
entire transcendental functions, Laui’ciU expansion, types of singulnrities. 
Bibliograjjliy. Index, vii‘-|- ^jhpp. 5-V« Paperbound $1-3/1 

Theory of Functions, Part II, 

KotJiad Kttopp 

Application and further development of general theory, special topics. Single 
valued functions. Entire, W-^eiers trass, Merotnorplnc functions, Ricmanii sur- 
faces, Algebraic functions. Analytical configuration, Riemann surface. Bibliog- 
raphy. Index. X -f- 150pp. 5^ x 8. Papcrboiind $1.35 

pROBLKAr Book in the Tiieorv of Functions, Voluaie i- 
Komad Knopp 

Problems in elementary theory, for use with Knopp's Theory of FuncliotiSf or 
any other text, arranged according to increasing difficulty. Fundaiiienial con- 
cepts, sequences of luirnbcrs and infinite series, complex variable^ integral 
theorems, devclojniient in series, conformal mapping. 182 problems. Answers, 
viii ^ laGpp. 5.% x 8. Paperbound $1.35 

Problem Book in the Theory of Functions, Volume 2, 

Konrad Knopp 

Advanced theory of functions, to be used cither with Knopp's Theory oj 
Functions, or any other comparable text, Singularities, entire Sc meromorpJiic 
functions, periodic, analytic, continuation, multiple* valued functions, Riernann 
surfaces, conformal mapping. Includes a section of additional elementary prob- 
Jems. " The difficult task of selecting from the immense material of the modern 
theory of functions the problems just within the reach of the beginner is here 
masterful ly accomplished/' Am. Math. Soc. .Answers, is^pp- 5 ^b ^ 

Paperbound $1*5^* 
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NuviiicAi Sol ui IONS 01 DiirrmiNliAi LquationBi 
H leuf hi A Baggoii 

Compiehenvve loIIclLkhi of tneihodi Coi lolTing otdmiry dilferentiBl flqnationi 
of fhit and highci oidci All muit paai n loqmicmeiitj cuy lo S^p tnd 
piacucil, tDoie iAp\d than vhool melhodi P'uiial conlenti graphical Integra 
Uon of diffeienuU equatuMM, giaphicdl mcihodi £m deUiled nlDtam Numei 
icil oDluiion SimiiltanLou^ Lquationi and eqoaiioni of and and highci ordai 
'Should be in the handi of all in leaeaidi m applied maihetnatia, teaching," 
N^twe ti flguiM V111 is8pp isM X 8 )>apeiboiind 65 

£u> 4 iNiAaY SrAnnica, yfiin Apfi icationi in Mcdicinl and fhe 
B iouirirAL ScirNCii, P L Cro\ton 

V Bound inDoduction to iLitiiuu foi anyone in the phyncal Kimoei, ainim 
no pi 101 acquaint incc and icquiiing only a modnt knowledge of math 
U1 banc foimulia caicfully cxplamcd and illuntaiedi all Tveccnary leferencc 
tablei included Fiom Imic teimi and concepti the dudy piocxedi Id frequency 
diittibiiUon, lineal non linear, and multiple cDiidiUon skertnea, Lintoiia, 
etc A luge vr Lion deiH with icliability and ugnifitanoe ol ntuUnl melhoda 
Containing connclc examples fiom medicine and biology, thu book will prove 
unuBuall) helpful lo uoikeii in ihoac fleldi who inociBingiy moat evaluate, 
cbe<l, and inlcipicl UatiUiCT Immeily Ulled * Elemeniarf Stiuwicv with Ap- 
plicatiom m Mtdiane’ igi chilli 57 Ublca it Appendicei Index vi + 
a^Opp X 8 Paperbouod (a 00 

Infuoduciion 10 Si&iboiic Lotic, 

& Zinger 

No ipeuil knowledge of math roquiicd^piolnbl) the cleaicft book ever 
wikiten on symliolic logic, suiublc foi the layiuaii, geneiil loenttit and philoi 
ophei You suit with umplc i>ml)oli and advance to a knowledge of the 
Boole bchiOLdci and Runcll Whitehead lyituni Foi mi logical itnK:tuie,claiiei, 
the calmlus of piopoMtiom logic of the lyllogism, etc aie all coveted * One 
of the clcaicst aiuI siinpleM inlioductious," Alatheinalici Gmitt Second cn 
LngaJ, rcMied edition jbSpp x 8 Papobound $«ao 

V Siioai AcrouNi oi 1111 Hisiois or Maihi uatigi, 

II IV A Bail 

Molt icadable non technical histoiY of maihimiiLui dcaLi Inca, diMvaici of 
cveiv iinpoiiinl flguic horn 1 gypuan Phocniuan maihematiLiani to late igtii 
ceniuiv Dutiissei schools of lonii, Pythagotai, Aihem, CyricUk AloLaiidriB, 
By /annum, i)stcms of nuniciation, piimiuvc anlhineUc, Middk Ag<j, Koiau 
xinte, including Aialis Bacon Rcgiomnnt^ub Tartaglia. Cardan, Stevinua, 
GaLleo, Kcpiei, modem malhanalici of Dcioiitei, Pabod, Wallia, Hnygena 
Ncwumi, Icibniiy d'Vlcmbcil, Lulei, Lambcit, Laplace Legendre, Caim, 
Hcimite, Wcicisuass scoiei moic Index lit flguia 51 ^P ^ ^ 

Papobound ai; 

In iiudik iiON 10 NoNi ini ae Dim efniial and Intioral Equationi 
Haiold / Dm'ff 

VapLCis of the pioblcm of nonlinc-n equationi, tiansfonnitioni that lead to 
equations soh iblc by cliswcil mcini loulii in ipccul caio and uaefal 
gLiicialir iiions 1 hoiough ImU easily followed br inaihematically rophiiucaied 
leidei who knows htUc alxiut non lineai equationi igy pioblema Cor lUidcni 
lo wise x\ + ijWipp iji^ X 81/4 Pxpa bound Si 00 
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An INTHODUGTION TO THE GEOMETRY OF N DIMENSIONS, 
jD. IL Y. Sommervilie 

An introduction presupposing no prior knowledge of the field, the only book 
in English devoted exclusively to higher dimensional geometry. Discusses 
fundamental ideas of incidence, parallelism, perpendicularity, angles between 
linear space; euumerative geometry; analytical geometry from projective and 
metric points of view; poly topes; elementary idctas in analysis situs; content of 
hyper-spaclal figures. Bibliography. Index, (io diagrams, 196pp. 5.34 ^ 

Paperboiind 

Elementary Concepts of Topology, P. Alexandrof} 

First English translation of the famous brief introduction to topology for the 
beginner or for the mathematician not undertaking extensive study. This un- 
usually useful intuitive approach deals primarily with the concepts of complex, 
cycle, and homology, and is wdiolly consistent with current investigations. 
Ranges from basic concepts of set- theoretic topology to the concept of Betti 
groups. “Glowing example of harmony between intuition and though t,“ David 
Hilbert, Translated by A. E. Farley. Introduction by D. Hilbert, Index. 85 
figures. 73pp. X 8. Papcrbouiid $1,00 

Elements of Non^Euglidean Geometry, 

D. M. y. Sommervilie 

Unique in proceeding step -by ‘Step, in the manner of traditional geometry. 
Enables the student with only a good knowledge of high school algebra and 
geometry to grasp elementary hyperbolic, elliptic, analytic non-Euclidean geom- 
etries; space curvature and its philosophical implicatioirs; theory of radical 
axes; homotlictic centres and systems of circles; parataxy and parallelism; 
absolute measure; Gauss' proof of the defect area theorem; geodesic representa- 
tion; much more, all with exceptional clarity. 126 problems at chapter endings 
provide progressive practice and familiarity. J33 iigurcs. Index, xvi -p !? 74 PP* 
5^ X 8. Paper bound $2.00 

Introduction to the Theory of Numuers, L. E, Dickson 
'riiorongh, coniprchciisive approach wdtii adequate coverage of classical litera- 
ture, an introductory volume beginners can follow. Cliapters on divisibility, 
congruences, quadratic i csklncs X: reciprocity, Diophaiuinc c(|uations, etc. Full 
treatment of binary quadratic forms u'ithout usual restriction to integral coef- 
ficients. Covers infinitude of primes, least residues, Fcrniat's tlieorem. Euler’s 
])hi function, Legendre's symbc)l. Gauss's lemma, auiomorphs, reduced forms, 
recent theorems of Time X: Siegel, many more. Mucli material not readily 
available elscwJicic. 239 problems. Index. I figure, viii -j- 183pp. 5 ‘‘14 ^ 

Paper bound $175 

Mathematical Tarles and Formulas, 

rotjtpUed hy Robert D. Carmichael and Edwin IL Smith 
Valuable collection for studciiLs, etc. Contains all taldes necessary in college 
algelna and trigonometry, siicli as five-place common logarithms, logaritlnnic 
sines and tangents of small angle.s, logarithmic irjgoiin metric functions, natural 
irigonoJiictric functions, fourqjlacc aniilogaiithms, tables for changing from 
sexagcsitnal to circular and from circular to sexagesimal measure of angles, etc, 
.\!so many tables and formulas not ordinarily accessil)lc, including powers, 
looi.s, and reciprocals, exponential and hypeibolic functions, ten-placc loga- 
rithms of prime numbLM.s, and formulas and Lhcorcui.s from analytical and 
I'lenieiitary geometry and from calculus. Explanatory introduction, viii -f- 
i!<iypp. X Si/i^ Paper bound §1.25 
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A Souicr Boom in MAriiLUAiici, 

D B Smith 

OrcBt ducofaick in math, Ciom Renmiiunce to end oT igth cenluiy in Englidi 
trindflticni Rad Announctmcnln by Dcddind, Gaun, Delamam, Fual, 
Fcimat, Newton, Abel LobALhmLy, Bolyai Riananti, Dc Morvic, Icgcndic 
l^plnce, othai of duarvctics about iinaginaiy numbci^ numbei amgiuena: 
ilidQ iiUcj cquBUonv, i)mbohim aibu. algLbiiiL equatjoni, non Ludide in 
Cmmi of gLomcby, cakului, runcLion iheoi^ quatcinioni, etc Suixinct icier 
Uon^ Enun uij difTeicnt iieau^i arlnJci, moM. unavijUble dvwhere in Engluh 
Eadi ■rudf picocded by biogiaphiul inUroduLUon Vol I Ticldi of Number, 
Algrbia Index lUui 3)8pp \ B \o 1 11 1 leldi of Gcometiyi Piobtbilily, 

Cmlculiii, Funcuoni, Quateinioni Bj illui igipp 5^ x B 

Vol 1 Papubound fi 110 Vol 1 Papabound fjiOD, 

Ihe let f 100 


Foundationi or Piiviici, 

R B LintUwy dr H Mai^enau 

FxcdLent biidgc between icmi popuUi woiki §L tcdimcal Linli^ A diicusvcai 
of metliodi of phy^cal dc-vaiption constiucuon of iheoiy, valuable foi phyucul 
with elemental) calculus who i\ mieiutcd ui idan that give meaning lo data 
looli of modem phyiiti Contents include ^mbdiixni maihematial cquationi, 
■pate 1 umc foundauoni of mcchaniti. piob^ilitfi phywci 1. coniinut, eircUon 
theory, iprcial &. genmal icUti\ity, quantum mechamci, ciuabt) “rhoiough 
and yet not oveideuiltd Unle^clvedly ictommended" Niiurr (Londem) 
Unabiulged coirecual ediuon l^i tl of locommendcd leadmgi 39 illuiUationi 
*1 H- flSTPP 5>4 X B Paperbound f g 00 


FUNDAIlLNrAI rOEMUIAS OF Pin IKS, 
ed by D H ht^niel 

Iligli full inexpensive icTcicncc ind sujd) icxi langmg fiom umple 

to highly feophiiticaUd opciations Miihemaiics uitegTiiul into text— each 
diaptm htandi ai shmt uxibook of field lepicscnied Vol 1 Suiutia Phyual 
ConaUnta, Specul Ihuwy of RehUviLy, Ilydiodynarain, Aerodynamici, 
Bound aiT Value Pi oblcmi in Midi, Ph) ms Vixosily rUxuoinagncLic Iheory 
etc Vol ■ ^ound, AujuUjcx, GtomLUical Opum Lltclion Optics, High Energy 
Fbcnomenai Magnetism, Biophyucx, much more IiuJe< Total of Boopp x H 
Vol i Pnpcibound Vui. Vol 1 Paperbound $115 

The ict 9 l 110 


1 iiLoai lie AL PiniKs, 

A S Koinpene%et% 

One of the vciy ftn Lhoiough studies of the subject in diu price lango 1 lovides 
advanced iludiJits with i lompidicnsivc ihcoielual background Eipeciall) 
stiong on iccent cxpciimcnUuon rnd dcselopiuents in quantum theory 
Coiitenii Mechanics (Genet allied CooidinaiLi Lagringc s Lquation. Collision 
of PaiihJes, etc) LlccUodynamics (Vectoi Analyst, Maxwell ■ equations 
Tianunission of Signals Ihcoiy of Relativity etc) Quantum Mechanirs (the 
Inadequacy of ClassiLal Mechanics the Wave Fquition, Motion in a Cential 
licld, Quamum Ihcoiy of Radiauon, Qiunmra Ihcoiu,s of Dispetsion and 
Scattoiing etc), and Statistical Physics (1 quibbiium OistiibuLion of Molecules 
in an Ideal Gas Dtiltmianii SUUsucs. lJo«a and Icimi Disuibuuon Ihcimo 
dynamic Quajiiiucs eU,^ Revised to uj6i lianilaicil by Gcoigc Yankoviky, 

aulhonxcd by Kompancycts 147 cxeiusci Aguiei B^OPP iW ' ®V4 

Papcibound St 50 
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Mathkmatical Physics, D, IL Memel 
'Iliorotigh one- volume treatment of the mathematical techniques vital for 
classical jnechanics, elcctioiii ague tic theory, quantum theoi7, ami relativity. 
Written by the Harvard Professor of Astrophysics for junior, senior, and grad- 
uate courses, it gives clear explanations of all those aspects of function theory, 
vectors, matrices, dyadics, tensors, partial differential equations, etc., necessary 
for the understanding of the various physical theories. Electron theory, rel- 
ativity, and other topics seldom presented appear here in considerable detail 
Scores of definition, conversion factors, dimensional constants, etc. "More 
detailed than normal for an advanced text . . . excellent set of sections on 
Dyadics, Matrices, and Tensors,'* Journal/ of the Franklin Institute. Index. 193 
problems, with answers, x 4, 412pp. 55.^ x tt. Papcrbouncl $2.50 

Thi? Theory of Sound, Lord Rayleigh 
Most vibrating systems likely to be encountered in practice can be tackled 
successfully by the methods set forth by the great Nobel laureate, Lord 
Rayleigh. Complete coverage of experimental, mathematical aspects of sound 
theory. Partial contents: Harmonic motions, vibrating systems in general, lateral 
vibrations of bars, curved plates or shells, applications of Laplace's functions to 
acoustical problems, fluid friction, plane vortex-sheet, vii)rations of solid bodies, 
etc. This is the first inexpensive edition of this great reference and study work. 
Bibliography, Historical introduction by R. IJ. Lindsay. Total of io40))p, 97 
figures. X 8 . Vol. 1 Paperbouiul $2.50, Vol. 2 Papcrbouncl $2.50, 

The set $5.00 


Hydrodynamics, Horace Lamb 

Internationally famous complete coverage of standard reference work on 
dynamics of liquids & gases. Fundamental theorems, equations, mcthod<s, solu- 
tions, background, for classical hydrodynamics, Chapters include Equations of 
Motion, Integration of Equations in Special Gases, Irrotational Motion, Molicm 
of Liquid in 2 Dimensions, Motion of Solids through Liquid-Dynamical TJicory, 
Vortex Motion, 7'i<lal Waves, Surface Waves, Waves of Expansion, Viscosity, 
Rotating Masses of Liquids, Excellently planned, arranged; clear, lucid presciua* 
tion. 6th enlarged, revised edition. Index. Over 900 footnotes, mostly bibliogia- 
phical, j 19 figures, xv -p 738pp. 614 x 91/I. Paperbound 

Dynamical Theory of Gasv.&, James Jeans 
Divided into mathematical and physical chapters for the convenience of those 
not expert in mathematics, thi.s volume discusses the mathematical theory of 
gas in a steady state, thermodynamics. Boltzmann and Maxwell, kinetic theory, 
quaiuiim tJicory, exponentials, etc. qth enlarged edition, with new material on 
quantum theory, quantum dynamics, etc. Indexes. 28 figures. 444pp. n 91^^. 

Paperbound §2.7?) 


Ti I ERA! 01) V NAM ICS, Emico Fermi 

Unabridged reproduction of 1937 edition. Elementary in treatment; rcmtirkahle 
for clarity, organization. Requires no knowledge of advanced math lieyond 
calculus, only familiarity with fundamentals of thermometry, calorimetry. 
Partial Contents: Thermodynamic systems; First & Second laws of tiicrmo- 
dyiiamtcs; Entropy; Thermodynamic potentials: phase rule, reversible clccU'ic: 
cell; Gaseous reactions: van’t Holf reaction box, principle of LcCliatelici : 
7 Jiermodynaniics of dilute solutions: osmotic & vapor pressures, boiling k 
freezing points; Entropy constant. Index. 25 problems. 24 illustrations, x 4- 
ifiojjp. X 8. Paperbonnti 
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CrLtiriAL OBjrm loa Couuon Tciracoprs, 

Rtv T TV 

C4nmc hondbook fbi ihe use and pleuuic of the amtleur iiUonomer Of 
incsamRble aid in locaUnif and idcniifying thouwidi of cekUial objecti Vol 
The Sol'll Syitem dueuwon^ of Lhc piinoplc and opaaijon of the leleiGc^* 
ptocedoi Cl of obaemuons and lelacopc phoiogi iphy, ipccuovapy, elc , pieaic 
locatLOD inComuiUon of tun mooiij plancU, mctcon Vol 11, The Stan 
ilphabeueal litling of CDnstcIlaiiont, inl^mdUon on double lUn, cluateit, btais 
Blth uniiuul ^ecud vaiiablct and nebulae cie Noily objecti noted 
Fdited and e\tenuvely levised by Maigaiet W Miyall, diiector of the Amenaui 
Aa*i of Vaiuble Sui ObteivLii Ntw Index by Mit MayaJl giving the locaticm 
of bU objects meniioacd \n the U.\i Im Epoth looo New Precettion 'Table 
added New tppendra on the plAnclai) atelbieii oonitclliLion nama and 
nbbrenatujnt, and soUi lydem data loLal of jd illuiUiliani Total of xaxix 
Mpp ^14 \ H Vol 1 PapcilxHind ^aij Vol a Pipei hound 

The Kt $150 

PLANtTAtl Tlliomv, 

L W Brtrwn and C A Shook 

Pimidei a deal picvcnuUon of haur melhodi foi calculaLing planetary oibiu 
hn todny'i auionomci Bcgint with 1 ciieful expoution of tpeoaliaod mathe 
HaUral topia ctmual foi handling pcituibaUcBi theoi) and then goei on to 
mdicale how mott of the picviout methodi icduce ultimately to two geneial 
cnlcuUtion methodt ohuming expimiont cithci for the coordinatei of plant 
lary poyuoni or foi the eltmentt which deteiminc the pciturbed pathi An 
e\aiiiple of each n given and svoiked in dcMil Coi reeled cdilion Piefaee 
Appendix Index \ii -|- goipp x 8y4 Pipeibound ja ag 

Star NAyia and liuia Mianinci 
ificAitid fiincArey AUen 

An unnrual book clocumcjiiing the vaiious attnbutiont of namei to the 
indiYidiul fiais ovci the ccntuiics lieu is a neuuie houic of infoitnation on 
a topic not noimallv delscd into esen by profetsjonal atuonofnent, piondn 11 
fakanating bickgiound to the tun in Colk lore liteiaiy icfercnoea anaent 
wiLiingt, stir ciulogt and mapi ovei the cxntuiict CotutelltLion by uMitlella 
Uon annlvtit odvlis huiidiuls of tiais and othu atteiitmt induding the 
Flciadet Tlyidcs Vndiomcdin Nebula, etc InUoducUon Iiiduza lut of 
xuthoia ind aiUhoiitiLS \x -j- 5O3PP x Paperbound ^ lyo 

A S11011 Tlisioav 01 AsiaoNovs i Beirj 
Populat stindaid woik [01 ovci lyo yciit, this ihoiough and accuiatc tolume 
OTvcii the tLicnct fiom pumitivc Umet to the end of the 191I1 centuiy Aftm 
the Gieckt ind the Middle Ages individual chapleis annlyzc Copctnicus, Biahe 
Cxlileo Keplei and NcwUin and the mixul icueption of then diioovcrict 
lN>aL Npw torn in adHcvenienis ait then ditcuwcd m ununul detail Hxllcy. 
Biadlcy, lagi inge, T ipUu. Heischcl B(.stLl, etc a Indexet lot illuitiationi, 
0 poiUaiLs xxxi + liopp ijtn \ R Papcibound $2711 


SoMi liiioas 01 Samilim II / Diniing 
Ihe puiposL o[ this book is lo make sampling techniques undeiiUindible to 
ind uacablc by social vieniisis industiial manageii ind natui \1 vicncitu 
'Who are finding stuitiict incieisingl) pari of ibni woik Over 800 e\ei cites, 
plus dozens of actual applications (n tables qo figs xix 4- boipp 13 \ 

Papei1x»und |0 
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PniNGiPLES or Stratigraphy, 

A. IF. Grabau 

Classic of 20th century geology, unmatched in scope and comprehensiveness* 
Nearly Goo pages cover the structure and origins of every kind of sedimentary, 
hydrogen ic, oceanic, pyroclastic, atmoclaslic, hydroclastic, marine hydroclastrc, 
and bioclastic rock; met a morphism; erosion; etc. Includes also the constitution 
of the atmosphere; morphology of oceans, rivers, glaciers; volcanic ncUvfties; 
faults and earthquakes; and fundamental principles of paleontology (ncai ly aoo 
pages). New introduction by Prof. M. Kay, Columbia U, 1277 bibliogiaplucal 
entries. 264 diagrams. Tables, maps, etc. Two volume set. Total of xxxii + 
iiS^pp, X 8. Vol. i Paperbound Vol. 2 Paperboiind $2.50, 

The set $5,00 

Snow Crystals, W, A. Beniley and IF. J, Humphreys 
Over 200 pages of Bentley's famous microphotographs of snow flakes— the pro- 
duct of painstaking, methodical work at his Jericho, Vermont .studio. The 
pictures, which also include plates of frost, glaze and dew on vegetation, spider 
webs, windowpanes; sleet; graupcl or soft hail, were chosen bo ill for their 
scientific interest and their aesthetic qualities, The wonder of nature’s diversity 
is exhibited in the intricate, beautiful pattcrn.sof the siiow" fltikes. Introductory 
text by W, J. Humphreys. Selected bibliography. 2,453 illustrations. 224pp. 
8 X loi^. Paperbound $3.85 

The Birth and Development of the Geological Sciences, 

P. D, Adams 

Most thorougli history of the earth sciences ever written. Geological thought 
from earliest times to the end of the iqth century, covering ovci‘ 300 early 
thinkers .systems: fossils & their explanation, vulcunists vs. neptuni.st.s, figured 
stones & paleontology, generation of stones, dozens of similar topics. 91 illustrjh 
lions, including medieval, renaissance woodcuts, etc. Index. (132 footnotes, 
mostly bibliographical, snpp. 5.^ x 8. Paperbound S2.75 

OitCANic Chemistky, F. C. WhiimorQ 

The entire subject of organic chemistry for the practicing chemist and the 
advanced student. Storehouse of facts, thcorlc.s, processes found elsewhere only 
in specialized Journals. Covers aliphatic comp omuls (500 pages on the jjrop- 
erties and synthetic preparation of hydrocarbons, halides, proteins, ketones, 
etc.), alicyclic compounds, aromatic compounds, heterocyclic compounds, or- 
ganophosphoriis and organoiuetallic compounds, Methods of .synthetic pi c[)ii ra- 
tion analyzed critically throughout. Includes much of biochemical inlcic.si. 
"The scope of this volume is astonishing,'’ Industrial and Engineering 
Chemishy, 12,000- reference index. 2387-1 tern bil)liograi)hy. Total of x -p 
I Dorjpp. 5^ X 8, Two volijnie set, paperbound 

The Phase Rule and Its Aeplication, 

A iexa nder Fi n dlay 

Covering clieinical phenomena of 1,2, 3, 4, and multiple coniponciit sysieiiis, 
this '^standard work on the subject" (Nature, London), lias liecn completely 
revised and brought up to date by A. N. Campbell and N. O. Smith. Brand 
new material has been added on such matters as binary, tertiary liquid 
ccjuijibria, solid solutions in ternary systems, quinary systems of salts a ml 
^sMter. Completely revised to triangular coordinate, s in ternary system.s, claiilietl 
giapbic repi'csentation, solid models, etc. 9th revised etlition. Author, subject 
indexes. 23(1 hgiires. 505 footnotes, mostly biljliograpliic, xii ^ 49.JPP. x 8. 

Papcrbouiul $2.75 
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A Gotrup IN Matiilmaiicai Analyiis^ 

^doiucni GowMt 

Tf am by E K HodncL, O DunicI, H G Dcipiunn Qdvoc nud> of hioda 
mcntid matenal thoioughl) tiLAU.d FxLreincly IucmI evponUon of wide range 
of inbject mauer for student aith one yc*ii of calculiu Vol i DciiTdUTci and 
diO^eDUali, definite mtcgraln, expuivonn in wna, oppUntiooi to geometiy 
5* flgurei, i^i^Opp pApei bound $*50 Vol a, Pnit 1 Funcuoni of a complex 
variable. oobADn^ iqneienuuoiii, doubly peiiodie functiona, natuidl bound 
nnea, etc 58 figniea abQpp Papeiliound Bi( Vol a, Part ■ Diffoentiil 
cqu^tiom. Cauchy Lipvhitr meLhod, nonlinw dilTerenUal rquatioiu nmul 
taneoui equationij eU. i)a6pp Paperbound 8^5 Vol 3 Pail 1 Vanalion of 
sohiliDDa, pailul difleienlial equaiioni of the Mxond oida uj figurci B39pp 
Papcibound ft 00 Vol j, Pait 1 Intcgial cqualioru, calculua ol \a^uUon^ 
13 3^PP Papcibound ft 00 

Pi ANETl SlAU AKD GAI AXtM, 

A £ running 

X>csciiptiTe auronomY foi brginncM the aoUr ^cm, neigbboiing galaxm 
acaiona, qu*imi, 11) icwlU fiom Miii, Vtnui Moon» tadU) aitoonom), cu. 
all limply explain^ Revivd up to iqW by aulhoi and Prof 13 H Mcn/cl. 
former Ductloij llaivaid College ObMn\aiai) 19 phoinii 16 figum iSgpp 
594 H 8)4 Papeibound 9i 50 

ClLAT IdIAJ TN lMOaMAlIO^ Till Oa\ p LANrVACI AND CYBFaVIlKSp 
7ag/il Stngh 

^Vinnei of Uneaoos Kalingi Pii/c weis languigt met ilanguiget anilog and 
digital compuieib ncuiil %)uums mo\L of MtCullochp Piui, \on Neumann 
Tiuiqg oihci impoiUni io{>iLs No id\nnced inithCTDatici neededj \Lt a full 
diKUtnon without compiomue 01 diMoiuon 118 figuiei ix + ^98pp 5^x Bvi 

Pipet bound ft 00 


Ofo&ii nic ExiaciaM in Papie FoidinCp 
r 7iindd)a Row 

'Regulai pol>gons, liuIls md othu ciiivc^ un be folded 01 piicked on piper 
then uied 10 dcmoniiiatL gtxHnciiic pioposiUoiis vs 01k out ptcxih w.t up well 
kiimin pioblems 89 illusUiuom photogiaphi of aciuiU) folded ihccts \ii + 
^ l^PP BH ^ 8^ Papeibound uo 

VllUAL ll LUilONS IIIIIICAU8II CUAaACitlllllCI AND APPUCATIONI 
Al LtickieJi 

The Yinial piurew the sUuciuic of the eye, gcomciiic, pcispecLive lUuiions 
inQuenLC of angles illusions of depth and diitinct coloi illuuonip lightiiig 
efiecli, illuuoni m niLinc spcail m tiainiing ckcoiationi aicbiLctiuitj 
nnigic latnoufligc Nch iniioducUon 1 iy W II lUliAon (o\cib modem de\ clop 
■icntj in this iiLa too illusiiAUons x\i -j- ai^pp x B 

Pipctbound $1 yu 


At owi and Moi 1 1 um Simpi i Explain! d 
fi C ftuiidiM and 71 / D itark 

InboducUon to chunic U pliuiomcn 1 and then appliLiLions cohenoni p 11 tides 
cryaixli Uilonng big molcxulcs, chcmisi av anhiteci with applicationi m 
ladioacUMtY^ coloL pliotogiaphs SYnihcUcs buKhcmiiliY pohmciv, and man) 
ochei iinpoiLaiU ncas Non iLchmul oB liguiei x i^gpp 1)14 ^ 8 y 4 

Papciliound Si yi 
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The Principles of Electrochemistry, 

D, A, Machines 

Basic equations for almost every subfield of electrochemistry from first prin* 
ciplcs, referring at all times to the soundest and most recent theories and 
results; unusiially useful as text or as reference, Covers con lomcters and 
Faraday's Law, electrolytic conductance, the Debye -Hiieckel mcLhocl for the 
theoretical calculation of activity coefficients, concentration ccllSi standard 
electrode potentials, thermodynamic ionization constants, pH. potetvtioincti ic 
titrations, irreversible phenomena. Planck’s equation, and mucb more, 2 indices. 
Appendix. 585- item bibliography. 137 figures. 94 tables, ii -|- qyHpp. x 

Paper bound Sa.yrj 


Mathematics of Modern Engineering. 

E. G. Keller and R, E, Doherty 

Written for the Advanced Course in Engineering of the General Electric 
Corporation, deals with the engineering use of determinants, tensors, the 
Heaviside operational calculus, dyadics, the calculus of variations, etc. Presents 
underlying principles fully, but emphasis is on the perennial engineering 
attack of set-up and solve. Indexes. Over 185 figures and tables, Hun<lrctls of 
exercises, problems, and worked -out examples. References. Two volume set. 
Total of xxxiii 4. 623pp. bVs ^ volume set, paperhoiind $3.70 

Aerodynamic Theory: A General Review of Progress, 

Will tarn F. Durand, editor-in-chief 

A monumental joint effort by the world's leading autliorities prepared invtlcr 
a grant of the Guggenheim Fund for the Promotion of Aeronautics. Never 
equalled for breadth, depth, reliability. Contains discussions of special mathe- 
matical topics not usually taught in the engineering or technical cxnir.ses. Also: 
an extended two-part treatise on Fluid Mechanics, discussions of aerotlynainics 
of perfect flu ids, analyses of experiments with wind tunnels, applictl airfoil 
theory, the nonlifting system of the airplane, the air propeller, liydroclyniunics 
of boats and fioats, the aerodynamics of cooling, etc. Contributing experts 
include Mimk, Giacomelli, Prandtl, ToussaiiU, Von Kannan, Klemperer, among 
others. Unabridged rcpublication. 6 volumes. Total of !,oi2 figures, 12 plates, 
2,186pp. Bibliographies. Notes. Indices. 3^ x 81/,. 

Six volume set, paperljoutul Si3.r,i> 

Fundamentals of Hydro- and Aeromechanics, 

L. Prandtl and O. G, Tietjens 

The well-known standard work based upon Praiultl’.s lectures at Gncltingcii. 
Wherever possible hydrodynamics theory is referred to practical considerations 
in hydraulics, with the view of unifying theory and cxjiericiice. Picscutatioii 
is extremely clear and though ])rjniarily physical, mathematical }) roofs are 
rigorous and use vector analysis to a consiilcrablc extent. An Engineering 
Society Monograph. 1934. 186 figures, Index, xvi -p 27opp, x H. 

Papei boiiiul Sy.oo 

Applied Hydro- and Aeromechanics, 

L. Prandtl arid O, G. Tietjens 

Presents for the most part methods which will be \:iluablc to engineers. Covets 
how in pipes, boundary layers, airfoil theory, entry conditions, lur[)LJletU ^l^>t^' 
in pii)es, and the boundary layer, determining (bag from in ea.su re ni cuts of 
pressure and velocity, etc. Unabridged, unaltered. Aw Engincciiiig .Society 
Monograpli. i(|3-(. Index. 226 figures, 28 photographic plates illusi rating (iovr 
patterns, xvi -p 31 ipp. 5;/^ x 8. Pa])erb(Hind 
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AppLiro Opnoi and Opiioai DeiioNi 
A L Comedy 

With publintioD of Tol I itiodud hoiL foi dmgneii in optia ii now 
complete foi Ant tunc Only woiL ot it^ kind in Lnglidi only dcUiled woik 
foi piBctical dctigncr and kU taught Rcquim, for bulk of woil, do math 
ibove Liig Sup by ^tep e\paution boin fundamcnul cooccpti of geomctimli 
ph>vcAl optm, to lyiteniAtic niidy, detign, of almo4t all t>pci of optical 
i)aijni Vol 1 All oidinai) lAy iraung methods, piinui) dbciiations necci 
ui) highci abeiiitKMi foi demgn of tclesLopi.^ Ioh powci miaoicopci photo 
giiphic equipment Vol j (Completul fiom aulhor’i notci by R Kingblake 
Dll Optical Dengn. FAklman Kodak) Special attention to high pcmei miuo 
wope anailigmiiic photogiaphic objCLti\cq * Vn indinpenwble woik, ' J , Opli 
igt Soc of Amc} IndcT Bibliogiaphy 194 diagiami Sstpp 0 ^ x qy( 

I wo volume set, papa bound (7 oo 

Miciiamcioi nil Gmoscopi tin Dynamics oi Roiaiton, 

R I Detmei, Piofenor of kfcihaiiical Ingineeiing at StevLOi Institute of 
Uchnology 

I IcjnenUiy gcncial Dcitment of dynamicn of loUtion nilh special application 
of g) I oscopic phenomena No knoH ledge of \ectois needed Veloatyof i moving 
eui\e Auelciation to a point, gcncial eqii itions of motioop gyiosropic hoiizon, 
flee gyiOp motion of dues, the damp^ gyio, 103 similu topuA Lxacues 
y*! figuies jo8pp x 8 Papei bound f 1 71) 

Siai Nc 111 01 kfAii aiAi s, 

J P Dtn f/aitog 

Pullp deal tiLaiment of elemeiiui) mateiiil (tensioiip loision bendingp com 
pound sti esses deneclion of beams ete)p plus mueh adsanied mileiial on 
enginceiing melhcNis of girat piactic i 1 value full tiealmeiU of the Mohi oidCj 
lueid elemental > distusstons of the theoiy of the lentei of sheai and the 
Myosntis method ol eilcn fating licam deHu Lions icinfoiced eniinetc, plastic 
defoimations phoioelisticil) eu In all seciions Imlli geneial piineiples and 
eonciete appliealKHis aie given 1 ik1c\ iHO figtiies (ito otheis in pioblcm 
leiiicHi) 11^1 piohlcms ill with iiisueis 1 1st of foiiniilas viii -f ^3pp ^ ^ 

Papei bound $a 00 

IlVDEAUllC laANSlINlS, 

<r R Ruh 

I he liest le\l in h)di Julies cvet jHinlul in 1 nglish b) loimer Chief Design 
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